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PREFACE TO THE SECOND EDITION 


The second edition of this book consists largely of a reproduction 
of the first edition, with additional theorems and examples. The 
arrangement of the first seven chapters, as well as of Chapter IX., 
has undergone very little alteration : to the eighth chapter a dis¬ 
cussion of the solution of linear differential equations of the second 
order has been added. Chapter X. of the first edition (“ Complex 
Series and Products ”) has been broken up into two chapters, 
X. and XI., the first of these containing the general theory of 
complex series and products, and the second dealing with special 
series and functions. The principal new feature of the latter 
chapter is a discussion of elliptic function formulae. 

Chapter XI. of the first edition (“ Non-Convergent and Asym¬ 
ptotic Series ”) now becomes Chapter XII. Here the entire dis¬ 
cussion of the theory of summable series, apart from the historical 
introduction, has been omitted, as Dr. Bromwich felt that an 
adequate account of the subject with its later developments would 
require more space than could be given to it in the present volume. 
The part of the chapter devoted to asymptotic series has been 
enlarged, and contains, among other new master, an exposition of 
the asymptotic expansions of the Be^^elrfunCtibns. Room has also 
been found for a discussion* ©^trigonometrical series, including 
Stokes’s transformatjicrn and Gibbs’s phenomenon. 

The alterations'in Appendix I. are slight, but Appendix II. has 
been expanded to make room for an account of Napier’s invention 
of logarithms. Appendix III. (“ Infinite Integrals and Gamma 
Functions”) was originally written in connection with the dis¬ 
cussion of summable series, and might therefore have been omitted. 
As, however, this Appendix contains much material not otherwise 
accessible in English text-books, it has been decided to include a 
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verbatim reprint of it in this edition. The set of “ Harder Mis¬ 
cellaneous Examples ” has also been omitted, but some of these 
examples will be found in the collections of examples throughout 
the book. 

Dr. Bromwich, unfortunately, has not been able to supervise the 
passing of the final proofs of the new edition through the press. 
When these came into my hands the entire book, except Appendix 
III., was already in type, and my share of the work has been con¬ 
fined to matters of detail. Many errors have been eliminated, and 
it is hoped that the work has not suffered seriously from the absence, 
at the final stages, of the guiding hand of the author. 

THOMAS M. MACROBERT. 


Glasgow, October , 1925. 


Note. —The numbering of some of the articles referred to in the Preface to 
the First Edition has been altered in the Second Edition: Arts. 19, 20, 23, 
149, 150, 151, 163 become Arts. 21, 22, 20, 143, 144, 145, 161 and Art. 83 is 
now replaced by Arts. 86 and 87. 


PREFACE TO THE SECOND EDITION REVISED 

The text of this is identical with that of the earlier second edition; 
some items have been added to the Special Index, and the General 
Index has been greatly enlarged. 

Although the content of undergraduate courses on Classical 
Analysis is perhaps less full than it used to be, it has seemed better 
to us, while putting this standard text between paper covers, to 
retain its essentially definitive quality, rather than eclectically delete 
those parts now thought too detailed for general study, or those 
parts in Chapter XII, and elsewhere, generally studied as separate 
subjects. 

In presenting this work to a new generation of students we hope 
that Dr. Bromwich’s lucidity of exposition of this elegant subject will 
lure more readers into its by-ways, and at the same time provide a 
valuable work of reference to those in other mathematical fields. 

H. T. CROFT 

Cambridge , October , 1964 



PREFACE TO THE FIRST EDITION 


This book is based on courses of lectures on Elementary 
Analysis given at Queen’s College, Galway, during each of the 
sessions 1902-1907. But additions have naturally been made 
in preparing the manuscript for press : in particular the whole 
of Chapter XI. and the greater part of the Appendices have been 
added. In selecting the subject-matter, I have attempted to 
include proofs of all theorems stated in Pringsheim's article, 
Irrationalzahlen und Konvergenz unendlicker Prozesse* with the 
exception of theorems relating to continued fractions. 

In Chapter I. a preliminary account is given of the notions of a 
limit and of convergence. 1 have not in this chapter attempted to 
supply arithmetic proofs of the fundamental theorems concerning 
the existence of limits, but have allowed their truth to rest on an 
appeal to the reader’s intuition, in the hope that the discussion may 
thus be made more attractive to beginners. An arithmetic treat¬ 
ment will be found in Appendix I., where Dedekind’s definition of 
irrational numbers is adopted as fundamental; this method leads 
at once to the monotonic principle of convergence (Art. 149), from 
which the existence of extreme limits f is deduced (Arts. 5, 150) ; 
it is then easy to establish the general principle of convergence 
(Art. 151). 

In the remainder of the book free use is made of the notation and 
principles of the Differential and Integral Calculus ; I have for some 
time been convinced that beginners should not attempt to study 
Infinite Series in any detail until after they have mastered the 

* Encyhlopadie der Maihematischen Wissenschaften, Bd. I., A, 3 and G 3 (pp 47 
and 1121). 

t Not only here, but in many other places, the proofs and theorems have been 
made more concise by a systematic use of these maximum and minimum limits. 



viii 


PREFACE 


differentiation and integration of the simpler functions, and the 
geometrical meaning of these operations. 

The use of the Calculus has enabled me to shorten and simplify 
the discussion of various theorems (for instance, Arts. 11, 61, 62), 
and to include other theorems which must have been omitted 
otherwise (for instance, Arts. 45, 46, and the latter part of 83). 

It will be noticed that from Art. 11 onwards, free use is made 
of the equation 

although the limit of (l + l/v) v (from which this equation is com¬ 
monly deduced) is not obtained until Art. 57. To avoid the 
appearance of reasoning in a circle, I have given in Appendix II. a 
treatment of the theory of the logarithm of a real number, starting 
from the equation 



The use of this definition of a logarithm goes back to Napier, but 
in modern teaching its advantages have been overlooked until com¬ 
paratively recently. An arithmetic proof that the integral repre¬ 
sents a definite number will be found in Art. 163, although this fact 
would naturally be treated as axiomatic when the subject is 
approached for the first time. 

In Chapter V. will be found an account of Pringsheim’s theory 
of double series, which has not been easily accessible to English 
readers hitherto. 

The notion of uniform convergence usually presents difficulties to 
beginners ; for this reason it has been explained at some length, and 
the definition has been illustrated by Osgood’s graphical method. 
The use of Abel’s and Dirichlet’s names for the tests given in Art. 44 
is not strictly historical, but is intended to emphasise the similarity 
between the tests for uniform convergence and for simple con¬ 
vergence (Arts. 19, 20). 

In obtaining the fundamental power-series and products constant 
reference is made to the principle of uniform convergence, and 
particularly to Tannery’s theorems (Art. 49); the proofs are thus 
simplified and made more uniform than is otherwise possible. 
Considerable use is also made of Abel’s theorem (Arts. 50, 51, 83) 
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on the continuity of power-series, a theorem which in spite of its 
importance, has usually not been adequately discussed in text-books. 

Chapter XI. contains a tolerably complete account of the recently 
developed theories of non-convergent and asymptotic series; the 
treatment has been confined to the arithmetic side, the applications 
to function-theory being outside the scope of the book. As might 
be expected, a systematic examination of the known results has led 
to some extensions of the theory (see, for instance, Arts. 118-121, 
123, and parts of 133). 

The investigations of Chapter XI. imply an acquaintance with 
the convergence of infinite integrals, but when the manuscript was 
being prepared for printing no English book was available from 
which the necessary theorems could be quoted.* I was therefore 
led to write out Appendix III., giving an introduction to the theory 
of integrals; here special attention is directed to the points of 
similarity and of difference between this theory and that of series. 
To emphasise the similarity, the tests of convergence and of uniform 
convergence (Arts. 169, 171, 172) are called by the same names as 
in the case of series ; and the traditional form of the Second Theorem 
of Mean Value is replaced by inequalities (Art. 166) which are more 
obviously connected with Abels Lemma (Arts. 23, 80). To illus¬ 
trate the general theory, a short discussion of Dirichlet’s integrals 
and of the Gamma integrals is given ; it is hoped that these proofs 
will be found both simple and rigorous. 

The examples (of which there are over 600) include a number of 
theorems which could not be inserted in the text, and in such cases 
references are given to sources of further information. 

Throughout the book I have made it my aim to keep in view the 
practical applications of the theorems to every-day work in analysis. 
I hope that most double-limit problems, which present themselves 
naturally , in connexion with integration of series, differentiation of 
integrals, and so forth, can be settled without difficulty by using the 
results given here. 

Mr. G. H. Hardy, M.A., Fellow and Lecturer of Trinity College, 
has given me great help during the preparation of the book ; he has 

* While my book has been in the press, three books have appeared, each of 
which contains some account of this theory : Gibson’s Calculus (oh. xxi., 2nd ed.), 
Carslaw’s Fourier Series and Integrals (ch. iv.), and Pierpont’s Theory of Functions 
of a Real Variable (chs. xiv., xv.). 
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read all the proofs, and also the manuscript of Chapter XI. and the 
Appendices. I am deeply conscious that the value of the book has 
been much increased by Mr. Hardy’s valuable suggestions and by 
his assistance in the selection and manufacture of examples. 

The proofs have also been read by Mr. J. E. Bowen, B.A., Senior 
Scholar of Queen’s College, Galway, 1906-1907 ; and in part by 
Mr. J. E. Wright, M.A., Fellow of Trinity College, and Professor at 
Bryn Mawr College, Pennsylvania. The examples have been 
verified by Mr. G. N. Watson, B.A., Scholar of Trinity College, who 
also read the proofs of Chapter XI. and Appendix III. To these 
three gentlemen my best thanks are due for their careful work. 

T. J. Pa. BROMWICH. 


Cambridge, December , 1907. 
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CHAPTER I. 

SEQUENCES AND LIMITS. 


1. Infinite sequences: convergence and divergence. 

Suppose that we have agreed upon some rule, or rules, by which 
we can associate a definite number a n with any assigned positive 
integer n ; then the set of numbers 

fl&l, #2> ••• 9 ••• j 

arranged so as to correspond to the set of positive integers 
1 , 2, 3, 4, n , will be called an infinite sequence , or 

simply a sequence . We shall frequently find it convenient to 
use the notation (a n ) to represent this sequence. The use of 
the word infinite simply means that every term in the sequence 
is followed by another term 

The rule defining the sequence may be expressed either by some 
formula (or formulae) giving a n as an explicit function of n, or 
by some verbal statement which indicates how each term can 
be determined, either directly or from the preceding terms. 

Ex. 1, If a n =2w -1, we have the sequence of odd numbers 1, 3, 6, 7,.... 

Ex. 2. If a n = l/w, we have the harmonic sequence 1, £, J, _ 

Ex. 3. The set consisting of the rational positive proper fractions, 
arranged in order of magnitude , is not a sequence. For if a is any fraction 
of the set, \a also belongs to the set; and since \a is less than a, we must 
place \a before a. Thus there can be no first number of the set; and so 
this mode of arrangement does not lead to any correspondence between 
the set and the positive integers. It is, however, possible to arrange these 
fractions as a sequence, by adopting a different mode of arrangement; for 
example } 9 H, •[, J, £, J, i, etc., in which the fractions are arranged, first, 
according to the magnitude of their denominators, and, secondly, according 
to the magnitude of their numerators. 

B.I.S. 
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The most important sequences in the applications of analysis 
are those which tend to a limit. 

The limit of a sequence (a n ) is said to be l, if an index m can 
be found to correspond to every positive number e, however small , 
such that l-eKa.Kl+e, 

provided only that n> m* 

It is generally more convenient to contract these two inequalities 
into the single one 

|Z-a n |<e, 

where the symbol |*| is used to denote the numerical value of x. 

The following notations will be convenient abbreviations for 
the above property. 

I = lim a n ; or Z=lim a n ; or a n -> l; 

n—> oo 

the two latter being only used when there is no doubt as to what 
variable tends to infinity. 

Amongst sequences having no limit it is useful to distinguish 
those with an infinite limit. 

A sequence (a n ) has an infinite limit, if, no matter how large the 
number N may be, an index m can be found such that 

a n >N, 

provided only that n > m=m(N). 

This property is expressed by the equations 

lim a n =co ; or lim a n =oo ; or a n -> oo . 

oo 

In like manner, we interpret the equations 

lima n =—oo, lima n = —oo, a n ~> —-oo . 

?l —> 00 

In case the sequence {a n ) has a finite limit l, it is called convergent 
and is said to converge tolas a limit ; if the sequence has an infinite 
limit, it is called divergent f 

* It is evident that m depends on e, a fact which is often indicated by writing 
the inequality for n in the form 

n > m = m(e). 

It may happen that a n involves another variable x, in which case we may write 

n > m=m(x 9 e). 

tSome writers regard divergent as equivalent to noii-converyent; but it seems 
convenient to distinguish between sequences which tend to infinity as a limit and 
those which oscillate. We shall call the latter sequences oscillatory (Art. 5-2). 



1, M] CONVERGENCE OF SEQUENCES 3 

Ex. 1 bis. With a n =2n-l (tho sequence of odd integers) we havo 
a n -> oo; a divergent sequence. In general m will be the integral part of 

i(N + 1). 

Ex. 2 bis . With a n = ljn (the harmonic sequence) we have a n ->0; a 
convergent sequence. In general m will be the integral part of 1/c. 

Ex. 3 bis. If the sequence consists of the rational proper fractions 
arranged in any definite order no limit (finite or infinite) can exist. For, 
no matter how far we go in the sequence, there will always remain an unlimited 
number of terms as close to 0 as we please; and also an unlimited number 
as close to 1 as we please. 

We shall find it convenient sometimes to represent a sequence 
graphically, indicating a term a n by an ordinate (y) equal to a n 
and an abscissa {x) equal to n ; the sequence may then be 
pictured by joining the successive points with a broken straight 
line. In the case of a convergent sequence, the representative 
points lie wholly within a horizontal strip of width 2e, after x 
exceeds a certain value; if the sequence is divergent, the points 
lie wholly above (or below) a certain level, after x has passed a 
certain value. 

The graphical representation of the initial terms in the three 
sequences already considered is given below. 



Fig. 1. Fig. 2. Fig. 3. 


It will be seen at a glance that the few terms represented in 
the diagram shew that the first sequence is likely to diverge, the 
second to converge, and the third to oscillate (see Art. 5*2). 

11. Notations for limits. 

The arrow symbol has been adopted'in many recent books 
and papers as a convenient abbreviation for tends to or approaches 
(some limiting value); it was originally introduced for this purpose 
by the late Dr. J. G. Leathern.* It will be convenient to use the 

* No. 1 of the Cambridge Mathematical and Physical Tracts (1st edition, 1906). 
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same symbol in a somewhat extended form, following a later sug¬ 
gestion of Dr. Leathern’s. Suppose, for instance, that the sequences 
(a n ), (6 n ), although not necessarily convergent, have the property 
that (a n —b n ) tends to a definite limit l ; this property is usually 
indicated by a n — 6 n -> l , 

but it will occasionally be more convenient to Write this property 
in the form a n -> b n + 1, (a) 

particularly where we have to deal with a succession of such relations. 

It is sometimes not possible to give quite such a precise statement 
as is contained in equation (rx). Thus we may only know that 
ajb n tends to a definite limit V ; this property can often be written 
more compactly in the form * 

a n ~l'b n , (0) 

when b n are somewhat complicated functions. 

In cases when we know even less than is implied by (/3), we may 
still be able to shew that, for n greater than some value n Q , |a n | is 
less than Kb n , where ( b n ) is a positive sequence, and K is independent 
of n ; then we may write 

«n=0(6 n ), (y) 

Or again, we may find that a n /b n tends to zero; and then a n is 
said to be of lower order than b n , or in symbols, 

<*>n=o(b n ). (S) 

The use of the symbols 0 , o was suggested by Landau, and has 

proved of great use in modern investigations on the analytical 
side of prime-number theory, t 

Ex. As an illustration, suppose that 

a n =i(n 2 +2n+ 3 )/(n -2). 

Then we can write a n -+\n +2, (a) 

or (/?) 

or a n —0(n), (y) 

or a n =o(n 2 ), (8) 

each line giving less precise information than the preceding. 

* The use of the symbol ^ to denote difference is nearly obsolete; and by 
means of the symbol | a - b ' to denote the numerical value of a - b, we can dis¬ 
pense with this older use of . The modern use as defined in (/3) is substantially 
due to du Bois Rcymond. 

t For a fuller account the reader may consult Prof. G. H. Hardy’s tract, “ Orders 
of Infinity,” No. 12 of the Cambridge Mathematical and Physical Tracts. 
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Naturally it usually is easier to establish a result such as {ft) 
rather than (a); and similarly (y) than (ft ); or (S) than (y). 


1/2. Notes on the definitions. 

(1) The definition of a limit is often loosely stated as follows : 

The sequence (a n ) approaches the limit l , if, by taking n large 

enough , we can make \ l—a n \ as small as we please. 

Such a definition does not exclude the possibility of oscillation , 
as may be seen from the sequence 

112 1*}] 41 *1« 

:i> 4» 4> 5» to «» T>***> 

in which a n =2/(n+4) if n is even. 

Here, by taking n large enough, we can find a term a n which 
is as small as we please ; but the sequence oscillates between 
0 and 1, because a n ==(w+l)/(w+3) when n is odd. 

(2) Infinity * 

It is to be remembered that the symbol oo and the terms infinite, 
infinity , infinitely great , etc., have purely conventional meanings 
in the present theory ; in fact, anticipating the definitions of 
Art. 4, we may say that infinity must be regarded as an upper 
limit which cannot be attained. The statement that a set contains 
an infinite number of objects may be understood as implying that 
no number suffices to count the set. 

Similarly, an equation such as lim a n —o o is merely a conventional 
abbreviation for the definition on p. 2. 

In speaking of a divergent sequence ( a n ), some writers use phrases 
such as : The numbers a n become infinitely great, when n increases 
without limit. Of course this phrase is used as an equivalent for 
tend to infinity ; but we shall avoid this practice in the sequel. 

(3) It is evident that the alteration of a finite number of terms 
in a sequence will not alter the limit. 


Ex. 1. The two sequences 

1, 2, 3, 4, i, 


i 

H» *•* 


have the same limit zero. 


1111X111 

*2> .}> 4 > 5 9 <)> 7 > S > * *' 


Further, it is evident that the mnission of any number of terms 
from a convergent or divergent sequence does not affect the limit ; 
but such omission may change the character of an oscillatory sequence. 


* For a fuller account the reader should consult Art. 143 of Appendix I. 
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Ex. 2. Thus the sequences 1, 5, 9, 13,... and 1, I, ... have the same 
limits as those considered in Exs. 1, 2 of Art. 1. But the omission of the 
alternate terms in the sequence 

b h b b b b 

changes it from an oscillatory to a convergent sequence. 

(4) In a convergent sequence, all, an infinity , a finite number or 
none of the terms may be equal to the limit. 

Examples of these four possibilities (in order) are given by : 

i 1 . ,i x 1 3 2 1. 

a n =li a„=~ an(W); a »=«’ 

the limits of which are, in order, 1, 0, 0, 0. 


(5) We shall usually employ € to denote an arbitrarily small 
positive number; strictly speaking, the words arbitrarily small , 
or no matter how small, or however small (which are frequently 
added to e) are redundant, but serve to emphasise the statement 
that the variable is less than e . 

We shall also use N (or G) to denote an arbitrarily great 
positive number; here again the adjectives great or large are 
unnecessary, but are usually added to emphasise the statement 
that the variable is greater than N. 

By using € to denote any positive number, we could dispense 
with N ; but it avoids confusion to use two distinct symbols. 
However it is sometimes convenient to use 1/e for N. 


(6) It is often convenient to shew that a sequence ( a n ) tends to 
the limit l , by reasoning on the following lines : 

Suppose that we can prove that 

| a n - 1 1 <f(n, m), when n> m, 

and suppose further that, as n->oo, the function f(n, m) tends to 
the limit F(m ), which can be made less than e, by a suitable choice 
of m=m(e). 

Thus we can determine n 0 >m 9 where w 0 = n 0 (m, e)=w 0 ( e )> and 
such that 

\f(n, to) - JP (to) | < e , if n > Wo. 

Hence f{n, to) < 2e, ifn>n 0 , 

and so | a n -1 \ < 2e, if n > n 0 ; 

from which it is clear that a n -> l. 

A somewhat similar process can be applied if we know that (a„) 
converges to some limit l, but we do not know the value of l ; then, 
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if we can shew that \a„-c\<e, for all values of n greater than 
m =m(e), an index which does not occur in l or in c, we shall have 
l =c. 

For l - c = lim ( a n - c), 

and so \l-c\^ke, if n>m(e); 

now € is arbitrarily small, and n is not present in l or c ; so that the 
last inequality can hold only if l =c. 

[Compare Exs. 3, 4 of Art. 2 below.] 

(7) It should be observed that if (a n ), (6 n ) are convergent 
sequences such that a n < 6 W , it may easily happen that 

lim a n =lim b n . 

For the difference b n —a n , although constantly positive, may 
converge to 0 as a limit. Thus the correct conclusion from the 
inequality a n < b n is 

lim a n ^lim b n . 

2. Monotonic sequences ; and conditions for their con¬ 
vergence. 

A sequence in which a n+1 ^a n for all values of n is called 
an increasing sequence ; and similarly, if a n+1 ^a n for all 
values of n , the sequence is called decreasing. Both increasing 
and decreasing sequences are included in the term monotonic 
sequences . 

The first general theorem on convergence may now be stated : 

A monotonic sequence has always a limit , either finite or infinite ; 
the sequence is convergent provided that \a n \ is less than a number A 
independent of n ; otherwise the sequence diverges. 

For the sake of definiteness, suppose that a n+1 ^a n , and 
that a n is constantly less than the fixed number A. Then, 
however small the positive number e may be, it will be 
possible to find an index m such that a n <a m +e , if n>m; 
for, if not, it would be possible to select an unlimited sequence 
of indices p, q , r, s , ..., such that a p > a x +e, a q > a p +e, 
a r > a q +€ 9 a $ > a r +e, etc.; and consequently, after going far 
enough* in the sequence p, q, r, s, ..., we should arrive at an 
index v such that a v > A , contrary to hypothesis. 

♦The number of terms to be taken in the sequence p y q , r, s, ... would be 
equal to the integer next greater than (^4 
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Thus, if we employ the graphical representation described in 
the last article, we see that all the, points to the right of the 
line x = m will be within a strip of breadth e; and that the 
breadth of the strip can be made as small as we please by going 
far enough to the right. From the graphical representation it 
appears intuitively obvious that the sequence approaches some 
limit, which cannot exceed A (but may be equal to this value). 
But inasmuch as intuition has occasionally led to serious blunders 
in mathematical reasoning, it is desirable to give a proof depending 
entirely on arithmetical grounds; such a proof will be found in 
Appendix I. Art. 143. 

Ex. 1. As an example consider the increasing sequence 

$* 3 * 2 » fa fa ••• > 

which is represented by the diagram below. 



0 1 2 3 4 5 8 7 

Fig. 4 


In this case we may take A- 1, and there is no difficulty in seeing that 
the limit of the sequence is equal to A ; but of course we might have taken 
A- 2, in which case the limit would be less than A. 

Ex. 2. A second example is given by the sequence (1 + l/n) n , which has 
for its first six terms the approximate values 2, 2-25, 2*37, 2-44, 2-49, 2*52. 



Fig. 6. 

The reader is probably aware that this sequence always increases, but 
that its terms arc always less than 3; the limit obtained is the number 
e =2*71828.... A formal proof of the monotonic property is given in 
Appendix II. Art. 155 ; and the limit is evaluated in Art. 57. 

Similarly (1 -l/n)- n steadily decreases; starting with n =2, the first six 
terms in this sequence are approximately 4, 3*38, 3*10, 3 05, 2*99, 2*94, 
The limit of this sequence is also equal to e. 

But in case no number such as A can be found, so that, 
however great A may be, there is always an index m, such that 
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a m > A, then it is plain that the sequence diverges to -foo. For 
we have a n ^a m > A, if 

The reader will have no difficulty in modifying the foregoing 
work so as to apply to the case of a sequence which never increases, 
so that a n+1 =a n . 


Ex. 3. Consider the sequence for which a n =r n . 

If 0 < r < 1, the sequence ( a n ) steadily decreases but the terms are always 

positive; and consequently a n approaches a definite limit l , such that 

1 > l ^. 0. Thus we can find m to correspond to €, so that 

l<r n <l +€, \ln>m — m(e). 

Hence r n+1 < r(l +c); 

and consequently l < r n+1 < r(l +c) 

or 2(1 -r) C-rc. 

Since this inequality is true, however small e may be, the limit l must be 
zero. 

When r > 1, it follows from the last result that l/r n -> 0, and hence we can 
determine m so that 1 jr n < e, if n > m = m{t). 

Thus we find r n > 1 /e, if n > m, 

and consequently r n ~> oo . This result can also be established from the mono¬ 
tonic property of the sequence ; or by direct reasoning, as in Ex. 1, Art. 6. 

If r is negative , we have r n =( - 1 ) n . |r| n 

and so the behaviour of the sequence can be determined from the results 
already obtained. 

Summing up, we conclude that: 

If - 1 < r < 1, r n -> 0 ; ifr = l, r n = l; and if r > 1, r n -> oo . 

In all other cases the sequence oscillates , and : 

If r < - 1, r 2n ->oo , r 2n+1 -> ~oo ; if r— -1, r 2n = 1. r 2n+1 = - 1. 


Ex. 4. Take next a n = r n jn !. 

If r is positive, the sequence (a n ) decreases steadily, after n exceeds the 
value r; and since a n is positive it follows that a n -* l iiZ 0. 
xr™ a„ n r r r r 1 


_ 2n __ _ _ 

a n n +1 * 7i+ 2 ‘ 


r_ r_ 1 
2n < 2» < 2’ 


if n > r. 


Thus we can find m so that 

»d 

Hence, proceeding as in Ex. 3, we obtain 

l < £(J+€) or l < €. 

Again it follows that the limit l must be zero. 

When r is negative, we obtain the same result by writing 
a n = (~l) n .\r"\/n\. 

Thus for all values of r we have 

r n 

lim —r=0 
n\ 
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3. General principle of convergence. 

If a sequence is not monotonic, the condition that \a n \ remains 
constantly less than a fixed number is by no means sufficient to 
ensure convergence; this may be seen at once from the sequence 
of rational proper fractions given in Example 3, Art. 1, for which 
0 <a n < 1. 

The necessary and sufficient condition for convergence is that it 
may be possible to find an index m=m(e), corresponding to any 
positive number e, such that 

for all values of n greater than m. 

Interpreted graphically, this implies that all points of the sequence 
which are to the right of x=m, lie within a strip of breadth 2e. 
The statement is then almost intuitive, since the breadth of the 
strip can be made as small as we please, by going far enough to 
the right; an arithmetical proof will be found in Appendix I. 
Art. 143. 

Ex. Consider the sequence 



0 12345678 


Fig. 6. 

for which it is easily seen that the limit is 1. The diagram is as indicated ; 
and it will be seen that m may be taken greater than or equal to 2/e. 

Caution. The reader must be warned not to regard the above 
test of convergence as equivalent to a condition sometimes given 
(even in books which are generally accurate), namely: 

The necessary and sufficient condition for convergence is that 

lim(a n+p -a n )=0. 

71 —> CO 

This condition is certainly necessary, but is not sufficient, unless 
p is supposed to be an arbitrary function of n, which may tend towards 
infinity with n, in an arbitrary way . 
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For example, suppose that a„ -log n ; then 

lim (a n+p -a n ) =lim log (1 +p/n) =0, 

U —► 00 H —■» 

if p is any fixed number. But the sequence (a n ) is divergent, as may be 
seen from Appendix II. Art. 154. 

The reader will have no difficulty in proving that the elementary 
rules for calculating with limits are as follows : 

lim(a n zt6 n )=lim a n ±lim b n) 
lim(a n x b n ) =lim a n X lim b n , 
provided that the sequences (a n ), (b n ) are convergent. 

lim(a w /6 n )=lim aj lim 6 n , 

provided that (a n ), (b n ) are convergent and that lim b n is not zero. 
And generally that 

lim/(a n , 6 n , c n) ...;=/(lim lim b n , lim c n , 

where / denotes any combination of the four elementary operations, 
subject to conditions similar to those already specified. 

If the functional symbol / contains other operations (such as 
extraction of roots), the equation above is sometimes a theorem (as 
for example when we assert that lim \/a n = y % if lim a n = l and l is 
positive); but it may also be a definition of the right-hand side (as 
in the theory of irrational powers and indices, when developed from 
certain points of view). Thus c^ 2 , where c is positive, may be 
defined* as lime®", when a n tends to \/2 through an appropriate 
sequence of rational indices (such as, 1, f, I, %l, ...). 

It is to be remembered that the limits on the left may'be perfectly 
definite without implying the existence of lim a n and lim b n . To illustrate 
this possibility, take a n =( - l) n , b n = ( - l) n ~ 1 (l + 1/n). 

Then a n +b n =(- 1 ) n_1 /n and (a n + b n ) -+ 0, 

a n h n = - (1 +1 In) and (aA)-* - 1 > 

ajb n = - n/(n +1) and (aJb n )-> - 1, 

so that these three limits are quite definite, in spite of the non-existence of 
lim a n and lim b n . 

If (a n ) is convergent and b n -> 0, we cannot infer that a n /b n -> oo 
without first proving that ajb n has a fixed sign . 

If a n ->0, and 6 n -> 0, the quotient a n /b n may or may not have a 
limit (see Appendix I. Arts. 147-149). 

* For more details, the reader may consult Appendix I. Art. 142. 
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Thus with «„ = !. b n — ( -!)"/», we see that b n -> 0, but u H /b n -( - l)"Jt and 
so a n (b n oscillates botwecu - oo and + oo . 

Again, with a n = l/n, b n —( -1 ) n /n, the value of ajb n oscillates between -1 

and +1. 

When one of the sequences diverges (say a n -> oo ) and the other 
converges (say to a positive limit) it is easy to see that 

(a n ± b n ) oo; a n 6 n -> oo ; a n /b n -> oo ; b n /a n -+ 0 ; 
the only case of exception arising when 6 n -> 0, and then the 
sequences ( a n b n ) and {ajb n ) need special discussion. 

Again, if both a n and b n diverge to oo , we have 

(a n +6 n ) -> oo; 00 5 

but both (a n —b n ) and ( ajb n ) have to be examined specially (see 
Appendix I. Art. 147). 

If a n -> oo and oo , there are three distinct alternatives with 
respect to the sequence (ajb n ), assuming that it is convergent * 

(i) a n /b n -> 0 ; (ii) aJb n -> k > 0 ; (iii) a n /b n -> oo . 

In case (i), a n diverges more slowly than b n) and a n =o(b n ) ; in 
case (iii) a n diverges more rapidly than b n . In case (ii) it is often 
convenient to use the notation (Art. 1-1) 

a n ~ kb nf 

when a n , b n are complicated expressions. 

Rules are given in Appendix I. (Arts. 146-148) for the determi¬ 
nation of lim (ajb n ) in a number of cases which are important in 
practical work. 

4. Solution of numerical equations by means of sequences.f 

It is often possible to calculate a root of an equation of the type X 

x=f(x), 

by constructing a sequence (o n ) defined by 

®n+l = /(®n)* 

If the sequence converges to a limit a, then x—a. is a root of the 
original equation. 

* Even when a n and b n are both monotonic, the sequence a n /b n need not con¬ 
verge (Appendix I., Art. 147, Ex. 4). 

t An interesting example of this method has been given by Prof. W. B. Morton 
(Phil . Mag. (0), vol 37, 1919, pp. 282, 283). 

t Here f(x) is any fairly simple function; in most practical applications it is 
usually possible to take the values of f(x) directly from tables. 
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3, 4] 


The construction of the sequence may be illustrated by drawing 
a succession of zig-zags between the line y=x and the graph of 
H = f( x )- Two-examples are sketched below; and the reader is 
advised to construct other typical figures for himself. 




It will be seen that in Fig. 6 (a), the sequence ( a n ) converges to¬ 
wards the larger of the two roots indicated in the diagram; and 
this conclusion follows however close a 0 may be to the other root 
ft. Of course if a 0 were to coincide exactly with ft, we should find 

a l ~f( a o) =f ($) —P, 

and so all the terms of the sequence would coincide with ft. 

But in working with tables, exact coincidence is usually impossible ; 
and the smallest difference between a 0 and ft will lead to the limit a 
for (a n ). 

The last remark is illustrated by an example constructed by Lord Kelvin,* 
in connexion with Laplace’s Theory of the Tides. 

Taking f(x) =6 -1/a?, the values of a, ft are the roots of x 2 -63 + 1=0; 

80 a =3+^/8 =5-828427. 

/3=3 -*J8 =0-171573. 

Taking o 0 =01716 (agreeing with ft to four significant figures) it is calculated 
that a 7 =5-8284 =a s =«., 

retaining four figures throughout the calculations. 

Mathematical and Physical Papers, vol. 4, pp. 244, 245. 
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In order that this method should lead to an effective solution, 
it is generally necessary that f'(x) should he numerically less than a 
positive constant k (less than unity) for all values of x within a range 
which includes cl , the root to be calculated. 

The reader will find it easy to convince himself of the necessity for this 
condition, by drawing various typical diagrams; and then attempting to carry 
out the process as indicated in Figs. 6 (a), 6 ( b ). 

To prove that the condition is sufficient we note that if a n and a. both belong 
to the range indicated, then, by the Mean-Value theorem, 

l/K) -/(«)! < * K 

Hence |a n+1 -ol| < k\a n -a.|, 

and so in general \a n -oi| < k n \a 0 which tends to zero as n tends to 
infinity. 

It follows also from the Mean-Value theorem that there is only one root of 
x =f(x) within the range specified. For if there were two such roots a, ft, we 
should have |/(/?) -/(«■)I <*|/J-o.|, 

which contradicts the hypotheses 

A/3) =/3 and /(«.)=«.. 

It is necessary, however, that a Q should not be too far away from cl ; in fact, 
the above argument will only apply when a 0 falls within the range for which 

I/'t*)I < k - 


On the other hand, it may happen that f\x) is numerically greater 
than N (greater than unity) for all values of x within a range which 
includes a root /3 of x—f(x). We can then proceed similarly to 
find /3, by reversing the order of the sequence and taking the equation 

ffin+ l)—b n . 

The numerical determination of b n+1 from b n offers no difficulty 
when f(x) is given by one of the ordinary mathematical tables.* 


In the example quoted above from Lord Kelvin’s Papers , we can obtain 
ft by writing 

® ~h or b n+ i= r-• 

°n +1 0 °n 

For instance, taking b 0 = 5*8284, 

so that b 0 agrees with cl to four decimal places, it appears that 

b r =0-1716 =& 8 , 

giving j3 to four decimal places. 


To illustrate the application of the method, we may take the 
equation x=12 l ogl0 a; ) 


•It might be troublesome in an example such as f(x)=x 2 +2lx; but it would 
be easy to deal with, say, /(») = log 10 a?. 
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which leads to a figure of the type sketched in Fig. 6 (a). It is 
easy to see that the root a may be expected to lie between £=13, 
#=14 : then, taking a 0 = 13*5, and using the sequence 

0n+i=12 log 10 a n , 
it will be found that a 3 =13-60=a 4 , 

which is accordingly the value of a to four significant figures. To 
obtain /3, we use the sequence reversed, writing 

l°6l0^n+l ^ iV^n > 

and with 6 0 =1*4, it appears that 

6 4 =1*278=6 5 , 

which is therefore the root /3 to four figures. 

It does not follow that convergence can be assured for any initial 
values of these sequences. For example, if a 0 is less than /3, say 
a 0 =U2, it will be found that a 2 is negative and the sequence breaks 
down. Again, if b 0 is greater than a, say & 0 =14, it will be found 
that 6 4 > 100, b 5 > 10 8 ; and so on. 

It is therefore necessary as a rule to obtain first approximations 
to the roots by graphical or other rough methods, so as to avoid 
the risk of obtaining a divergent sequence owing to a faulty choice 
of the initial value. 

It should also be noticed that in some cases the sequence given by 

a n+l—f( a n) 

leads to two values u, v, which are such that 

v=f(u), u=f(v). 

An example with f(x) —k x is given in Ex. 11 (iv) at the end of this chapter. 
The reader will find it instructive to discuss this case by means of the curve 
y = k x ; although the method indicated on p. 13 leads more directly to the 
correct results. 

51. Upper and lower limits of a sequence. 

If a sequence (a n ) has a greatest term * H, this term is called the 
upper limit of the sequence; and similarly, when there is a least 
term h , it is called the lower limit . 

But if a sequence has no greatest term, it follows that no matter 
how large n may be, there is always a larger index p> such that 
a p ^ a n . Further, there is an infinite number of such indices p ; 
otherwise there would be a greatest term in the sequence; thus 

* A sequence is said to have a greatest term 11, when there is a term H which is 
greater than all but a finite number of the terms which are equal to H. 
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to make p definite we suppose p to be the least index satisfying 
the required condition. Hence the terms of the sequence which 
fall between a n and a p are all less than a n and a p . 

Choose now a succession of values of p such that 
Otp x i= A*, a Pi ~ a Pl , a p% = a P2 , etc. 

Pl>l, , P*>P2, 

and for simplicity denote Op r by 6 r . Then we have constructed 
an increasing sequence b lf & 2 , b z , and this sequence has a 
limit (Art. 2), either a finite number H or oo. If lim& n =ff, we 
can find m so that b m lies between H—e and H, no matter how 
small e may be ; and consequently we have 

H—e< a Pr < H , provided that r ^ m. 

H is then called the upper limit of the sequence ; and clearly H is 
greater than any number belonging to the sequence . 

Similarly, if lim b n = oo , we can find m so that 
a Pr > N y provided that r ^ m, 
no matter how large N may be. 

If the upper limit of the sequence is H, whether attained or not , 
the sequence has the two following properties : 

(i) No term of the sequence is greater than H. 

(ii) At least one term of the sequence is greater than H —e, however 
small e may be* 

But if the upper limit of the sequence is oo, the sequence has the 
property : 

An infinity of terms of the sequence exceed N, no matter how great 
N may be. 

It is easy to modify these definitions and results so as to refer 
to the lower limit (A or —oo ). 



The diagram gives an indication of the mode of selecting the 
sub-sequences for H and h ; these are represented by dotted lines. 


* If II is not attained, there will be an infinite number of such terms. 






5-1, 5*2] 


UPPER AND LOWER LIMITS 


17 


Ex. 1. (Art. 1) a n =2w-l. 

Here we have b n —a n , and so the upper limit is x ; h — J, because 1 is 
the least number in the sequence. 

Ex. 2. (Art. 1) tf n = l/n. 

Here H — 1, because this is the greatest number in the sequence; and h is 
seen to be 0, which is not actually attained by any number of the sequence. 

Ex. 3. (Art. 1) i, J, % J, l 1, l l ... . 

Here the sequence ( b n ) is jj, 2» an( l gi yes H — l; and similarly 
h is found from the sequence J, }, J, ... to be 0. These sequences arc 
indicated in Fig. 3 of Art. 1 by the dotted lines. 

5-2. Maximum and minimum limiting values of a sequence. 

We have just seen in Art. 51, that any infinite sequence has 
an upper and a lower limit. Consider successively the sequences 

& 1 , (l 2 , Cl 3 , Cl 4 , $ 5 , , 

ci 2l & 3 , cifr (I5, • • • , 

$ 3 , $ 5 , . •. , 

fl 4 , C&5, • . • , 

and so on. 

Let the corresponding upper and lower limits be denoted by 
H x , h x ; H 2 , h 2 ; # 3 , A 3 ; H 4 , A 4 ; and so on. 

Then we may have H x =a Xi in which case a x must be the greatest 
term in the sequence (a n ) y and so H x ~H 2 ; otherwise we shall have 
H x —H 2 . Hence in all cases H x H 2 . Thus 

and so the sequence ( H n ) is decreasing and tends to a limit G or — 00 
(Art. 2). Similarly ~ ..., and therefore ( h n ) has a 

limit g or + 00 . It may be noticed that G can only be 4-», in case 

#l=#2 = =#3 = -- = + °o ; 

and g can only be —co , if h x =h 2 =h 2 =...=—oo . 

It is important to notice that G, g can be obtained as the 
limits of two sub-sequences'property selected from (a n ). For, either 
H Xy H 2 , H 3 ,... all belong to the sequence (a n ), in which case 
the sub-sequence for G is coincident with ( H n ); or else, after a 
certain stage, we have H m =H m + x =H m + 2 —...=(?, and then H m 
is itself the limit of a certain sub-sequence selected from ( a n ) y 
so that this same sub-sequence defines G . An exactly similar 
argument applies to g. 

B.I.S. 


It 
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Again no convergent subsequence selected from (a n ) can have 
a limit which is greater than G or less than g. For since 
lim H n —G , we can find m so that no matter how small 

e is ; but, by the definition of H m , we have 
a n = H mi if n^m, 

so that a n ^6r+e, if n~m. 

Thus, if l is the limit of any convergent sub-sequence selected 
from ( a n ), we must have l~G+e ; and, as e is arbitrarily small, 
this leads to l~G. In like manner we prove that m' can be found 
to make a n ~g—e, if n~-m, and we deduce that l~g. 

The two properties just established justify us in calling G the 
maximum limit and g the minimum limit of the sequence (a„); in 
symbols we write 

G = Tim a n =lim a n , g = lim a n =lim a n . 

n *-> co 

The symbol lima w is used to denote either the maximum or 
minimum limit; thus the inequality / < lim a n <F implies that 
f <g and G <F. 

If it happens that G —oo , we have H n =oo, and consequently 
there must be an infinity of terms a n greater than any assigned 
number N, however great; similarly when g=—oo, there must 
be an infinity of terms less than —N. On the other hand, if 
lim H n — co , it is easy to see that lima n = — oo ; and similarly 
if lim A n =+oo we must have lim a n =+oo . 
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From what has been explained it is clear that every sequence 
has a maximum and a minimum limit ; and, these limits are equal , 
if and only if the sequence converges. 

It is convenient to call sequences oscillatory when the maximum 
and minimum limits are unequal. We shall call these limits the 
extreme limits of the sequence, in case we wish to refer to both 
maximum and minimum limits. 
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It will be evident that the maximum limit coincides with the upper 
limit , except when the latter is actually attained by one or more terms 
of the sequence ; and similarly for the minimum and lower limits. 

The diagram gives an indication of the process defining G and g. 
The points H n and h n are marked with © and are joined by 
dotted lines. 


Ex. 1. In the sequence (Ex. 3. Art. 1) 

11*13 1 2 3 4 

a> 4 > 4 ? 3» >» ••• 

we have H n = 1, h n =0 ; so that G = 1, g -0. 

Here it is plain that convergent sub-sequences can be selected to give 
any limit between the extreme limits. Thus 

h h ?> &••• gives the limit J ; 

and h ft ft, ••• g ivea the limit ; 

the latter being the successive convergents of the continued fraction 


Ex. 2. With 

we get 
and 
so that 


11 11 
1 + 2 + 2 + 2 + .... 

2. -e. t. -b s,... a n = (-i) n-i (i+~) 

Ht= 2, H 2 -H 3 = $, 

h 1 =h M ~ - h 3 ~h A - , 

G = h Q= - 


Ex. 3. With 1, -2,3, -4, 5, -6,... = ( -1)*->» 

we find H n = oo , /i n = - oo 

and so Q — cv , g ~ — ao . 

In Exs. 2, 3 it will be seen that no sub-sequences can be found to converge 
to limits other than the extreme limits. 


6. Sum of an infinite series; addition of two series.* 

Suppose that a sequence a v a 2 , a 3) ..., a ni ... is given and 
that we deduce from this sequence a second s lt s 2i s 3i ... by addition, 

S n £::=:a l+^2+ a 3+ , •• + a n* 

Then if the sequence (s n ) is convergent and has the limit S y the 
infinite series “ 

a i+^2+ a 3+* • • =y-jdn=^n 

i 

is called convergent ; and S is called the sum of the series. 

* Here, as in several places of the introductory matter, a sketch of the argument 
is given rather than a full discussion. Readers who wish for a more detailed 
account may consult §76 of Prof. G. H. Hardy’s Course of Pure Mathematics. 



20 


SEQUENCES AND LIMITS 


[CH. I. 


It is, however, of fundamental importance to bear in mind that 
S is a limit ; and accordingly care must be taken not to assume 
without proof that familiar properties of finite sums are necessarily 
true for limits such as S. 

Similarly, if the sequence (s n ) is divergent or oscillatory , the infinite 
series is said to diverge or to oscillate , respectively. 

Ez. 1. The geometric series 1 + r +r 2 +r 3 +... converges if r is numerically 
less than 1; it diverges if r^l] ; it oscillates if r 1. 

For, except when r — 1, s n = (1 - r n )/(l - r); and when r = l y s n —n. 

Now, if -1 < r < 1, 

we can write |r|=l/(l+a), 

where a is positive. Then \r\ n < 1 /(I + na) 
using the binomial theorem for an integral index. 

Thus Jim r n =0, 

a result which was obtained independently in Ex. 3, Art. 2. 

Hence S =lim s n = l/(l -r), if -l<r<l. 

n —► <® 

If r g 1, it is obvious that s n g; n, and accordingly 

lim« n = ao, 

n —>-oo 

so that the series diverges. 

When r is less than -1, we have r = - (1 +6), where b is positive, and so 

(-r) n > 1 +nb. 

Hence s n > (2 + nb)/( 2 + 6). if n is odd, 

or s n < -nb/(2+b) 9 if n,is even. 

Thus lim s n = - go , lim s n = + oc , 

anu so the series oscillates between - oo and + oo. 

If r = -1, <? n — 1» if n is odd, 

and s n =0, if n is even. 

Thus the series oscillates between 0 and 1. 

We have now justified all the statements of the enuneiation. 

If follows at once from the results stated in Art. 3 that if 
<S=o 1 +a 2 +a 3 +... to oo 
and T=b l +b a +b 3 +... to oo, 

then S±r=(o 1 ±& 1 )+(a a ±& 2 )+(a 3 ±& 3 )+.... 

The rule for multiplication of S, T does not follow quite so 
readily (see Art. 34). 

It should be observed that the insertion of brackets in a series 
is equivalent to the selection of a sub-sequence from the sequence 
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( s n ); and since an oscillatory sequence always contains at least 
two convergent sub-sequences (those giving the extreme limits), 
it is evident that an oscillatory series * can always be made to converge 
by grouping the terms in brackets ; and , conversely , the removal of 
brackets may cause a convergent series to oscillate . 

Ex. 2, The series oscillates between the values 

•306... and 1-306...; but the series (1 -£) +0f -J) + (i converges 
to the sum -306..., while 1-(J -§) -(£ - £) converges to the sum 
1-306.... [ 306... =1 -log 2 = i - J + } -1 , see Arts. 19, 24, 63.] 

It is evident that when we are concerned only with determining 
whether a series is convergent or not, we may neglect any finite 
number of terms of the series ; this is often convenient in order to 
avoid some irregularity of the terms, at the beginning of the series. 

In particular, it is clear that the two series 

tt l+ tt 2+ a 3 + ••• > a m+l+ a m+2+ a m+3 + --* 5 

are simultaneously convergent. The sum of the latter is often 
called the remainder after m terms of the former. 


EXAMPLES. 

Arts. 1-4. 

1. If a„+i -J(k-\-a n ) 9 where k > 0, a L > 0, the sequence (a n ) is monotonic 
and converges to the positive root of the equation x 2 -x +k. 

2. If a n+ i = k/{ 1 -fa w ), where k > 0, > 0, the sequence ( a n ) converges to 

the positive root of the equation x 2 +x=k. The negative root is given by 
the sequence (b n ) where b n+1 = (k/b n ) - 1. 


3. If p, q, r, s are real and A, /x are the roots of 
(p -A)(* - A)-gr=0, 

prove that -—— — - 


a — A 


and ^ = 


where /3 are the roots of the equation rx 2 + (s -p)x - q~ 0, and shew also 

thftt ^ + y + 2 = ^- S)2 . 

A ps-qr 

Deduce that, if y=(px +q)!(rx +s) 9 then 


* It is understood that the limits of oscillation are finite ; such a series 
as 1-2 + 3- 4 + 5- 6+ ... must be excluded. 
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an that the relation between x, y is equivalent to 

y - A. /.r- a\ 

y-P~ p \x-fi}' 

If fi = A, prove that (p -s) 2 + 4#r=0, and that s = A - r<x; deduce that 
now the relation is equivalent to the form 

1 1 r 

- = - + T . 

y - a. x -cl A 


If A, fx are complex so that ( p-s ) 2 + 4 qr < 0, we can write 
A//x=e~ 2td , a.~Ae lu> , /3=Ae~ LU1 i 

so that 4cos 2 0=z(p + s) 2 l(ps-qr), and p - 8=2 Ar cos w, q—-rA 2 . 


Then shew that 


i4{^sin(0-f o>)- A sin 0} 
xsin0 — Asin(0 — (o) 


y=- ~ 


4. Apply the formulae of Ex. 3 to discuss the sequence ( a n where 

_ pa n +q . 

n+1 ra n +s * 

and prove that a n ol, when ol, /? are real and | p - vcl\ < | p -rft\. Shew 
also that a n -> ol, when (p - s) 2 4- 4 qr = 0, so that 0 = ol. 

If p +s =0, shew that a n is always equal to one or other of two fixed values. 
If (p -s) 2 +4 qr < 0, shew that (a n ) has no definite limit ; but that when 
Ofrr is rational, (a n ) repeats itself in certain periods. 

Discuss the same problem by considering the hyperbola y = {px +q)/(rx+s) 
and the straight line y ~x. 


6 . Simple examples of the types discussed in Ex. 4 may present themselves 
in connexion with topics which are often discussed with the aid of continued 
fractions. Two illustrations are given by: 

(i) A conductor A is charged by successive contacts with a second con¬ 
ductor B 9 which is always re-charged to the amount E. If the charge left 
on A after the first contact is e, prove that the charge on A tends to the limit 
EeHE-e). 

(ii) A system of n convergent thin lenses, each of focal length /, is arranged 
on an axis, so that the distance between consecutive lenses is a ; prove that 
the focal length of the system is equal to /sin 0 /sin n0, if a =4/sin 2 £0. 

6 . If a n ->- 0, prove that b an -> 1 , where b is any positive number ; and deduce 
that if a n -> a, b a . If a n -+ 00 , b a n 0 or 00 . 

7. If a n+1 =ka n +la n _ v where k, l are positive, prove that aja n converges 
to the limit (a i -a l /3)/cL(oL-f3) t where ol is the positive and /3 is the negative 
root of x 2 —kx +1. 

If k + l- 1, prove that a n -+ (a 2 +la 1 )/(l +1). In particular, if each term 
of a sequence is the arithmetic mean of the two preceding terms, the two 
sequences a l9 a 3 , a 8 ,... and a 2 , a 4 , a 6 ,... are separately monotonic and con¬ 
verge to the common value £( 2 a t + 04 ). 

Examine similarly the cases in which the geometric and harmonic means 
are taken. 
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8. If « n+1 = lK.+U> &»+i=VKfAi)» where «i» 6 i are positive, the 

sequences («„), (b n ) are raonotonic and converge to a common limit. If 
a x = cos 6, b x - 1, the common limit is (sin 6)16 ; and if a x - cosh u, 6, -1, the 
common limit is (sinh u )/ u . [Borohakdt.] 

9. If a n+1 =b(a n + b n)> a n+A+i = a nK> 80 that a n+i> K+\ are respectively 
the arithmetic and harmonic means of a n , b n , then the sequences (a n ), (b n ) 
are monotonic and converge to the common limit sj(a x b x ), where a l9 b x are 
positive. 

10. If a n .,i=i(“n+ 6 n)> 6 »+i =V(«»U> 80 that “«+i> 6 n+i are respectively 
the arithmetic and geometric means of a n and b n , then the sequences (a n ), ( b n ) 
are monotonic and converge to a common limit l. 

This limit was called by (truss the arithmetico-geometric mean of a Jt b x , 
and can be applied to calculate elliptic integrals by means of the formula 
—which follows from Landen’s transformation—- 


c 16 f**_ dd _ i r 

J 0 (a^cos 2 6 -fft^sin 2 6)^ Jo (a n 2 cos 2 6 +b n 2 sin 2 0)^ ^ 

[The convergence of the sequences (a n ), (b n ) to l is usually quite rapid; 
for instance, with a x = v /2 = 1 *41421356 (p. 395), b x = 1, a x -b i - 1 -198140 


This gives 


v/(l -£sin a 6) 2 1 


= 1*854075 


n dx 
Jo 7(T^ 




= 1 - 3110288 . 

+cos 2 0) 21 


The method indicated enables us to calculate certain integrals very quickly.] 


11. If a n+l =t' H , k> 0, a number of alternatives arise; we can write 
the condition in the form log a n+l — ka n , if A=log k. By means of the 
curve y =log x and the line y = Xx we can prove that 

(i) if A > 1/e, ( a n ) is a divergent monotonic sequence ; 

(ii) if 0<A<l/e, the equation \x = logx has two real roots cl, ft (say 

that ol</3); then the sequence (a n ) is monotonic, and a n ->u. 
if a x < ft ; but if a x > ft, a n -> oo . 

When A is negative, the equation log x = \x has one real root (ol ); but 
the sequence ( a n ) will be seen to be no longer monotonic. To meet this 

difficulty we may write log (log—!—) =log( - A) + Aa n-l and use the curve 

/ i\ ' a n+l' 

y = log ^ log ~) and the line y- log( -A)+A#. It can be proved that then 

the sequences ( a 2n ), (a in+1 ) are separately monotonic, and 

(iii) if - e < A < 0, a n -+ ol ; 

(iv) if A<-e, a 2n+x -+u, a in -+v, if a x < a.; but a 2n -+u, a. 2n+i -> v, 

if a x > ol ; and a n =ol, if a x =oi. 

Here u , v are such that u < ol < v and k u =v , k v = u. 

This problem was discussed in the special case a x -k by Seidel ( Abhand - 
lungen der k. Akad. der Wissensch. zii Miinchen, Bd. 11, 1870), who was the 
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first to point out the possibility of oscillation, in case (iv). Previously, 
Kisenstein ( Grelle's Journal fiir Math., Bd. 28, 1844, p. 49) had obtained the 
root «. as a series proceeding in powers of A ; this series is the same as the 
one given in Art. 551, Ex. 4, below. 

Arts. 51, 5*2. 

12. The reader may find it instructive to determine the upper and lower 
limits, and also the extreme limiting values of the following sequences. 
The relations of the terms a n to the limits should also be considered. 

(1) a n = ( -1 ) n nj(2n +1). (2) a n =(-l)"(n + l)/(2n + 1). 

(3) a n —n + ( -l) w (2n + 1). (4) a n =2n +1 + ( -l)»n. 

13. In an oscillatory sequence there may be a finite number of limits 
derived from sub-sequences, all, some, or none of the limits being attained, 
as may be seen by considering : 

(1) a n =sin(J»7r), which consists of the seven numbers 0, ±4, iJ^/3, 

d-1 all repeated infinitely often. 

(2) a n = ^ sin (Jtt7r) has the same seven limits as in case (1), 

but only the value 0 is attained. 

(3) a n = ^1 cos (tj?17t) has the four limits ± ±1, but no term a n 

is equal to any of these values. 

There may also be a whole interval of limits (see Ex. 1, Art. 5-2); and 
an infinity of these limits may be attained. But it is then not possible 
for a n to attain all the limits, for the set of points forming an interval are 
not countable (i.e. cannot be put into one-to-one correspondence with the 
set of positive integers), and therefore cannot form a sequence (a n ). 

14. Addition and subtraction of oscillatory sequences. 

If lim a n = k , lim a n - K 

and Um b n = l, lim b n = L , 

then k+l ^ lim (a n + b n ) 15 K + L 

and k - L g lim (a n - b n )<K-l. 

For multiplication the results are not so simple; the reader will find some 
examples in the first edition of this book, but the space occupied is too great 
in comparison with the value of the results. 

Art. 6. 

15. The aeries r5?+i5?+r5? + - 

has the sum to n terms -^ r., if N =2 n . 

1 -x l -x s 

Thus the infinite series converges except when x = ± 1, and its sum is equal 
to xf( l - x) when |a;| < 1, or to - l/(x -1) when \x\ > 1. [De Morgan.] 
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16. The series 

»1 , _«J . . __ 

1 4-^2 (1 4 ^i)(l 4- ttg) (1 4-ttj)(l 4-ft 2 )(l 4-tt a ) 

can be summed to n terms. The infinite series converges if the terms a n 
are all positive after a certain stage. 

In particular (see Art. 38) the sum is 1 if the series 'la n diverges ; examples 
of which are given by l/a n =a 4-n, a 4-2 n, etc. 

17. The infinite series 

x 2x 2 4a 4 8 a ; 8 

+ - 

converges to the sum x/(l -x) t if ]a?| < 1. 

18. Discuss the two series 

1 4-2r 4 - 3 r 2 4-4r 3 4 ..., 1 4-3r 4 - 6 r 2 4-lOr 3 4-1 Sr 4 4-... 

on the same lines as the geometrical progression of Art. 6 . 

Miscellaneous. 

19 . If the sequence (a n ) is monotonic, prove that the same is true of 
the sequence whose nth term is 

(a l +a % +... 4 -a n )ln 9 
and that these sequences vary in the same sense. 

Compare similarly the sequences 

( a JK) an d (ai+«2+... 4-o n )/(6 1 4-6 1 4-...+6 n ), 
where b n is positive. 

20. By taking a n =a n ~ 1 (l - a) in Ex. 19, shew that the sequence (1 - a n )/n 
is a decreasing sequence when a is positive. Deduce that 

na n -\ 1 -a) < 1 -a n < n(l -a), if 0 < a < 1, 

wa n_1 (a - 1 ) > a n -1 > n(a - 1 ), if a > 1 . 

Deduce that the same inequalities hold for fractional values of n, if n > 1; 
and also if n is negative; but that the inequalities are reversed when 
0 < n < 1. 

i 

21. Deduce from the inequalities of Ex. 20 that n(a*-l) decreases as 
n increases, but remains positive (if a > 1); prove also that this sequence 
converges to a limit /(a), and that 

f(b) ~f(a) =f(bja). 
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7. If all the terms (a x , a 2 , a 3 , ...) of an infinite series 2a n are 
'positive, the sequence ( s n ) steadily increases, where, as in Art. 6, 
we write s n ~a x -\-a 2 + • • • + a n . 

It follows from the principle of convergence for monotonic 
sequences (Art. 2) that the series 2a n must be either convergent or 
divergent; that is, oscillation is impossible. It is therefore clear 
(from the same article) that: 

(1) The series converges if s n is less than some fixed number 
for all values of n. 

(2) The series diverges if a value of n can be found so that s n is 
greater than N, no matter how large N is. 


Ex. 1. Consider the series given by a n - l/n !, so that 

5 « = 1 + 2"!' f 3! + 4! + ‘‘‘ + nl* 

Compare s n with the sum 

, 1 1 1 1 
a + 2 + 2 a + 2 S + ”‘ + 2 n_1 ’ 

It is clear that 3 ! = 3. 2 > 2 2 ; 4 ! =4. 3 . 2 > 2 3 ; 

and so on, n ! —n . (n - 1 )... 3 .2 > 2 n ~K 

Thus, from the third term onwards, every term in (r n is greater than the 
corresponding term in 8 n ; and the first and second terms in the sums are 
equal. Thus 


<r n > s n . 


But 
so that 


T n ( 1- 2»)/( 1 2 ) 2 2«- 1<2 ’ 


L < <T„ < 2. 


Consequently the series '2a n is convergent and its sum cannot exceed 2. 
If the sum is denoted by e -1, as usual, we can prove similarly that 
e-1 - 8 m < 

26 
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By direct calculation to 5 decimals we find that i +s 7 lies between 2 -71822 
and 2-71828 and that l/{7(7!)} is less than -00003, so that e lies between 2-7182 
and 2-7183. Further calculations have shewn that 
e =2-7182818285... . 


Ex. 2. Consider the harmonic series ( a n = 1 /w), for which 

*»“ l+ I + s + i + - + i‘ 

Then arrange the sum s n into groups thus : 

*" = ( 1+ D + (:MM.S + i + WM§ + "- + ^) 

+ ( t 7 + ’" + 32 ) + ‘” + ( 2’"- 1 + 1 + ‘" ^" 2 ”V ’ 
where the last term in each group is a power of 2, and n — 2™. Now compare 
s n with the sum 

<rn= (i + D + Q + i) + G + i + ^ + D + (A + -" + ^) 

+ (32 + '" + 32 ) + "‘ + ( 2 “ + '" + 2 ™)’ 

where the number of terms in each group is the same as in the corresponding 
group of s n ; but all the terms in any group of ar n are equal to the last term 
of the group in s n . 

Then s n > cr n> by inspection. 

But each group in cr n (after the first) is equal to J ; for the r th group contains 
2 r ~ 1 terms each equal to 1 /2 r . 

Hence <r„ = l + %(m - 1) = £(m + 1), 

and so s n >£(m + l). 

Thus s n > N , if tn g 2 N - 1 ; and consequently the series diverges. 

Since all the terms a n are positive, we need not stop to discuss s n for cases 
when n is not a power of 2 ; of course if some terms in the series were negative, 
this would be necessary in order to make sure that the series could not 
oscillate. 

If we take similarly 

^»=0 + l) + (i+|) + Q+i+i+j) + Q + ...+i) + ... 

+ ( 2^—1 + ... + ^Zi) = 2ar n 

we can prove that 2 n > s n . 

This gives s n < m +1; and so the divergence is very slow. For instance, 
the sum to a million terms is less than 21, because * 

2 20 = ( 1024) 2 > 10 6 . 


* The results of Art. 11 shew that the sum of a million terms is given approxi¬ 
mately by 0 log, 10 + *577... = 14*4 nearly. 
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We note that since 


1 + 3 + 5 + 7 + , " + 2»-l >£i 


l( l + l 


+ 1 + 1 + + 
T 3 r 4 T ’"'w 




the series l+i+J + }4*... is also divergent. 

The method used here can easily be applied to discuss the two series 

i+ 2 ?+ 35 +^,+ -. and 2 i og 2 + 3 log 3 + 4 log 4 + ' 

But the discussions in Art. 11 are as easy and have the advantage of being 
more easily remembered. 


The method used in Ex. 2 can be put in the following rule (often 
called Cauchy's test of condensation) : 

The series 2a n converges or diverges with HNa Xi if N= 2 W and 
a n=z a n+ 1 ) and it is easy to modify the proof given above so as 
to shew that we may take N as the integral part of k n , where k is 
any number greater than 1. 

(3) It is clear also, from the results of Art. 2, that if we can find 
%, so that s ni —s n > h (where h is a fixed 'positive constant ), no matter 
how large n may be , then the series must be divergent. 

For we can then select a succession of values n 0 , n l9 n 2 , n 3 , 
n 4 , ..., such that 

s nj s„ o > h 9 s n2 s n f> h, s n b s n ^^> h 9 s n 4 s n i{ ^ > h, etc. 

Thus, on adding, we find that 

s n r ^ Sn Q ~\~rh 9 

and therefore s n? . can be made arbitrarily large by taking r suffi¬ 
ciently great; and so the series diverges in virtue of (2) above. 

As an example, consider Ex; 2 above ; we have then 
*nr 3 n>( n i- n )l n l> 

because contains (n x -n) terms ranging from l/(?i + 1) to l/n x ; and 

so, by taking n x =2n, we get ^ > J. 

(4) If S is the sum of a convergent series of positive terms, 
the sequence (s n ) increases to the limit S ; the value of s n cannot 
reach, and a fortiori cannot exceed S. Thus S must be greater 
than the sum of any number of terms, taken arbitrarily, in the 
series ; for n cap. be chosen large enough to ensure that s n includes 
all these terms. 

On the other hand, any number smaller than S, (say S—e), 
has the property that we can find terms in the series whose sum 
exceeds S—e. 
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It is now clear that a series of positive terms remains convergent 
even if an infinite number of its terms are removed. 

Also if a series can be proved to converge when its terms are 
grouped in brackets, it will still converge when the brackets are 
removed, provided that all the terms are positive . 


8. Comparison test for convergence (of positive series). 

If the series Cj+^+Cg-f... contains only positive terms and 
is convergent, and if another series a 1 J \-a 2 ^-a 3 -\-... has the property 

0=«„=c n 

(at any rate for values of n greater than some fixed value), 
then 2a n is also convergent. 

For, if a n ^c n , when n> m, we-have 

a m+l+ a m+2+• • • +#n = c m +1 + c ro+2+• • * + c n < T , 

00 

if T is the sum 2 C «- 
Thus s n <s m +T ; 

so that s n is less than a constant (independent of n), which 
establishes the convergence of 2a n . 

In case the inequality holds for all values of n, we have 
s_ n <T ; so that the sum cannot exceed T. 


The eondition that all the terms must be positive in 2a n and 2c n may 
be broken if there are no negative terms after a certain stage . For the con¬ 
vergence of the series will not be affected by the omission of a finite number 
of terms at the beginning of the series. 

But if there are negative terms left , however far we go in the series the 2c n 
test is not sufficient. For instance, take the series 


1.2^2 2.3 .3 3.4^4 4.5^'** 


and compare it with 




Every term in the second series is numerically greater than, or equal to, 
the corresponding term in the first series; and the second series converges 
to the sum 0. But the first series diverges ; for in this series we find 


, 1 _1 1 _ 1__1 1 _ 1__1 . 

1 1.2-2’ 2 2.3-3’ 3 3.4-4’ etC ‘ 


so that + 

ln 2 3 4 


• + nTl and 


giving lim =lim 5 ^= 00 . (Ex. 2 , Art, 7.) 
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9. The comparison test may be stated in the following form, 
which is often easier to work with : 

Let the series 2(l/(7„) he convergent-, then 2a„ will converge, 


provided that Um(a n C B ) 

is not infinite, if both series contain only positive terms . 

For, when this condition is satisfied, we can find a constant G 
independent of n, such that 

0 < a n C n < G . 

Hence a n is less than G/C n , which is the general term of a 
convergent series. 

It is useful to remark that there is no need to assume the existence 
of the limit lim (a n C n ); this may be seen by considering the 
convergent series 


12 12 12 
r + n + n' + r+7r + n + -' 


for which a n C n is alternately equal to 1 and 2. 

Further, the test is sufficient only and is not necessary ; as we 
may see by taking C n =n\ and a n =l/2 n_1 ; then a n C n > n/ 2, 
so that lim(a n C n )==oo . But 2a n converges (see Ex. 1, Art. 6,1 

The corresponding test for divergence runs : 

Let the series 2(1 /D n ) be divergent, then 2a n will diverge, provided 
that lim(a n D„) > 0, 

both series containing only positive terms. 

The proof is practically identical with the previous investigation, 
when the signs of inequality are reversed. We note also that the 
limit lim (a n D n ) need not exist; and that the test is not necessary . 

It follows immediately that the following conditions are necessary 
but not sufficient : 

for convergence, lim(a n D n )==0; 

for divergence, lim (a n G r n )=oo . 

But, in general there is no need for the limits of ( a n D n ) or of 
(a n C n ) to exist; and the condition, lim (a n D n )= 0, sometimes given 
as necessary for convergence, is incorrect. 

Ex. Let a n = l/n a , except when n is a squared integer, and let a n = l /rfi 
when n is a square. 

Thus the series is 


J2+-I+ 1 


1 . 1 . 1 . 1 
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9 , 10 ] 


It we take D n —n, we find 

fim (a n D n ) =0, lim ( a n D n ) =oo , 

so that lim (a n D n ) does not exist. But yet the series 2 a n converges, as 
will be seen in Art. 11. 


It is easy to see that if the terms a n steadily decrease , the condition 
lim (na n )= 0 is necessary for convergence ; but even so, the general 
condition lim (a n D n )= 0 is not necessary. 

For if 2a n is convergent, we can choose m = m(e), so that 

«m+l+ a m +2 +•••+«» <*> if n> m. 

Now each of these (n - m) terms is greater than or equal to a n , 
so that (n— m)a n < e, if n > m. 

But, since a n -* 0, we can choose v (> m), so that ma n <e , 
if n> v. 

Thus na„< 2e, if w> y, and consequently 

lim (na n ) =0. 

That this condition is not sufficient follows from Abel’s example (Art. 11), 
a n -(n log n) -1 , which gives a divergent series, although lim (na n ) =0. 

No condition such as lim (a n D n ) =0 is necessary for convergence if D n 
tends to oo more rapidly than n ; and examples of convergent series for 
which (a n D n ) has no definite limit will be found in an artiole by Pringshejm 
(Math. Amwlen, Bd. 35, p. 343). Of course, if the limit exists , its value 
must be zero for convergence ; but convergence does not imply the existence 
of a limit for (a n D n ). 


10. If the series is compared with the geometric series 
2> n , we can infer Cauchy’s test, which is theoretically of funda¬ 
mental importance : 

_ i 

If lima n n < 1, the series converges ; 

_ i 

if lim a n n > 1, the series diverges. 

It is of great importance to remember that, in contrast with 
the ratio-tests of Art. 12, these conditions both relate to the 
maximum limiting value; and that the condition lim> 1 
is not necessary for divergence 

Further, to ensure divergence, it is not necessary that a n 1/u 
should be ultimately greater than unity, in spite of what is 
sometimes stated in text-books; and if a n 1/n oscillates between 
limits which include unity, the series diverges . 
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To prove these rules, suppose first that 

Uma n V n =G<l. 

Take any number p between O and 1; then we can find m so that 
a n ^ n < p < 1, if n > m. 

Hence, after the mth term, the terms of are less than those of the 
convergent series 2p n ; that is, 2a n is convergent. And tho remainder 
after p terms is less than p p /( 1 -p) provided that p > m. 

But if Bin a^ n > 1, there will be an infinite sequence of values of n (say 
n lf n if n 9 , ...), such that 

a n 1/n > 1, if n=n p ; 
and therefore a n > l, if n~n p . 

Thus the sum 2a n , taken from 1 to n p , must be greater than p ; and p may 
be taken as large as we please, so that "2a n diverges. 

We know from Art. 149 that lim a n 1/n lies between the extreme 
limits of (a n+1 /a n ) ; thus the series converges if lim (a n+1 /a n ) < 1, 
and diverges if lim (a n+1 /a n ) > 1. This shews that d’Alembert’s 
test (Art. 12-2) is a deduction from Cauchy’s. 

But on the other hand, since we only know that lima n 1/n falls 
between the extreme limits of (a n+l /a n ), it is clear that we cannot 
deduce Cauchy's test in its full generality from d'Alembert's . 

If we consider a power-series lLd n x n (in which a n and x are supposed 
positive), Cauchy’s test will give: 

x< Z, for convergence, and x> Z, for divergence, 
where l/Z=lima n 1/n . 

Thus x=l gives an exact "boundary between convergent and 
divergent series, supposing l to be different from zero and finite. 
If this maximum limit is 0, the condition for convergence is satisfied 
for all positive values of x ; but if the maximum limit is oo, the 
series will diverge for all values of x, except zero. 

On the other hand, if we apply d’Alembert’s test to the power- 
series, we can only infer that 

x <9 gives convergence, and x > G gives divergence, 
where g=\jm{a n /a n+l ) and <?=lim (a n /a n+l ) ; 

so that when g and 0 are unequal (as they may easily be), we 
can obtain no information as to the behaviour of the series if 

g<x<G. 

In spite of this theoretical objection, d’Alembert’s test is sufficient 
to establish the region of convergence of the most useful power- 
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series; and, on account of its simple character, this test (with 
its extensions in Art. 12-2) is of frequent use in ordinary work. 


11. Second test for convergence; the logarithmic scale. 

Suppose that the terms of a positive series are arranged in order 
of magnitude, so that a„=« n +i > 0. 

If we write f(n)=a n , it may happen that the function/(x) is 
also definite for values of x which are not integers, and that f(x) 
never increases with x. Then, if x lies between (n— 1) and n, it 
is plain that <*„_! =f(x) =a„ > 0. 

Thus, from the definition of an integral, we have 

fn Cn Cn 

I f(%)dz=: I a n dx, 

Jfi- 1 Jn-1 Jn-1 


Vi= f(x)dx^a n . 

Jn-1 

Write now /„=j f(x) dx, and we find, on addition for »=1, 2,..., 


or 

Hence ~ s n — I n Z= a„> 0. 

Further (s„-/„)-(s B _ 1 -/ n _ 1 )=a n -f f(x)dx±0, 

Jn-l 

and therefore the sequence whose nth term is s n —I n never increases ; 
and since its terms are contained between 0 and a v the sequence 
must have a limit (Art. 2) and 

a x —lim (s n —I n ) — 0. 

Thus, the series 2a n converges or diverges with the integral * 

j* /(a?) dx ; if convergent , the suM of the series differs from the integral 

by less than ; if divergent , the limit of (s n —I n ) nevertheless exists 
and lies between 0 and 

For more details as to the connexions between s n and 7 n the reader 
may consult Art. 161 of Appendix II. 


♦ The integral converges or diverges with the sequence ( I n ); for further details 
see Appendix III. 

t This test was originally given by Maclaurin ( Fluxions , 1742, Art. 350), and was 
rediscovered by Oauohy; for an extension to other types of series, see Bromwich 
Proc, Lond. Math Soc. t vol. 6, and Q. H. Hardy, ibid. vol. 9. 

B.I.8. O 
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Ex. If a tl =l/n(n+l ), f(x)=l/v(x+l), and. jf /(#)<£r=log2. 

And 2a n = l, which is contained between the values log 2 and J+log2, 
in agreement with the general result. 

The reader may find it instructive to consider the geometrical significance of 
these inequalities, in connexion with the curve y =/(«). It is easy to see 
that T n *=I n - (s n -a x ) represents the sum of the shaded area; while 

^ = (*n- a n)-4 

represents the sum of the corresponding areas above the curve. 



1 2 3 4 n-7 n 


Fig. 9. 

It is then obvious that the sequences ( T n ) and (U n ) both increase with n, 
and since the sum of corresponding terms {T n + U n ) is equal to (a 1 -a n ), 
it follows that each sequence has a positive limit (less than a,). 

Applications to special series. 

(1) Consider p+<^+p+• • • > where a n =n~r. 

Here, if p is positive, the rule applies at once, and gives 

f(x)=x~P, [ f(x) dx=~^( xl ~ p ~ !) i 

thus the integral to oo is convergent only if p > 1. Thus the infinite 
series converges only if j> > 1; and the sum is then contained 
between the values l/(p—1) and p/(p—l). 

If j> = l, the integral is equal to log x, which shews that the har¬ 
monic series is divergent (see Art. 7); but we infer also that the limit 

. 1 i“.( 1+ §+3 + 

exists and lies between 0 and 1. This limit is Euler’s or Mascheroni’s 
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constant. The value of the constant is 0-57721... (see Art. 106), 
and will be denoted usually by 0. 

[The notation y is used in some works on analysis.] 

In accordance with the notation explained in Art. 1-1, it is often 
convenient to write 

l + 2 + g+ ••• 

The convergence of the scries considered in Art. 9 

1+ 22 + P + 4 ;j + 5 2+ 6 2 + 7 2+ 8 2 + 

can now be inferred. 

For the first n terms are included in S n + T nt where 

0 , I i 1 1 

+ 2 2 + 3 * + 4 2+ ‘“ + n 2 ’ 

? 7 n = l+—+ o +— 

4* 9 3 10* (n 2 y 

and so the sum of these n terms is less than S n + T n . 

Now by (1) S n <2, T n < 4, 

and so S n + T n < 6. 

Hence the given series converges to a sum not greater than 6 (Arts. 2, 7). 

(2) Consider \ (log 2)~*+-J (log 3 )~p + J (log 4)-*+..., 

for which a x =0 and a n =n _1 (log n)~ p . 

Here f{x) —x ~ 1 (log x )~ p , 

and so j f(x) dz=[(log x) 1 ^ — (log 2) l ~ p ]/( 1 — p) 
or =log (log x/log 2), if p= 1. 

Thus the given series converges if p > 1 and diverges if p=l ; 
it should be noted that if p=ly the divergence is very slow, the 
sum of a billion (=10 12 ) terms being less than 5. 

(3) It can be proved similarly that if we omit a sufficient number 
of the early terms to ensure that all the logarithms are positive, 

an< ^ ^ a n =(n log ft) -1 (log log n)~ p , 

or (ft . log ft . log log ft)- 1 [log (log log n)]~ p , 

the series converges if p > 1, diverges if jp = 1- 

(4) Since [[F\x)IF{x)]dx—\og[F(x)], it is clear that the two 
integrals 

l [F\x)jF(x)]dx ) and I F\x)dx 
converge or diverge together; now if we suppose that F*(z) is 
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positive but decreases to zero as a limit, the same will be true of 
F'(x)/F(x), because 

i F\x)_F\x) $F\x)Y 
dx F(x) F(x) \ Fix))' 

and this is negative, because F"(x) is negative, and F(x) is supposed 
positive. Thus we deduce the result: 

The series HF' (n)/F(n) converges or diverges according as the 
series HF'(n) does . Similaily, when 2F\n) is divergent , the series 
'2F'(n)/{F(n)} p converges if p> 1, but diverges if p= 1. 

This result shews that the succession of series begun in 1, 2, 3 
can be continued without stopping; but for ordinary work, the 
two types 1, 2 are sufficient. 

The following results, which are independent of the Calculus, have a 
field of application substantially equivalent to (4): 

Let (M n ) denote an increasing sequence such that lim M n - oo; then 

and 2(M n+1 -M n )/M n+1 

are divergent series , while 2(Jf n+1 is convergent if p> 1. 

For, if we take the sum of (Af n+1 - M n )/M n as n ranges from q to r, we 

r 

see that its value is greater than ^(M nJrX - M n )IM r+ i = (M r+l -M q )/M r+1 

<i 

because in the summation M n < M r+ ,. We can choose r large enough to 
make M r+1 ^ 2M q ; and so this sum is greater than no matter how large 
q may be. Thus the series diverges. (Art. 7 (3).) 

Similarly, 'Z(M n + 1 - M n )I is divergent. 

If p- 2, the third series reduces to =-i-, and so is con- 

\M n M n+l J M 1 

vergent; thus if p > 2, the terms are less than those of a convergent 
series, and so the only case left for discussion is given by 1 < p < 2. 

From Ex. 20, Ch. I., we have the inequality 

l-c*>fc(I-c) if 0<fc<l. 


Thus, if we write c = MJM n+1 , k —p -1, 


we get 

!.**■< 1 i i-( 

or 

M„ +1 - M n 1/1 lx 

m^m„ +1 ?-iU;-' M*-\y 


From this it is plain that the given series has its terms Jess than those 
a convergent series. 

121. Ratio-tests for convergence. 

The ratio-tests depend on the quotient aja n+li obtained by 
division of two consecutive terms of the series; and in the case 
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of many series of practical importance, this quotient is found to 
be simpler than the general term a n . Then the following tests * will 
often lead to a rapid determination of the conditions for convergence 
of the series 2a n . 

If 2D n -1 is a divergent series and if 

T —T) a<n — T) 

- L n— JJ n _ ■L'n+V 

a n+1 

then (C) 2a n is convergent , if Urn T n > 0, 

(D) 2a n is divergent , if lim T n < 0. 

In 'particular , if T n tends to a definite limit l , then 

(C) 2a n is convergent , if l> 0, 

(D) 2 a n is divergent , if l < 0. 

For, if the minimum limit g is positive, and if h is any positive 
number less than g, an integer m can be found such that 

T n =D n ~ — D n+1 > h, if n±m. 

a n +1 

Thus a„D n —a nn D n+l > ha^ x , if n=m, 
or adding, we have 

a m B m -a n D n > h(a m+1 + 

a m+ 2“b 

Hence « m+ i+ 2 +• • • + DJh , 

and the last expression on the right does not involve n; so 

n 

that y]a n remains always less than a fixed number, and there- 

l 

fore 2a n is convergent. 

On the other hand, if the maximum limit is negative, all the 
expressions T n must be negative after a certain stage: and 
thus we can find m, so that 



n Jh*. _ T) <-0 

a n n 

if 

£ 

IIV 

or 

U'lfin < ~ (t, n+l^n+v 

if 

n~m. 

Hence 

a„D n >a m D m , 

if 

n> m , 


and so the terms of 2a n are, after the with, greater than 
those of the divergent series (a m D m )'£D n ~\ Thus 2a n is also 
divergent. 

♦Originally due to Rummer; but arranged in the present form by Dini. See 
the historical note on p. 38. 
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The reader will notice that, in the discussion of the convergent case above 
no use is made of the property that 2/) n -1 is a divergent series; and at first 
sight it may bo expected that some advantage could be gained by stating the 
condition for convergence in the form 

lim U n > 0, where U„ =/ n , 

- a n +1 

and/ n is any sequence of positive numbers. 

However, if f n is taken to be of the type C n , where 20 n “ l is convergent, 
it will be evident that when lim U n > 0, there is some value of m, such that 


U„=C n ^-C n+l > 0, if nSm, 

a n +1 

Thus a n C n > o„ +1 C„ +1 > (i n+2 C n+1 > ..., if n ^ m, 

and consequently, after a certain stage, a n C n remains less than a fixed number 
K , so that a n <K/C n . Consequently the series 2 C n ~ l must converge more 
slowly than 2a n , if the Z7 n -test is to be effective to establish convergence; and 
so we run the risk of introducing unnecessary restrictions by making an 
unsuitable choice for C n . 


For instance, if + and if we choose C n =n*, we find that 


U n =n(n + p)-(n + iy = (p-2)n-l. 

Thus U n tends to a positive limit only if ft > 2; and the test would give 
convergence only when > 2. But a reference to Ex. 2 below (with ol= 0) 
shews that the true condition for convergence is ft > 1; and this can be 
deduced from the T n form by taking D n ~n, which makes T n = fi-1=1. 

A further reason for preferring the T n form lies in the fact that the same 
function T n is used to test for divergence as well as for convergence; and 
this advantage disappears if we introduce the U n form in dealing with con¬ 
vergence. 


Historical Note. Kummer himself gave the test in the form 
lim {*(»)-*(»+1) 5^} >0 

for convergence, where </>(n) is an arbitrary sequence of positive 
numbers, subject to the restriction lim 0(?i)a n = O, a condition 
which was proved to be superfluous by Dini. Dini also was the 
first to obtain the condition in the form given above, where 
the same expressions are used to test both for convergence 
and for divergence.* Further extensions have been given by 
Pringsheim. 


* Some variations of the testB have been given by different writers; but Dini’s 
are undoubtedly the most convenient in practice. 
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122. Special ratio-tests of importance. 

It is easy to deduce from Art. 12-1 certain special tests which are 
of constant use in the applications of the theory. 

(1) d’Alembert’s test. 

Let D n =D n+1 = 1 ; then the conditions are 

(C) lim ( aja n+1 ) > 1; (D) Etn (a„/« n+1 ) < 1. 

This should be compared with Cauchy’s test of Art. 10. 

Ex. 1. If this test is applied to the series 1 4- 2x -f 3x 2 + 4x 2 -f ... we see 
that it converges if x < 1, diverges if x > 1; but the test gives no result if 
x = l, although the series is then obviously divergent. 


(2) Raabe’s test ; to be tried when lim (a n / a n+i)=l- 
Let D n —n , then the conditions are 

(C) lim{w(a„/g n+1 -l)} > 1; (D) lTm>i(a n /a n+1 -l)} < 1. 


Ex. 2. 


we find 


If we take 

1 + 0 . (1 +«x)(2+a) 

l + l+£ + (l + £)(2 + )3r"-’ 



and so the series converges if /3 > ol +1 , diverges if /3 < a. +1 . If =ol + 1 
the test fails, although the series may then be seen to diverge by comparison 
with 2)1 /n. 


(3) If the limits used in (2) are both equal to 1, we must use 
more delicate tests, found by writing 

D n —n log n, n log n log (log ri) } and so on. 

These functions are of the form /(n), where f(x) is continuous and 

f"(x) tends to zero as x tends to infinity. Then Kummer’s test 

becomes .. ~ 

(C) hm p n > 0 ; (D) lim / o n <0, 


where 

For we have 


I | /'(t) | Pn 

■ ~ l+ f(n) + f(nY 


‘n+l 


f(n + 1) -/(») -/'(») = J 0 ‘ [/'(» + *) -/'(»)] dx=f g 'dxJJ/"(n + 1) dt. 

Now we can find v so that | /'(£) | < c, if £ > v, and so th« last integral 
is easily seen to be less than £c, if n > v. Thus 

+ l aan-+oo. 

Writing/(n + 1) and f(n) for D n+l and D n in Rummer's test, we are Jed 
at once to the form given above. 
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In particular, \if(x)—x log x, 
we find f'{x) =log £+1, f"(x)—l/x • 

thus we find de Morgan’s and Bertrand’s first test, 

(C) limp„> 1; (D) lim p n < 1, 


where 


=1+-+^- • 

n nlogn 


Their further tests, given by f(x) =x log x log (log x), etc., are of 
less importance. 

(4) It is sometimes more convenient to replace the last test 
by the following: 

(C) lim (t n > 1; (D) lim cr n < 1, 


where 


. d n 1 or n 
°^ci n+1 ~n nlogn' 


After a certain stage, we have 1 < aja n+l < 1 +(2/n); 

also 0<£-log(l + £)=^ Y^ t dt < i£ 2 , if £ > 0; 

thus we see that 0 < p n -or n < 2 (log w)/w, and so p n -rr n -> 0 (Art. 160). 


(5) The most important cases in practical work admit of the 
quotient a n /a n+1 being expressed in the form 

n \n J 

where p is a constant, p an index greater than 1, which is usually 
equal to 2 ; and the notation 0 is explained in Art. 1*1. 

It is then easy to see that d’Alembert’s test fails; Raabe’s test 
gives convergence if p > 1, divergence if /i<l. To discuss the 
case jii =1, apply the test (3); then 




But lim (log n/n p_1 ) =0 (Art. 160), 

so that lim p n — 0 < 1. 

Thus fJL~l also gives divergence. We may sum up these results 
in the working rule (essentially due to Gauss in his investigations 
on the Hypergeometric series): 

If it is possible to express the quotient a n Ja n+1 in the form 

the series 2a„ is divergent /u — 1, convergent if p > 1. 
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If we apply the results of Art. 39, Ex. 4, to the quotient 
w« n /(n+l)a n+ i, it is not difficult to prove that, when a n /a n+x can 
be expressed in the form above , the condition lim (na n )=0 is necessary 
and sufficient for convergence (in contrast with the results for series 
in general, Art. 9). 

Ex. 3. Consider the Hypergeometric Series 

1 I I <x («-+ 1 )ff(/3+l) « , a(a + l)(o<- + 2)ff(/?+l)(ft + 2) 

^l.y 1.2. y(y +1) + 1.2.3. y(y+l)(y+2) 

By using d’Alembert’s test this series is easily seen to converge if 
9 < x < 1, and to diverge if x > 1. If x = 1, consider 

a n = (n + l)(y+n) ?i( y + l -«.-/?)+y-aft 

i (a-f ft)(ft + ft) ?i 2 + ft(a.-fft) + a.ft ' 

which gives /n = y +1 - ol - ft, p ~2, so that the series converges if y > a. 4* ft, 
and diverges if y ^ ol + ft. 

It will appear from Art. 50 that the series converges if - 1 < x < 0; and 
from Art. 19 that it converges also for x = -1, if y +1 > ol + ft. 

Anticipating the results proved in Art. 42, we can reduce the 
majority of series covered by the ratio-tests to the type 'Ln~ v , dis¬ 
cussed in Art. 11. 

The method* will be easily understood by considering the 
following example: 

Ex. 4. Suppose that 

ol(ol+1) ... (oi + n - l)ft(ft + l) ... (ft 4-ft -1) 

“« y(y+l)...(y + «-l)8(8+l)...(8+>i-l) 

which reduces to the Hypergeometric type when 8 = 1. 

From Art. 42 we see that as n oo , 

a. (cl + 1)... (a. 4- ft - 1)~ A(ft a_1 . ft!), 
where A is a certain constant depending on a. 

Hence a n ~ (ABn a +0)/(CDft?+3), 

or a n ~ 

Hence converges if y + <$ - (ol + ft) > 1, 

and diverges if y 4- 8 - (ol 4- ft) fr 1. 

It is easy to confirm these results by using Gauss’s rule. 

13. Notes on the ratio-tests. 

It is to be noted that d'Alembert's test does not ensure the con - 
vergence of a series if we only know that aja n+1 > 1 for all values 
of n. 


This method was suggested to me by Prof. A. E. Jolliffe. 
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For, if ]im(aja n+l ) = 1, it will not be possible to find a number h such 
that 

- n - - 1 > h > 0, for n ^ m. 

«n+1 “ 

In particular, if a n = l/n, a n [a n+l = 1 +l/n > 1 ; and yet tho series is 
divergent. 

Secondly, it is not necessary for the convergence of the series 2a w 
that a n /a n+1 should have a definite limit. 

For it will be seen in Art. 26 that the order of the terms does not affect 
the convergence of a series of positive terms; but of course a change in the 
order may affect the value of lim a n /a n+l . 

Ex. 1. The series a +1 + a 3 + a 2 + a 6 + a 4 + ... 
is a rearrangement of the geometric series 1 +«. + a 2 + a 8 + ..., and so is con¬ 
vergent if 0 < a < 1. But in this series the quotient aja n+1 is alternately 
cl and 1/a 8 . 

Ex. 2. The series 1 + a + + a 3 + /J 4 + a 5 + /3 G +.,. 

is convergent if 0 < a < /3 < 1; as is plain by comparison with 
1 +/? + 0 a + /? 3 +/?*+.... 

In this series we have 

lim cL n l/3 n+l = 0, lim ^ n /a n+1 = ao . 

But even when the terms are arranged in order of magnitude , the convergence 
of the series 2a n does not imply the existence of the limit of a n /a n+1 . 

Ex. 3. The series 1+Ja + Ja+Ja* + Ja 2 + Ja 3 + }a s +... 
has its terms arranged in order of magnitude, if 0 < a < 1 ; and it is then 
convergent, by comparison with l+a+a+a 2 +a 2 +a 3 +a 3 -K.. . 

But yet Hm (a n /o n+1 ) = 1 /a, lim (aja n+1 ) = 1. 

Thirdly, if the quotient aja n+1 has maximum and minimum limits 
which include unity , the whole scale of ratio-tests will fail. 

For, if lim (a n /a n+l ) —G > 1 > g =lim (a„/a n+1 ), we can take K , h such that 
Q>K>l>k>g, 

and then o n /a w+1 is greater than K for an infinite set of values of n, while 
it is less than h for a second infinite set of values. 

If n belongs to the first set of values, we shall have 

«KK+rl) > 

but if it belongs to the second set, 

i-l) <-»(!-*). 

Hence lim n(aja n+l -1) = + », Urn n(aJa n + } -1)= -oo, 

and therefore Raabe’s test fails entirely. It is easy to see that the failure 
extends to all the following tests. 
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If we apply Raabe’s test to Ex. 3 above, wo find 

lim n - i) - • i - oo , lim n {aja n+l -1) -1; 

and passing to the next stage we get 

lim (log w)[n(a n /a n+1 — 1) — 1] = + oo, \im (log n)[n (aJa n+l -1) - 1]=0, 
so that the ratio-tests can give no information. 

It will be seen from the foregoing remarks that the ratio-tests 
have a comparatively limited range of usefulness; and it may 
reasonably be asked, why should we trouble to introduce them at 
all, and not be content with the more general comparison-tests ? 
The answer to this is that, in practice, the quotient a n /a n+1 is often 
much simpler than a n , and then it is easier to use the ratio-tests 
(if they apply) than any others. 


14. Ermakoff’s tests * 

The series 2/(n), in which f(n) is subject 
Art. 11, is 


_ e x f(e x ) 

(i) convergent if lim 

f\ x ) 


to the conditions of 


< 1 , 


(ii) divergent if lim > 1 

^ /<*) 


For, in the first case, if p is any number between the maximum limit and 
unity, we can find £ so that 

«*/(«*) < p/M* if *>£• 

Thus f e?f(e*) dx < pf f(x) dx, if A” > £, 

or, changing the independent variable to e x in the left-hand integral, we havet 

f { A x ) (ix< pf £ /(•*') 

where Z=e x , f=e f . 

That is, (1 - P )J* f(x) dx<p{ £f(x) dx - f(x) dx} 

or < P Ut f(x) dx ~ lx f{x) dx ] • 

Or, again, since the last term in the bracket is positive (because Z =e x is 
greater than X), we have 

(! -p)f { A x ) dx <pflA x ) dr - 


* Bulletin des Sciences Mathimatiques , 1871, t. 2, p. 250. 

t The reader is advised to use the geometrical representation of / f(x) dx as the 
area of the ourve y —f{z) when following out the argument. ** 
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As this Inequality is true for any value of X greater than £, it is clear that 
the infinite integral j fix) dx must converge; and, therefore, so also does 
the series 2/(n), by the integral test of Art. 11. 

In the second case, £ can be found so that 

«*/(«*) £/(*)f if 

As above, this gives 

f(x)dx^£ f(x)dx, if Z>£, 
or j x f(x) dx > j* f(x) dx , if Z > £. 

This indicates that the integral / /(a) da: is divergent, because, no matter 

J rZ 

how great X may be, a number Z =e x can be found such that I f(x)dx is 

greater than a certain constant K; compare the argument of Art. 7 (3). 
Thus the series 2/(n) is divergent. 

ErmaJcojf’s tests include the whole of the logarithmic scale . 

For example, consider 

f(x)=l/{x . log X . [log (log x)]»} , 
then e x f(e x ) =e*/{e x . x . [log x] p } . 

Thus e x f(e x )/f{x)= [log (log *)] ,, /[loga;]''- 1 , 
and so lim e?f(e x )/f(x)=0, ii p> 1, 

x ->00 1 

or =oo. if 1. (Art. 160.) 

That is, the series S/(w) converges if jp > 1 and diverges if p^. 1. 
It is easy to see that if <p (x) is a function which steadily increases 
with x , in such a way that 0(a?)> x } the proof above may be 
generalised to give ErmakofFs tests : 

(i) convergence, if lim - 

(ii) divergence, if lim > 1. 

*-►00 J\®) 

15. Another sequence of tests. 

Although the following sequence is of less importance than the ratio-tests 
in ordinary work, it is of theoretical interest, giving a continuation of Cauchy’s 
test in Art. 10. 

We have seen in Art. 11, that if 2F'(n) is divergent, 2F'(w)/[F(w)] p con¬ 
verges only if p > 1. This gives the following test: 


£«„ converges if > 1 


anddiverges if 


where F v {n ) is positive 
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For, in the first case, as on previous occasions, we can find a value of p > 1 
and an index m such that 


log[f'(»)/g B ] if 

log [>(*)] >P ’ n> ’ 

or a n < F'{n)j[F(n)]>‘, if n > m. 

This shews that 2)a n converges, by the principle of comparison. 
But, in the second case, there is an index m such that 

F'( n )l a n = F( n )> if n > m > 

or a n = t v (n)/F(7i), if n > m ‘ 

This shews that 2a n diverges. 

Special examples of this test are given by 

(1) F(n) =n ; and the function to examine is 

Iog(l/a„) 
log n 

(2) F(n) =log n ; and the function is 


l og(l/?i« n ) 
log (log n) 

(3) F(n) =log (log n ); then the function is 

log (I /(^ • log n.a n )} 
log [log (log n)] 

and so on. 

The test (1) can be transformed into another shape, first given by Jamet, 
in which the relation to Cauchy’s test is easily recognised. 

If we write A = log (1 /a n ). it is easy to see that 

i 

1 - A /n < a n n < 1/(1 + A jn\ 

i 

so that A > ?i( l - a n n ) > A/(l + A In). 

_____ ^ i. 

Thus we have lim , - — lim T - — (1 ~ a n n ), 

— log ft — lo gw 

provided that lim (A In) =0 ; and, if this condition is not satisfied, Cauchy’s 
test will settle the question. So in all cases of practical interest, the test 
will bo 

<°> 1 i n ‘rogn (1 - a "”)> 1 ’ (D) 

Similarly it can be proved that test (2) can be replaced by 
!“» i ogf i o gw) [n(1 ~ a -" ) " log n]gL 

For example, this form proves that the series 2^1 -?log»^ diverges if 
but converges for x > 1. 


16. General notes on series of positive terms. 

Although the rules which we have established are sufficient to 
test the convergence of all series which present themselves natu- 
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rally in elementary analysis, yet it is impossible to frame any rule 
which will give a decisive test for an artificially constructed series. 
In other words, whatever rule is given, a series can he invented for 
which the rule fails to give a decisive result . 

The following notes (l)-(3) and (8) shew how certain rules which 
appear plausible at first sight have been proved to be either incorrect 
or insufficient. Notes (4)-(7) shew that however slowly a series 
may diverge (or converge) we can always construct series which 
diverge (or converge) still more slowly; and thus no test of com¬ 
parison can be sufficient for all series. 

Other interesting questions in this connexion have been con¬ 
sidered by Hadamard ( Acta Mathematica , t. 18, 1894, p. 319, and 
t. 27, 1903, p. 177). 

(1) Abel has pointed out that there cannot be a positive function 
0 (n) such that the two conditions 

(i) lim <p (n ). a n =0, (ii) lim <p (n ). a n > 0 

are sufficient, the first for the convergence, the second for the diver¬ 
gence of any series 2a n . 

For, if so, 2[</>(n)] _l would diverge ; and therefore, if 
^ n =[<#>( l)]" 1 +[</>( 2)]- 1 +... + [<*> M ]"\ 
the sequence M n would be an increasing sequence tending to ao. 

Hence the series 2( M n - M n _ l )/M n would diverge also (Art. 11); but 

so that lim <j> (n) (M n - M n _ Y )/M n = 0, 

contradicting the first condition. 

(2) Pringsheim has proved that there cannot be a positive function 
<f>(n) tending to oo , such that the condition 

lim </>(w) .a n ~G ((? ~0) 

is necessary for the convergence of 2a n . In fact, for any such 
function <p(n) and for any convergent series, the terms of the series 
can be so rearranged that 

lim <f>(n ). a n =cc . 

See Math . Annalen , Bd. 35, p. 344. 

(3) Pringsheim has proved that there cannot be a positive 
function such that the condition 

lim <f)(n) . a n > 0 

is necessary for the divergence of 2a n * I n fact, for any function 
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<j>{n) and any divergent series, the terms of the series can be so 
arranged that lim 0(n). a n =0, 

provided that the terms of the series tend to zero. 

See Math . Annalen , Bd. 35, p. 358. 

(4) Abel remarked that if 2a n is divergent, a second series 26 w 
can be found which is also divergent, but such that 

lim (b„/a n ) =0. 

For, write M n + a 2 +... + a n , h n =aJM n = (M n - 

The series diverges by Art. 11; and 

lim (bja n ) =lim (l/M n ) =0. 

(5) du Bois Reymond shewed that if 2a n is convergent, a second 
convergent series 2 b n can be found which has the property 

lim (b„/a„)—co. 


For, write 9 n -a x + a 2 + ... + a n , s=lims n , 

l/M n+l =s~s n =a n+l +a n+ . i +... toco. 

Then M n -+ oo; and consequently the series 25 n converges if 

K = (M n+l - «if n+I =a n M n '-«, 

provided that q is positive (see Art. 11). 

But if q < 1, it is evident that b n la n -+ qc . 

(6) Stieltjes shewed that if u v u 2 , u z , ... is a decreasing sequence, 
tending to zero as a limit, a divergent series 2 d n can be found so 
that 'Lu n d n is convergent. 


For, write M n = lju n ; then if d n =(M n + x - M n )[M n+x the series 2d n is 
divergent (Art. 11). But 


_M n + x -M n 1 


u ” dn ~ M„M, 


so that 2 u n d n converges to the sum 1/M X =u v 


M n M\ 


n+l 


(7) Stieltjes also proved that if v v v 2 , v 9 , ... is an increasing 
sequence, tending to infinity as a limit, a convergent series 2c n can 
be found so that 2 v n c n is divergent. 


For, write c n =l/v n -l/v n+l , which makes 2c n a convergent series; then 
v n c n = ( v n+\ - v n)l v n+v *> that ?v n c n is divergent. 

(8) Finally, even when the terms of the series 2a n steadily decrease , 
the following results have been found by Pringsheim : 

However fast the series 2c," 1 may converge, yet there are always 
divergent series 2a n such that fimc n a n ==0. 
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However slowly <f>(ri) may increase to oo with n, there are always 
convergent series Sa n , for which lim n . 0(n). (although 

lim n . a n =0 by Art. 9). 

See Math . AnnaZew, Bd. 35, pp. 347, 356. 


EXAMPLES. 


1. Test the convergence of the series 2a n , where a n is given by the following 


expressions: 


1 1+n 1 1 

l + 7i 2 ’ 1+rc 2 ’ 1+**’ (lognp 

(n !) 2 M rfi_ + 

(Zn)\ X ' 7i! 9 n ! ? 


(Arts. 8, 9) 
(Art. 12*2) 


1 nQ 1 1 _J._ 

n a+ * ,n ' (7l + l) p+gf ’ (log 7l) n * (log?*) 108 "’ [log (log w)]* 08 ”’ 


a 1/n -1. (Ex. 21, Ch. I., and Art. 11.) 


1 

(log n) 10 * 1108 ” 1 ’ 

(Art* 15) 


2. Prove that if h -1 > a > 0, the series 

t , a t a{a + 1) , a(a + l)(a + 2) , 

1 + 5 + 6(6 + l ) + 6(6 + l )(6 + 2 )' t ' , ‘* 
converges to the sum (6 - l)/(b -a 
Shew also that the sum of 

a 0 a(a 4-1) a(« + l)(ft + 2) 

6(6 +lj +d 5(6 + l)(6+2) + "’ 
is a(6 -l)/(6 -a -1)(6 -a -2), if b -2 > a > 0. 

[If the first series is denoted by u Q -\-u 1 +u 2 +..., we get 
(b+n)u n+1 =(a+n)u n9 

which gives (b - a -1 )n r ^ rl = (a 4- - (a + n +1 )tt n+l . 

Hence (b-a-l)(9 n -u 0 )=au 0 -(a+n)u n by addition. But when ^u n is 
convergent we see that lim {nu n ) =0 by Art. 9, since the terms steadily 
decrease. Hence lim s n can be found. 

The second series can be expressed as the difference between two series 
of the first type.] 


3. Prove that the series 

n . a + l , (o+l)(2a + l) , (a+l)(2a + l)(3a + l) , 
b +1 ^(b + 1)(2 b + iy(b + 1)(2 b +1)(3&+1) + 
converges if b > a > 0 and diverges if a 2 b > 0. 


4. Prove that the series 


i+I.I+L*. 

2 3^2.4 


11.3.5 
5 + 274.6 



converges. 
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Shew also that 

■HiMI#♦(&#+•■• 

converges if p > 2, and otherwise diverges (Art. 12. 2). 

5. Prove that, if 0 < q < 1, '£q n2 z n converges for any positive value of x, 

6. Prove that l + A+~+A+-- + ••• converges if cl>Q> 1, but that 

2 p 3 a 4r 5 a 

the ratio of two consecutive terms oscillates between 0 and oo (Art. 10). 

7. If '£a n is a divergent series of positive terms and f(x) is subject to the 

conditions of Art. 11, prove that 2a n /(s n ) converges if j f(x)dx is con¬ 
vergent ; and that x ) diverges if the integral is divergent. 

[de la Vallee Poussin.J 

8. If a n +J a n can be expressed as the quotient of two polynomials in n, 
P(n)/Q(n), of the same degree k, whose highest term is n k , and if the highest 
term in Q(n) -P{n) is An k ~ l , prove that '£a n converges if A > 1, diverges 

HA<\. 


9. Test the convergence of the series E a n , where 

a n =(2 - e )(2 - e *)(2 - e *).. .(2 - e »). 

10. Find limits for the sum 

_ n n n n 

°~ n n*" t "i + ra’ + 2 > +n a + + (n- lj’ + n* 


by means of the integral 

f n ndx f 1 dl 
Jo x 2 +n 2 ~Jol+t 2 ' 

and deduce that cr n -> {ir. 

11. Prove that if p approaches zero through positive values. 


and that 1 

p 

where G is Euler's constant. 


lira p2 n " (l+p)== i; 

p-+0 1 

p ^o\iW 1+p pl 


[Dirichlet.] 


[To prove the latter part, note that (as in Art. 11) if 

f( v) is positive but less than l/v. The desired limit is that of 
II IP' dx 

AD-i+ S r 5 +SR5+-+{T^- l *^ +f{v) - 

If we now let p -► 0, we obtain the result 

Bm/(l) = l + 5+...+--logv+E5/(v). 


B.I.S. 
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Now the right-hand side contains v , which does not appear on the left; and 
if we make v oo, the right-hand side -> C. 

Thus l]S/(l)=a 

p-+ o 

Accordingly the maximum and minimum limits of/(l) are both equal to C ; 
or in symbols li m /(l) = 0.] 

p-+o 

12. More generally, if M n =an+b n (where |6 W | is less than a fixed value, 
and M n is never zero), * 

lim ap2^n“ <1+p) = 1, 


( *> a l +p | \ 

2 " j jfi+p ~p) ex i s t s and I s finite. [Dikichlbt.J 

If M n tends steadily to infinity with n, and 

d n = (M n+l -r- M n )/M n + 19 

then lim ( p 2 dnM n ~* \ = 1, if M n+ JM n -► 1, 

l*-M>\ i / 

or =(1 - l/c)/log c, if M n+1 /M n -> c > 1, 
or =0, if M n+1 /M n -> oo. 

[Pringshkim, Annalen, Bd. 37.] 

Interesting examples are given by M n = n 2 , 2 n , n!. 

13. Utilise the Theorem of Art. 147 (Appendix) to shew that if (u n ) decreases 
Bteadilv, the condition lim (nu n ) —0 is necessary (Art. 9) for the convergence 
of 2 m„, by writing <j n - (8Ju n ) -n, b„ = l lu n , 


so that 


p=S n -nu n 


u n ~ u n -1 _ a 

h -h ~ n ~ 1 ' 

°n °n-l 


[CesXro.] 


, prove that lim(wu„) = l, and deduce the divergence 
of 2w n (compare Art. 15). 

14. If 2a„, 2h n are both convergent, so also is 2(a n b n )%. But 2a n , 2b n 
may both diverge and yet 2(a n 6 n )i may converge ; a fact illustrated by 

1+ p + 5 + P + 5 + §* + -" and 1+ l + p + i + ^ + S + -- 

If 2a n converges, so also does 2(a n a n+1 )^; but the converse is not true, 
as may be seen from either of the two series just written down. 

On the other hand, if (a n ) is monotonic , the convergence of 2(a n a nn )i 
implies that of 2o n . [Pringsheim.] 

15. Use the preceding example to prove that if 2a n 8 is convergent, so 
also is '2a v fn. 

16. If the function f(x) is positive from £=0 to oo, and if the integral 

J 0 d* is convergent (at the upper limit), prove that the two integrals 

f 0 A*)<t>(x)dx and £ {<f>(at)}*dr 
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are both convergent, where <f>(x) is the “ average” oif(x) defined by 

<t>{x)=-Jj{t) d t. [Hardy.] 

For <j> =/+ (</> -/), so that ^ 2/ 2 + 2(</> -/) 2 . Also x<f>' + <f> =/> an< ^ 80 

we find that 

Thus the previous inequality can be arranged in either of the forms 

giving / # > dx - iX S2 / Q >dx 

and 4 j"'/ 2 dx-2X{<f>(X)}*£4 jf'/* dx. 

From these inequalities the convergence is obvious. 

17. If a n is positive and the series 2a n 2 is convergent, prove that the series 

2a n 6 n and 2& n 2 are both convergent, where b n is the arithmetic mean of 
®»>®.»®«»so that nb n =a l +a i +...+a n . [Hardy.] 

[Apply the merthod of the last example, making a, & to correspond to/, <£, 
respectively, and using the identity nb n =a n -f (n - l)b n _ v It will be found 
that 

< 4«„ 2 +2 

where B n = n 2 b n a l(n + 1). 

Hence, on summing for 2, 3,, n, we find 

1 3V+|v+|v+...+( 1 -^)v <4( « l i +« ,! +...+o n * ) +2 ( B 1 -JB. ) 

<4(a 1 t + a t 2 +,.. + a n 2 ) + b l t . 

Multiplying by 2, we see that 

V + 6a a + 6 3 a + ... + &n a <8(«i 2 + ^ 2 + ...+a n 2 ) + (3& 1 2 + i6 2 2 ). 

Hence 26 n 2 is convergent. The convergence of l'a n & n follows because 

<*A = 4(<*n 2 + 6 n 2 )-] 

18. H ^.-,+i+5 + -•• + Jl,• 

shew that ^-►iOogn + ^+log^ 

where C is Euler’s constant (see Art. 11). 

10. By using Ex. 18 or otherwise, prove that 

2 [»(4n 8 -1 )] _1 = 2 log 2 - 1, 2 [w (9n 2 - 1 )] _1 = § (log 3 -1). 
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20. Shew that, with the notation of Ez. 18, 

?kS&nri\-- 8 + 35 W*- 2 '-( 1 +5+"-+;)- 


Deduce that 


y_ l _ 

T»(36h*-1) 


= - 3 + g log 3 4- 2 log 2. [Math. Trip . 1905.] 


21. Prove similarly that 

* - 1 _1 |QV ^i 1 , 

?»(4»»-l)»“"2v + l (2v + l) 2+ ‘ j2a ' \ "a ^^ iv * 

and that 

22. Shew that 


(2v-f l) 2 
" 12?i 2 — 1 01 0 

^»(4»*-i)p 2 og 2 ' 


[Math. Trip. 1896.] 


?(4» 2 -l) 2 ~8 ?w(4n 2 -l) 2 2 21 ° g2- 

28. Examine the convergence of '2x ( M n \ where x is positive ; in particular, 
if <f>(n) = l+^-|-i + ... -[.I f 0 r if </>(?i) =log ft, prove that the series converges 
if x < 1/e. [Art. 15.] 

24. Shew that 


1 


1 


i -1 


2 


1 


and 


r4» 2 -l 2’ ? n\ _l ’ ?(< + »-l)(*4-re)(< + » + l> + 

f. _3_ 1 

r(<+M- 1)(< + m)(< + Ji + 1)(< + m + 2) «(i! + l)(< + 2)' 



CHAPTER ITT. 


SERIES IN GENERAL. 


17. The only general test of convergence is simply a transfor¬ 
mation of the condition for convergence of the sequence s n (Art 3); 
namely, that we must be able to find m, so that \s n — s m | <e, 
provided only that n> m. If we express this condition in terms 
of the series 2a n , we get the form : 

It must be possible to find m, corresponding to an arbitrary 
positive number e, so that 

l a m+l+ a m+2 + --‘+0 w +i>| < € > 

no matter how large p may be . 

It is an obvious consequence that in every convergent series * 
lim a n = 0, lim (a n+1 +a n+2 +. .. +o W )=0. 

n -> «> n — > oo 

But these conditions are not sufficient unless p is allowed to take 
all possible forms of variation with n ; and so they are not prac¬ 
tically useful. However, it is sometimes possible to infer non¬ 
convergence by using a special form for p and shewing that then 
the limit is not zero (as in Art. 7 (3)). 

We are obliged therefore to employ special tests, which 
suffice to shew that a large number of interesting series are 
convergent. 


* It is clear from the examples in Chapter II. that the condition lira a n =0 does 
not exclude divergent series; but it does not even exclude oscillatory series. For 
consider 


i i i i i i I i i i _ i_i i i i i i i i iii_ 


where lim s n =0, lim ~1, and yet the terms tend to zero. 
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18. A convergent series of positive terms remains con¬ 
vergent when each term a„ is multiplied by a factor v„ 
whose numerical value does not exceed a constant k. 


For since 2a„ is convergent, the index m can be chosen so 


M+P 

that 2j^ n < € /h however small e may be. 

1)1 + 1 

| m+ p m-f -p 

S a * Vn = 2 K v «l 

in+1 in t-1 


and 


\a n v n \ = a n \v n \^-a n k 


Thus 


)il+p 

2 a » v 


m+l 


n 


m+p 

= kj^a„<e, 


m+l 


and therefore the series I>a n v n is convergent. 

Two special cases of this theorem deserve mention : 

(1) A series Sa n is convergent , if the series of its absolute values 
2|cx. w | is convergent. 

For here 0»=| a »l and v n =CL n /a n — dtl. 

Such series are called absolutely convergent. 

(2) A series is convergent if its terms are numerically not greater 
than the corresponding terms of a convergent series of positive 
terms. 


The reader should observe that we cannot apply this method if an infinity 
of terms are negative in the series which is known to converge. An example 
is afforded by Ex. 2 below. 

Ex. 1. If we take a n ~vr p , we know from Art. 11 that 'la n converges 
if p > 1. The present theorem enables us to deduce the convergence of the 
two series 

2 P 3 * 4 p 5 p 6 P 

k V > 1. 

1 + JL_! + l + !_± + ... 

3* 4* 5* 6* 

It will appear from Arts. 19, 23 below that the first of these series converges, 
but the second diverges if 0 < p ^ 1. 

Ex. 2. The series 1 -1 + J - - J-J-Jobviously converges to 

the sum 0 . Now take the factors (v n ) to be 1 , 1, J, 1, J, 1, ..., so that 

l v nl ~ 1. The new series is 
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The sum of the first 2» terms is 

, _2zi + 3 _rJ, (»+*> -* 

2n_ 1.2 + 2.3 + 3.4 + 4.5 +, " + »(»+l) 

= I + § + i + S + , " + «TT" >l0gn + C " L (Art ' 1L) 

Thus lim s 2n = oo. 

But .s 2 „_, > 8 2n , and so also lim s 2n _ x = ao . 

Thus the new series is divergent. 

The reason for the failure of the theorem is that the original series contains 
an infinity of negative terms; and that the series ceases to converge when 
these terms are made positive (Art. 11). 

It is easy to see that the foregoing theorem can also be stated 
in the form: 

An absolutely convergent series remains convergent if each term 
is multiplied by a factor whose numerical value does not exceed a 
constant k. 

19. Alternating series. 

Most series in common use are absolutely convergent; but a 
number of others can be proved to converge by the rule : 

If the terms of a series 2(—l) n_1 ^ n are alternately positive and 
negative , and never increase in numerical value, the series will con¬ 
verge, provided that the terms tend to zero as a limit. 

For it is plain that 

^2 n == (^i ^ 2 ) "4“(^3 ^ 4 ) “b* • • ^2 n)> 

and since each of these brackets is positive (or at least not negative), 
the sequence of terms (s 2n ) never decreases as n increases. 

Also Wl= V rK- V 3)-K^5)-- 
and so the sequence ($ 2n+1 ) never increases. 

Further s 2n ^s 2n+1 -v 2M < v x 

and 5 2n+ l=^2n+^2n+i>0- 

Hence, by Art. 2, the sequence (s 2n ) has a limit not greater than 
v x and (s 2n+1 ) has a limit not less than 0. But these two limits must 
be equal since lim v 2 «+i=0, so that 

lims 2w =lims 2n+1 . 

Hence the series converges to a sum lying between 0 and v v 

Ex* 1. The series already mentioned in Art. 18, Ex. 1, 

1 _l + ±_± 4 JL_i_+ 

1 2 P 3* 4* 5 P 6 P ’ 
is now seen to converge, provided that 0 < p fr 1. 
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In the special ease p = 1 we get the series 

which is easily seen to be equal to log 2. For, by Art. 11, 
1 +i+|+...+ 2 ^-> 1 °g(2«)+C', 

2 6 + i + - + i)^ io s ,i+a 

The diagram indicates the first eight terms in the sequence (s n ) obtained 
from this series by addition; the dotted lines indicate the monotonic con¬ 
vergence of the two sequences (<? 2ti ), {s 2n+l ). 


and 

Thus 



It is obvious that if the sequence (v n ) never increases , hut 
approaches a limit l , not equal to zero , the series 2(—l) n-1/ tf n will 
oscillate between two values whose difference is equal to l ; in fact 
by the previous argument we have lim s 2n+1 =lim s 2n +l. 

A special case of interest is given by the following test, which is 
similar to that of Art. 12*2 : 

If v n /v n+1 can be expressed in the form 


^r 1+ n +0 ib)’ »»■ 


the series 2(—l) n-1 v„ is convergent if /ul> 0, oscillatory if 0 
For if fi > 0, after a certain stage we shall have 



so that v n > v n+1 ; and further (by Art. 39, Ex. 4), lim v n =0. But, 
on the other hand, if fi =0, it is clear (from Art. 39) that lim v n is 
not zero, and so the series must oscillate. And, if /u. < 0, after a 
certain stage we shall have v n < v n+v so that lim v„ cannot be zero, 
leading to oscillation again. 
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19,20] 

Ex. 2. Take the series 

1 ff . «•(«• +!)/?(/?+!) a.(a + l)(«. + 2 )/?(ff-H)(^ + 2 ) 
l.y 1.2, y(y + l) 1.2.3.y(y + l)(y+2) _r "" 

„ »„ n(y + « —1) 

Here - =,—-—~—; u=v —a.—fl + 1. 

*>n+i (oL+rc-l)(/? + n~l) r ^ 

So the series converges if y -f 1 > a. + /?. It is also instructive to apply the 
method of Ex. 4, Art. 12*2. 

It should be observed that if the positive and negative terms in 
the series form two separately decreasing sequences there is no 
reason to suppose that the theorem is still necessarily true; and 
in fact it is easy to construct examples of the failure, such as 


1-41. 

2^3* 


.4i_4i_4. 

4^5* 6^7 a 8^ 


This is easily recognised as divergent; for the sum of the first n positive 
terms is less than 1111 1 

i+p+p+p+^+.-.+p, 

and is therefore less than 2 (Art. 11). But the sum of the first n negative 
terms is 1 / 1 l 1 \ 1 

_ 2( 1 + 2 + 3 + "- + j t )"*' _ 2 (l0gW + C,): 
and consequently the sum of the first 2n terms of the given series tends to 
- co as its limit. 


20. Abel’s Lemma. 

If the sequence (v n ) of positive terms never increases , the sum 
v 

V} a n v n lies between Hv 1 and hv l2 where H and h are the upper and 

i 

lower limits of the sums 

<h> tt l+ a 2» a jL+ a 2 + a 3> a l+ a 2 + **’+ a i>* 

For, with the usual notation, we have 

S}) ®2~^2 •*•> ®p~ s p ^p—\' 

Thus 

v 

2 SiK+fas—**H+-• • +(*p—%-iH 

1 

=*i(«i ~ v i) + s *( v 2 ~ v s)+■■■ +Sp-i(v P -i-v P )+VV (A) 
Now the factors (i>i—(v 2 —•••> (%<-i ~ v p)> v v are never 
negative , and consequently the sum lies between 

Hfa—vJ+H (« 2 —v s )+• • • +5 (Vp-i—Vp) +Hv p =Hv lt 
h(v 1 -v a )+h(v t -v a )+...+h(v p _ 1 -Vp)+hVp=hv 1 . 


and 
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P ~y 

Hence hv x < y]ct n v n < Hv v 

i 

It follows that ^ a n v n < Kv v 

where K is the greater of |/7| and |A|; that is, K is the upper limit 
of W, \s 2 \,..., \8p |. 

It is sometimes useful to obtain closer limits for 2a n v n ; suppose 
that H mi h m denote the upper and lower limits of s my $ m+lf ..., s p 
while H, h are those of s v s 2 , ... , s m „ v Then exactly the same 
argument gives 

v 

< Z,a n Vn < H {v^vj+H m V m . 

1 

We can deal with the case of 2a n M n , where ( M n ) is an increasing 
sequence, by writing v n —M p —M n . 

21. It is often convenient to infer the convergence of a series 
from one which is not absolutely convergent. For this purpose 
the following theorem may be used : 

A convergent series 2a n (which need not converge absolutely) remains 
convergent if its terms are each multiplied by a factor u n , provided 
that the sequence (u n ) is monotonic , and that \u n \ is less than a con¬ 
stant k. (Abel's test.) 

Under these conditions ( u n ) converges to a limit u ; and let us 
write v n =u—u n when (u n ) is an increasing sequence, but v n ~u n —u 
when (u n ) is decreasing. Then it is clear that the sequence (v n ) never 
increases and converges to zero as a limit . Now 

a n u n =a n u—a n v n , or a n u+a n v n , 
so that it will suffice to prove the convergence of 2a n v n in order to 
infer the convergence of 2a n w n . But by Abel’s lemma 

m+p 

2 a n v n < Kv m ^ < Kv v 

m+1 

where K is the upper limit of the sums 

l®m+l|> I®m+l4~^m+2l> I®m41^®iw+2’f‘®»n+3|> ••• > 

l a m+l+ a m+2+<W3 + *-‘ +°Wp|- 

Now, since 2a n is convergent, m can be chosen so that 

m+p 

K^e, no matter how smalle is; thus ^ a n v n is less than ev lt 

m+l 

and consequently 2a n v n is convergent. 
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The reader will observe that the series is not subject to such stringent 
conditions as in Art. 18 ; but to counterbalance this, the factors v n are subject 
to mare stringent conditions. 

Ex. 1. If we take the series 1 -1 + * - |+$ - J + J -J + ... (already used 
in Ex. 2 of Art. 18) and employ the monotonic sequence of factors 
0> f» 4» ••• > 

we obtain the series 

2 + 2 2 3 a 2 4 4 2 

which must therefore be convergent. To verify that this is the case, we 
observe that 

—-G-i)-(i-S)—e-'-i 1 ) 

1 1 1 

2 2 3 2 n 2 ‘ 

Thus lim^.! exists (by Art. 11 (1)), and since * 2n =* 2 »-i - l/{n + 1), we 
have also lim s 2 «-i =hm s 2n . That is, the series converges. 

Ex. 2. From our present point of view, it is easy to see why the series 
in Ex. 2, Art. 18, does not converge ; the sequence of factors employed is not 
monotonic. 

Another important inference is that if the factors u n depend in 
any way on a variable x (subject to the condition of forming a 
monotonic sequence), the remainder after m terms in the series 
2a n w n is numerically less than ^(^+1^1); and consequently the 
value of m, which makes this remainder less than e, is independent 
of x , so long as 1 ^+ |w| is finite. 

This property may be expressed by saying that the convergence 
of'2ia n u n is uniform with respect to x. (See Art. 44, below.) 

A special case of this, which was the original object of Abel’s lemma, is 
given by taking u v =x n , 0 < x :£ 1. Thmi u= 0, v l =x 1. [Art. 50.] 


22. If an oscillatory series 2a n has finite maximum and minimum 
limiting values, it will become convergent if its terms are multiplied by 
a decreasing sequence (v n ) which tends to zero as a limit. (Dirichlet’s 
test.) * 

Abel’s lemma gives the inequality 


vi+p 

2 a » v « 
vi+1 




* It.is practically certain that Abel knew of this test: the history is sketched 
briefly by Pringsheim {Math. Annalen , Bd. 25, p. 423, footnote). But to dis 
tinguish it clearly from tho test of Art. 21, it seems better to use Dirichlet’s name, 
following Jordan (Cours cf Analyse, t. 1, §299). 
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where p is any number not less than the greatest of the sums 
l a m+l|> l*Wl+ a tn+2l> l a m+l+ a w+2+ a t»+al> •••» 

I a m+l + a m+2 + * * * + a m+p I • 

It is sufficient to suppose p not less than each of the differences 

l*t»+l l^m+2 5 »n|> •••> s m \• 

Now, if the extreme limits of s n are both finite, we can find some 
constant* Z, such that |$ n | is not greater than Z, for any value of 
n. Thus | s n —s w | ~ 21, and we may take p=2l. 

We can now choose m so that v m+1 < e/Z, and then 

i/i+p 

2 a » v » < 2e > 

Wl+l 

proving that the series 2a n u n converges. 

Ex. The series 2't> n cos nO, ^v n sin nO converge if 0 is not 0 or a multiple 
of 2-7T. 

m+P 

For 2 cosn0=sm(|p0).cos{w+J(p+1)} 0.cosec \0 

m+l 

m+p 

and 2 sin n0 =sin (\p 6) . sin { m + \ (p +1) } 0 . cosec l 6 , 

m-f 1 

so that we can here take p = |cosec \Q\. 

When 0=0, the first series may be convergent or divergent according to the 
form of v n ; but the second series, being 0 + 0 + 0+ ..., converges to the sum 0. 

If we take 6 = 7 r, we return to the series 2(~ 1 ) n_1 ^ n already discussed in 
Art. 19. 

It is useful to note that these two series, 

2v n cos n6 , sin nd , 

cannot converge absolutely, unless 2u n is convergent; and if 2v n 
converges, we could apply Art. 18 (2) without making use of Dirich- 
let’s test at all. 

To prove this statement, we note that 

| v n cos nQ\^v n cos 2 nd , | v n sin nd | ~ v n sin 2 nd . 

Further v n cos 2 nd =|v„(l +cos 2nd), 

and v n sin 2 nd = £v n (l —cos 2nd). 

Now, by what we have just proved, 2v w cos2 nd is convergent; 
and so the series of absolute values cannot converge, unless 
converges. 

* This constant l will be either the greatest value of \a n \, or (if there is no greatest 
value) the greater of | lim e n | and |lim * |. 
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Further special cases are given by 

1-7 1.2.7(7 + 1) 1.2.i . 7(7-f IX7 + 2) 

and the corresponding serieB of sines. These both converge if 7 +1 > gl+/3 ; 
see Ex. 2 , Art. 19. 

23. A curious theorem, to some extent a kind of converse of 
Art. 19, is due to Ces&ro : 

If a series (2±v n ) is convergent , but not absolutely convergent , and 
if its terms are arranged in descending order of magnitude , the value 
of pj<ln cannot approach any other limit than unity; where p n is 
the number of positive terms and q n the number of negative terms in 
the first n terms of the series. 

Remembering that p r+l —p r is either 0 or 1, it is easy to see that 
the sum of the p n positive terms is 

n -1 

m+Sfar+l—Prh+i 

r=l 

=Pl(Vi -V 2 ) +p 2 {v 2 -v 3 )+. .. '+Pn-i(V n - 1 “^n) 

On combining this with a similar formula for the sum of the q n 
negative terms, we deduce that the sum of the first n terms is 

S n =(Pl ~?l)K ~V 2 ) +... + (?„-! ?n—1 n ) +(Pn ~<ln) V 

Suppose now, if possible, that (p n — q n )/n tends to a positive 
limit l ; then, if Z x is any positive number less than Z, we can find 
an index m such that ($ n —q n )l n >k> if n~rn. 

n -1 

Hence 2(2>»—?r)(«r-«r+i)+(p»—?n)»« 

m 

/»-l 

> il { S r ( v r-~ v r+l)+ nv n'l> k{ mv m +*Wl+‘ •* + V ri' 

But, since the given series is not absolutely convergent, the series 
is divergent; and consequently (v m +v m+1 +..,+v n ) can be 
made greater than N by taking n greater than (say) n 0 . Hence, 
no matter how large N is, a value n 0 can be found so that 

m -1 

»«> ^(j>r-qr)(Vr-V r +x)+li N > if M> W 0 5 
1 

hence s n must tend to oo with n, contrary to hypothesis. 

It follows similarly that {p n —q„)/n cannot approach a negative 
limit; so that if lim (p„ — ?n)/ w exists its value must be 0. Now 
n=p n +q n , and so if lim (j>Jq n ) exists, its value must be 1. 
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This proof is substantially the same as one given by Bagnera.* 


Ez. The series 1+J - J+i+J.-+ J --J+ ... cannot converge. 

As a verification, we note that the sum of 3 n terms is certainly greater 


3^3 3^6 t 6 6 9 9 9 ^3n^3n 3 n 


=i( l + l + 5 + “ + y^i< l0 « M+<? )' 

so that the series is divergent. 


24. Transformation of slowly convergent alternating series. 

Let us write v n —v n+1 =Dv n 

and v n -2v n+1 +v n+t =Dv n -Dv n+1 =D 2 v n , etc. 

Then, if x^ 1, we have 

(1 +*)K —v^+vp*—...) =v 0 +xDv 0 —x 2 Dv t +..., 

and consequently 2(— ^) nv n xn =T~r — \-y{Ov 0 —xw 1 +...}, 

where y =a:/(l -\-x). 

Repeating this operation, we find 


2(- 1 )"«n» n 

= K +y Dv o+y 2 D*v 0 +... +y v {D”v 0 -xD ^+...}. 

It can be proved f that in all cases when the original series con¬ 
verges, the remainder term 

y p {D p v 0 —xD p v 1 +..,} 

tends to zero as p increases to infinity, at least when x is positive. 
The cases of chief interest arise when x=l, and then we have 

£ (-D n <\,=!*o+| (JDv 0 ) + l(D \)+1 (!*>,) + ... 

+p (D'-'Vo )+^[( D*v 0 )-(DrvJ + (D^ 2 ) -...]. 

We can write down a simple expression for the remainder, if 
v »=/( n )> where f(x) is a function such that f p (x) has a fixed sign 
for all positive values of x, and steadily decreases in numerical 
value as a) increases. 


* Bagnera, Bull. Sci. Math . ( 2 ), t. 12, p. 227 : Cosiro, Bom . Acc. Lined , Rend\ 
(4), t. 4, p. 133. 

t For the case x=1, see L. D. Ames, Annals of Mathematics , series 2, vol. 3 , p. 188. 
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For Dv„—f(n) — /(»+l)=— ^f(x l -^ r n)dx l . 

and thuB D*v n =+ j" f"{x x +x i +n)dx i , 
and generally 

D p v n =(—l) p £ dxydx ,... [fp(x 1 +x 2 +...-\-x p +n)dx p . 

Thus the series D p v 0 —D v v l +D r \~... consists of a succession of 
decreasing terms, of alternate signs. Its sum is therefore less than 
D p v 0 in numerical value by Art. 19 ; and consequently 

2 ( - 1 )” v » = \ %+5 ( Dv o) + § ( D * v o) + — + g* (D p - l v 0 ) + Rp> 

where Kl Cpl^'ol- 

This result applies to any series of the type 

1 —— ^ + ..., where r>0. 

Here it is easy to see that D p v n is always positive and decreases 
as n increases ; it is a useful test of the accuracy of the work, in 
arithmetical calculations, to apply the transformation twice, starting 
1 1 

first say at — and secondly at jy ; if the results are substan¬ 
tially the same we may be satisfied that the work is correct. 

Ex. 1. Take r ; if we work to five decimals we get 

s = 1 - -70711 + -57735 - -50000 + -44721 -s', 
and we shall apply the transformation to s', whose first seven terms appear 
in the table below: 

Dv. I D 2 v . D 3 v . D*v. EPv. 


3029 

588 

2441 169 

419 62 

2022 107 29 

312 33 

1710 74 8 

238 25 

1472 49 

189 

1283 
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If we apply the transformation at the beginning of s' we get 
•20413= -40825) 

757= |( 3029) 

73= }( 588) 

11 =*( 169) 

_2 = ^( 62) 

•21256 


If we start from the second term of s' we get 
•18898= £(-37796) 
610= i( 2441) 
52= i( 419) 
7=*( 107) 

_1=*( 33) 

•19568 


Now *40825-*19568 = -21257, so that s' certainly is contained between 
0-21256 and 0-21258. 

But s =0*81746 - s', so that s =0-6049 to four decimal places. If we used the 
original series, it would need over a hundred million terms to get this result. 
Ex. 2. Similarly we may sum the series 1-J+J-J+.... 

To 6 decimals, the first 8 terms give 0-634524 and from the next 7 terms 
we get the table: 


v. 


Dv. 


DH. 


D 8 v. 


D*v. 


D 5 v. 


D 6 v. 


9 "! = *111111 


lOr-1 = -100000 

11- 1 ® 090909 

12- ! =-083333 

13- i = -076923 
14“ l = *071429 


mu 

9091 

7676 

6410 

5494 

4762 


2020 

1515 

1166 

916 

732 


505 

349 

250 

184 


156 

99 

66 


57 

33 


24 


IS” 1 = 066667 


Thus the sum from the 9th term onwards is given by 


(i) *055556= J (-111111) 
2778= J( 11111) 
252= £( 2020) 
32=*( 505) 

5=A( 156) 

_ 57 ) 

*058624 


or by (ii) *050000= £ (-100000) 
2273= J( 9091) 

189= £( 1515) 

22 = jV( 349) 

3 =^( 99) 


•052487 

nim 

-058624 
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Thus the sum of the series is 0*634524 + 0*058624 =0*693148, that is 0-69315 
to five decimals. 

To reaoh this degree of accuracy we should have to use over a hundred 
thousand terms of the original series.* 

A number of other numerical examples will be found in the paper by Ames, 
just quoted. 

Ex. 3. A physical application may be found in the theory of Huygens 9 

Zones in Physical Optics.t 

A reference to either of the authorities quoted will shew that we have 
there to sum a series of terms v 0 -v x +v a -... , for which Dv n is very smal. 
and Dh) n has always the same sign. We have then 

«=2(-l)*v n =K+'i( i)t, o-jD®i+-)- 

Now if DH n is positive we have Dv 0 > Dv 1 > Dv 2 > ... , and lim Dv n =0, 
because the series in the bracket must converge if 8 does. Then we get 
£v 0 < a < £(v 0 + Dv 0 ). 

Similarly if D 2 v n is negative, we have > 8 > £(v 0 + Dv 0 ). 

Thus the series can be represented by %v 0 to a very high degree of 
approximation, since Dv 0 is very small. 


The transformation described above was first given by Euler, 
and the first proof of its accuracy is due to Poncelet. Kummer 
and Markoff have found other transformations for the same pur¬ 
pose ; the latter’s method includes Euler’s as a special case. As 
an example of Markoff’s, we may quote 

V s ' ' (3m -2): L(2 j< - 1)- 12»(3n -1)J 

13 terms of which give the sum correctly to 20 decimals, f 


To apply Euler’s method to this example the reader may note that 

7i 3 3 \ 2 3 + 3 3 4*/ 

The first ten terms of the Beries in the bracket give *9011165, and if we 
apply Euler’s method to the next six, we get *0004262 for the value of the 

remainder: thus =-(0*901427) = 1*202057 to six places. 

Similarly "^= 2 ( 1 


* Of course the actual sum of the series is log 2 = *69314718. (Art. 19, Ex. 1; 
and Art. 63.) 

t Schuster’s Optics , § 46 ; Drude’s Optics , ch. Ilf. § 2 ; Schuster, Phil. Mag* 
(5th series), vol. 31, 1891, p. 85. 

t Comptes Bendus, t. 109, 1889, p. 934; Differenzenrechnung (Leipzig, 1896). 
p. 178. For other references, consult Pringsheim ( Encyklopddie , Bd. I. a. 3, § 37). 
B.I.S. ® 
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The sum of the first ten terms in the bracket is -8179622, and Euler’s 
method gives '0045048 for the remainder. 

Thus . ~ =2(0-822469) = 1 -644934. See also Art. 106, Exs. 6, 6. 


EXAMPLES. 


1 . Piove that the series 

i_J_ + JL__L + ... 

x x+1 x+2 x+3 

converges for any value of x which makes none of the denominators zero; 
but that both the series 


I, _!_i . JL+J_L_+ .. 

x x+l x + 2 # 4-3 x + 4 x+6 


and 

are divergent. 


i_.J_2_ + _l_I_L_ + 

x x+l x+2 x+Z x+4 x+5 


2. Prove that if 2na n is convergent, so also is 2a n . (Art. 21.) 

3. If the series 2a n is convergent and the sequence (M n ) steadily increases 
to oo with n, then (see Art. 20) 

lim ( a 1 M 1 + a 2 M 2 +... + a n M n )/M n =0. [Kronecker.] 

4. Prove that the series 

a-a? + a^ -a* +a^ -a^ + ... 

oscillates, * but can be made to converge to either of its two extreme limits 
by inserting brackets. On the other hand the series 

(l-a)-(l-a*)+(l-«h-(l-« i ) + — 

is convergent. 

5. Shew that if a series converges, it is still convergent when any number 
of brackets are inserted, grouping the terms. And shew also that the converse 
is true, if all the terms in the brackets are positive. 


6 . Calculate, correctly to 20 decimals, the sum of the series 
14- 2x + 2x* + 2x? + 2x ie + ... 


for x = db ± How many terms would have to be taken, to calculate 

the sum for x = ± ^ to 3 decimals ? 


1 { - 1 \n—l 

7. Shew that the series a 1 -a 2 +a 2 - a 4 +... diverges if a n ~— 

or if a n = l /[y/n + ( -1) 11 " 1 ]; although the terms are alternately positive and 
negative and tend to zero as a limit. 


8 . If |a?| > 1, prove that 


9 13547 

converge to the^sum 


x+l 


^x 2 + 1 +x *+1 + ’ 
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9. If a w -> a and 6 n -> 6, verify that if the series 

— & i ) - f “& 3(&3 ^ 2 ) 4 ". • • 
converges to the sum S, then the series 

b 1 (a 1 - a 2 ) + b 2 {a 2 - a 3 ) + b 3 (a 3 - cr 4 ) + •.. 
converges to the sum S - ab . 

10. Prove that if the series 

Q >1 +<^2 + ^8 + ••• 

is convergent, so also is 

+ U 2 ) + ^(#2 + 83) " 4 - + U4) + • • • » 

and their sums differ by Is the converse always true ? Prove that the 
converse is certainly true when a n is positive . 

11. Discuss the series 

«t c* c 3 c n 


_L + ..JL 

•i'-C! *-C n C n n - 


where c x , c 2 , c 3 , ... is an increasing sequence tending to oo . 

12. Verify that 

2 ^ 

1 C n C n C n C n , 

is absolutely convergent if |c n | steadily increases to oo, and x is not equal to 
any of the values c 2 , c 3 , ... . 

1 

If c n -n k > where k is fixed, verify that 

1 \X c n c n c n ( n ' 

is absolutely convergent if r is the integral part of k . 


13. Shew that 


2'; 


4»i 2 ’ 


1 m 2 -n 2 ~ 

where m is an integer and the accented 2 means that n =m is to be omitted 
from the summation. 

£ln fact the sum can be written in the form 

2^{(^l ) + (to-2 + to + 2 ) + -' + ( l + 2»T-1)} 

~ 2 m {0 ~2m-+ l ) (l ~ 2OT+2) (3 - 2»i + 3) fc ° °° / 

14. With the same notation as in Ex. 13, shew that 

v'<-- 1 ) n r 1 = + -i 9 

1 ?? i 2 — ?/ 2 4 m 2 ’ 

if m is even. 

Find an expression for the sum when m is odd. 
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16. Discuss the convergence of the series whose general term is 

fl.i + ! + , 1 Vinitg 
\ 1 + 2 + 8 + - + n-i; n ’ 

and also that of the series with cos n$ in place of sin nQ. [Art. 22.] 

[Math. Trip., 1899.] 

16. Apply Art. 22 to the series whose sums to n terms are sin (n + \) 2 6, 
cos (n 4 £) 2 0, and deduce that 

2 v n sin n 2 0 . cos n $, 2v n sin nO . sin n 2 0 
are convergent if v n steadily decreases to zero. [Hardy.] 

17. Shew that if v n tends steadily to zero, in such a way that 2t> n is not 
convergent, then the series 

CO 

2 (®l v kr+1 4* 0*2Vfr+2 4 . • • 4 «Jfc Vkr+Tt) 

r=0 

converges if (and only if) a x 4 a 2 4... 4 a k - 0. 

18. If the sequence ( a n ) is convergent, prove that lim w(a n+1 -a n ) must 
either oscillate or converge to zero. 

19. If converges, and a n steadily decreases to 0, 2rc(a n -a n+1 ) iB con¬ 
vergent. If, in addition, a n - 2a n+1 +a n42 > 0, prove that 

w *( a n " °n+i) 0. [Hardy.] 

20. Apply Euler’s transformation to shew that 

1 % _l.~ 

1 + 2 2 x 4 3 2 # 2 4 4 2 r 3 4 b 2 x* 4... = 

21. Utilise the result of Ex. 3, p. 65, to shew that the sum of the series 

1 x x l x 3 

2 I4#"*"l4a* l4^ + '“ 
tends to the limit £ as x 1. 

I It is easy to see that (if 0 < x < 1), Dv n is positive and decreases; thus 
L 11 

the sum lies between Jv 0 =i and J(v 0 4 Dv 0 ) = 2(TTz)'J 

22. By taking v n =log (a 4 n), shew, as on p. 63, that D p v n is negative and 
steadily decreases ; deduce that 

log log (a 4 l)4^^-|-^log(a42)... 4( -l) p log(a4jt?)<0. 


23. Shew, by Euler’s method, that * 

(i) 22/{<u/ 1 (o>)} differs from unity by less than 6 x 10-® \ 

(ii) '2&l{t»*J 1 ((o)} differs from unity by less than 7 x 10“ # . 

Here the summation refers to the roots of «/ 0 (cl») =0 arranged in numerical 
order; and the functions J 0 (z), J x (x) are the Bessel Functions. 


* See T. A. Lumsden, “ A Certain Type of Fourier Bessel Series,” Proc. Land . 
Math. Soc . (2), vol. 22, 1924, p. 381. 



CHAPTER IV. 


ABSOLUTE CONVERGENCE. 


25. It is a familiar fact that a finite sum has the same value, no 
matter how the terms of the sum are arranged. This property, 
however, is by no means universally true for infinite series ; as an 
illustration, consider the series 

+ » 

which we know is convergent (Art. 19, Ex. 1), and has a positive 
value S greater than J. Let us arrange the terms of this series so 
that each positive term is followed by two negative terms: the 
series then becomes 

2 4* 3 6 8^5 10 12 ' ’ * 

Now we have 


t 


3n (■ 

l— 1 

1 

1 

-M! 

L l)-l+ 

5 (iJ 8^’ 

■•+( 

1 


_i + 

, 1 

l 

“2 


8 ‘ ' 

£ 

1 

to 

1 

4 n 


= 1_——--4- H-- - — — 

2\ 2^3 4> ^2n —1 2 n, 


1 

4n—2 



1 

4 n 


i S 2n* 

Thus lim£ 3n = £$, 

n— 

and it is easily seen that lim£ 3rm = lim£ 3n+2 =lim£ 3n> so that 
the sum of the series t is %S. 

Consequently, this derangement of the terms in the series alters the 
sum of the series. 

In view of the foregoing example we naturally ask under what 
conditions may we derange the terms of a series without altering its 
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value ? It is to be observed that in the derangement we make a 
one-to-one correspondence between the terms of two series; so that 
every term in the first series occupies a perfectly definite place in 
the second series, and conversely. Thus, corresponding to any 
number (n) of terms in the first series, we can find a number (n') 
in the second series, such that the n' terms contain all the n terms 
(and some others); and conversely. 

For instance, in the derangement considered above, the first (2 n + 2) terms 
of a are all contained in the first (3n + 1 ) terms of t ; and the first 3 p terms 
of t are all contained in the first 4 p terms of s. 

Ex. More generally, suppose that a series V is constructed from s by taking 
alternately a positive and [3 negative terms; then if p = (cl + ft) v, we see that 
tp =f(2o.v) - bf(cus) - hfifiv), 
where /(n) = 1 +J +?, + ... +^. 

It has been proved in Art. 11 that 

/(w)-*logn + <7, 

so that t p '-+ log 2 a - £ (log a + log /?). 

Accordingly we see that T' = \ log (4 ol//?), 
while 8 =log 2 , corresponding to /? =a. Thus the alteration in the sum due 
to the derangement is T' - 8 = ^ log (a.//?). 

It will be noted that if a = 1, /? = 2 , we obtain the series t ; and that then the 
above formula gives T = £ log 2 = 

26. A series of positive terms, if convergent, has a sum 
independent of the order of its terms; but if divergent it 
remains divergent, however its terms are deranged. 

As above, denote the original series by s and the deranged series 
by t ; and suppose first that s converges to the sum S. Then we 
can choose w, so that the sum s n exceeds e, however small e 
may be. Now, t contains all the terms of s (and if any term happens 
to be repeated in s y t contains it equally often); we can therefore 
find an index p such that t p contains all the terms s n . Thus we 
have found p so that t p exceeds e, because all the terms in t p —s n 
are positive or zero . Now t contains no terms which are not present 
in s y so that, however great r may be, t r cannot exceed S ; and, 
combining these two conclusions, we get 

> S—€y if 

Consequently the series t converges to the sum S. 
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Secondly, if s is divergent, t cannot converge; for the foregoing 
argument shews that if t converges, s must also converge. Con¬ 
sequently t is divergent. 

If we attempt to apply this argument to the two series considered in Art. 25, 

•=W+i-i+-. -*-*+*-*-*+•••■ 

we find that the terms in t p -s n are partly negative. Thus we cannot prove 
that t r > S-e; and as a matter of fact we see from Art. 25 that this inequality 
is inaccurate. Similarly, the argument used above fails to prove that S g: t r9 
although this happens to be true here if r > 1. 

It is now easy to prove that if a series 2a n is absolutely con¬ 
vergent, its sum S is not altered by derangement. 

Since the series 2|a n | is convergent, we can find a value of n 
such that K +1 |+K +2 |+|a„ +3 |+.-- to qo < e. 

Then suppose that t v contains all of the terms s n , as on p. 70 
above; consequently if the difference s n consists of a 

certain number of terms taken from s, the order of each term being 
greater than n. Thus, from the last inequality, we see that 
| t r s n | < c, if r^p. 

Now, in virtue of the choice of w, 

|£-S«l=K+l+a„ +2 +«n4 3 + ---| <<?• 

Hence we have found p such that 

|jS— t r \ < 2e, if 

and accordingly the series t is convergent and has S as its sum ; 
that is, the sum is unaltered by the derangement. 

Ex. 1. As an example, consider the series s : 

l-.L4.L_ 1 4.I-.I4. 

2 a a* 2 4 a + 5 2 

This is absolutely convergent by Art. 11 ; and therefore the series remains 
convergent, and has the same sum after any derangement. It is accordingly 
equal to the series t : 

!_L_L . L_L_! .L__L_J_ . 

2 2 4 2 3 2 6 2 8 2 5 2 10 2 * 

where the law of derangement is the same as in the first example of Art. 25. 

To illustrate the general theory, we note that here the first 2 n terms in s 
are contained amongst the first 3n terms in t; and we find that 

<s«-* 2 »= _ {(2n+2) 4+ (2M+4) l!+ " - (4nj ii }' 

The sum in brackets { } consists of n terms, each less than 1 /(2w) *; hence 
this sum is less than l/(4n), and so tends to zero as n tends to infinity. From 
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(he general theory we can predict this property by using the remainder after 
2 n terms in the convergent series of positive terms, 

l+ I + L + L + JL + i+. . 

+ 2 2 .3 2 4 2+ 5 2 6 2 

Ex. 2. From our present point of view, we observe that the inequality 
between W + J-i+... 1 ~ l +i - i - * +••• (Art. 26) 

is explained by the faot that these series are not absolutely convergent (Art. 7). 
By way of contrast with Ex. 1, wo note that here 

<8»-* 2 „= - {2^T2 + 2^Ti" l "" + 4rf}‘ 

Now the sum in brackets consists of n terms, each lying between l/(2n) and 
l/(4n); thus the sum lies between £ and J for any value of n, and so cannot 
tend to zero as n tends to infinity. 


27. Applications of absolute convergence. 

Consider first the multiplication of two absolutely convergent 
series A=2a ni B='£b n . Write the terms of the product so as to 
form a table of double entry 

af) x af) 2 aJb 3 a,fc 4 ... 

/ f / f / f/ 

af)i~>a'p2 af)% &2r4 • • • 

, / , / t; / t 
/ / t 

a 4^l” >a A“ >Ct 4^3“ >a 4^ > 4 ‘ * * 

It is easy to prove that AB is the sum of the series 

where the order of the terms is the same as is indicated by the 
arrows in the table. For the sum to n terms of this series (1) is 
A n B ni if -4 n =^i+ a a"i : '-‘- -8 »=&i+&2+*** +b n . 

Now <4' = 2|a n | and jB' = S|fc n | are convergent by hypothesis. 
Thus the series 


( 2 ) .., 
obtained by removing the brackets from (1), is absolutely con¬ 
vergent, because the sum of the absolute values of any number of 
terms in (2) cannot exceed A'B\ Accordingly, (2) has the same 
sum AB as the series (1). Since (2) is absolutely convergent, we 
can arrange it in any order (by Art. 26) without changing the sum. 
Thus we may replace (2) by 

(3) <h b i+<h 6 1 +Oii>2+^+^+ fl 1 i) «+aA+- , 




APPLICATIONS 


73 


26, 27] 


following the order of the diagonals indicated in the diagram. 
Hence we find, on inserting brackets in (3), 

AB=c l -) r Ci'\rCz J r' • • + to qo , 
where c 2 =a 2 6 1 +o 1 6 2 , c 3 =a 3 6 1 +a 2 6 2 +a 1 63 

and c n =a n 6 1 +a n _ 1 6 2 +... +a 1 b n . 

For other results on the multiplication of series the reader should 
refer to Arts. 34, 35. 

A second useful application of the theorem of Art. 26 is to justify 
the step of arranging a series 'La n y n in powers of x> where y is a 
polynomial in x ; say y =b 0 +b J x+... +b k o£. 

It is here sufficient to have convergent where 

«-»=K|. 9=A>+A£+•••+&£*. Pr—V>r\> £-M; 

and from Art. 10, we see that this requires 
Tj <X, if X ~ 1 = lima n n . 

The last condition requires that /3 0 < X, and that £ shall be less 
than some fixed value; and then the necessary derangement will 
certainly not alter the sum of the series. 

In most of the ordinary cases X=l, and y is of the form bx±x 2 ; 
the condition is then 

P+K< 1 or *<*[(*+£•)*-01. 

In particular, if /3~2, it is enough to take £<J 2 — 1, which 
is certainly satisfied when g < £. 


The beginner may be tempted to think that the condition \y\ < A would 
be sufficient; but this is not correct. For we have to ensure the conver¬ 
gence of the series when a n y n is written out at length, and every term is made 
positive in the expanded form. 

As an illustration of this point, consider the series 1 +2 (2x -a;*) n which 
has the sum [I -(2* -**)]“ 1 =(1- when \2x-x*\ < 1. This condition 
is satisfied by any value of x (except 1) lying between 1 ±\/2; and in par¬ 
ticular by x = g, because 2x - x l is then f. But if the series is arranged in 
powers of x, we get 

1+2*1 -s* 1 


1 +4a? 8 -4a; 8 

+x* 



+ 8* 8 

-12a; 8 

+6*® -x* 



+ 16*‘| 

-3 2x* +24a: c 
' 

+. 

-8a:’ | +xfi 

1 . 

= 1 + 2a; + 3* 8 +4**+ 6a; 4 +..., 



which diverges if * =*§. 
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Thus the condition \2x-x 2 \<l is not sufficient to allow the arrange¬ 
ment in powers of x . The condition found in the text above would be 
\ x \ < y/2 -1; and would be obtained from the expansion given at length, 
by making the negative coefficients positive; this leads to the series 

1+2 |*|+5 |*| 2 + 12 |a| 8 +29 |a| 4 +... 

(in which a n =2 a n ^ +a n _ 2 ). 

As a matter of fact, the condition |*| < \/2 -1 is narrower than is neces¬ 
sary for the truth of the equation 

1 + 2(2# -# 2 ) n = 1 +2(w + l)z n . 

This equation is true if both series converge; although the proof does not 
follow from our present line of argument. It may be guessed that, in general, 
the condition found for £ in the text is unnecessarily narrow; and this is 
certainly the case in a number of special applications. However, we are not 
here concerned with finding the widest limits for x ; what we wish to shew 
is that the transformation is certainly legitimate when x is properly restricted. 

In view of Riemann’s theorem (Art. 28) it may seem surprising that the 
condition of absolute convergence gives an unnecessarily small value for £. 
However, a little consideration will shew that Riemann’s theorem does not 
imply that any derangement of a non-absolutely convergent series will alter 
its sum; but that such a series can be made to have any value by means 
of a special derangement, which may easily be of a far more sweeping 
character than the derangement implied in arranging 2 a n y n according to 
powers of x. 

28. Riemann’s Theorem. 

If a series converges , but not absolutely , its sum can be made to have 
any arbitrary value by a suitable derangement of the series ; it can 
also be made divergent or oscillatory. 

Let x p denote the sum of the first p positive terms and —y n the 
sum of the first n negative terms ; then we are given that 

lim (ajp —y n ) =s, lim (x p +y n ) = oo , 
where p, n tend to co according to some definite relation. Hence 
lim Xp— oo , lim y n =ao . 

p->oo n-> oo 

Suppose now that the sum of the series is to be made equal to <r ; 
since x p -+ oo we can choose p t so that Up > <r, and so that p x is 
the smallest index which satisfies this condition. Similarly we can 
find » x so that y n > a^— a, and again suppose chat n x is the least 
index consistent with the inequality. 

Then, in the deranged series, we place first a group of p 1 positive 
terms, second a group of % negative terms, keeping the terms in 
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each grom in their original order. Thus, if S v is the sum of v terms, 
it is plain that 

S„ < (T , if v <p v but S>,> <r, if P\~v <Pi+^v 

We now continue the process, placing third a group of 
positive terms, where p 2 is the least index such that x P} > y^+cr ; 
and fourth, a group of (w 2 —negative terms, where n 2 is the least 
index such that y n > x p ~ a. 

The method of construction can evidently be carried on inde¬ 
finitely, and it is clear that if p r +n r > v~p r +n r -u S v —<r is 
positive, but cannot exceed the (p r +n r-1 )th term of the series; 
while if p r +i+n r > p r +n r , <r — S v is positive, but does not 
exceed the (p r +n r )th term : for S v — a changes sign at these terms. 

Thus, since the terms of the series must tend to zero as v increases, 

wehave lim S„ = <r. 

It is easy to modify the foregoing method so as to get a divergent 
or oscillatory series, by starting from a sequence (o>) which is either 
divergent or oscillatory and taking p Xi n lt ... in turn to be the first 
indices which satisfy the inequalities 

x p x > <r t , Vn x > x p x — <r v Xp 2 > y ni +<r 2> > Xp % —<r 2y 

and so on. 

As a matter of fact, however, Riemann’s process is quite out of the question 
with any actual series; and we have to adopt an entirely different method 
due to Pringsheim.* 

Let f(x) be a positive function, steadily decreasing to zero as x increases; 
and consider the series 2( - l) nr ~ l f(n) t which converges, in virtue of Art. 19. 

Here every positive term is followed by a negative term ; and suppose 
that, in the deranged series, the first r terms contain p positive to n negative 
terms (so that p^n—r). Then the sum of these r terms is 

{/(l) ~/(2) + ... 

+ {/(2n +1) +/(2n + 3) +... +f(2p -1 )}, 
where the second bracket contains p - n terms, and so lies between 
vf(2n) and r/(2n+2*/), iiv=p~n. 

Then the alteration in the sum is equal to the limit of this second bracket. 

Suppose first that nf(n) tends steadily to infinity with n, then 
/(2n+2v)//(2n) lies between 1 and nj{n+v). Thus if we choose v to be 
such a function of n that li m v f(2n) —l , 

the change in the sum of the series is l, because then v/w -> 0. 


Math. Anncden , Bd. 22, p. 455. 
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W© have thus Pringsheim’s first result: 

If nf(n) tends steadily to infinity the value of p requisite for an alteration 
l in the sum of the series is subject to the condition lim (p -n)f(2n) = l . 

For instance, taking the series 2( - l) n-1 n“^, we see that (p -n) may be 

log fi 

the integer nearest* to l\/(2n ); or again with 2( -l) n_1 —^ , p-n may 
be the integer nearest * to 22n/log n. 

Next, if lim nf{n) is finite, say equal to g, it follows that, for any positive 
value of €, however small, a value n Q can be found such that 


g —f </(*) < (* > «o)- 


Let p be chosen so that k =hm {p)/n. 

It is easy to see, by an argument similar to that of Art. 11, that 
11 1 f p dx 1, v 1 

2 n + l + 2nT3 + "’ +i 


[ p dx 1 , p 1 , , 

j„ 2i = 2 l0 «n^2 l0 « A - 


2p -1 J n 2x 2 6 n 2 

Hence the alteration l is contained between the two values 

4(0 ±0 log k. 

Thus, since e is arbitrarily small, we must have 

k. 

Hence, if lim nf(n) =g, and if k is the limit of the ratio of the number of positive 
to the number of negative terms , the alteration l is given by l =\g log k. 

In particular, since l-}+J-}+...=log2 (Art. 19) we see that when 
this series is arranged so that kn positive terms correspond to n negative 
terms its sum is log 2 + £ log k = 4 log 4 k. (Compare Art. 25.) 

To save space, we refer to § V. of Pringsheim’s paper for the discussion of 
the more difficult case when lim nf(n) =0. 


EXAMPLES. 

1 , Criticise the following paradox : 

W+1-1+4-4+... 

= 1 +4 + i+} + 5+J+--- 

- 2(4 +4 + 4 +...) 

=1 +4+4+l+--- -0+1+4+4+...) 

=o. 

2. If a transformation similar to that of Ex. I is applied to the series 

i_JL.l__l.l_ 

2 P 3* 4 P b p 

shew that (if p < 1) we obtain the paradoxical result that the sum of the 
series is negative. But, if p > 1, the result obtained is correct and expresses 
the sum ^ of the given series in terms of the sum s of the corresponding 
series of positive terms by the formula 

*i = ( 1 ~2^) S ' 


* It is not, of course, essential to take always the nearest integer, in order to 
satisfy the condition. But this is the simplest statement. 
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3. Apply a transformation similar to that of Ex. 1 to the series 

1 “i+i -}+••• > 

and prove that the resulting series is 

which converges to a sum less than that of the given series. 

93 

4. If we write fix) = 1 /**, and a = 2/(n), shew that 

/(l) +/(3) +/(«) +/(7) +/(9) * +... 

/(1) +/(«) +/(7) +/(11)+/(13) +... =$9=1 r \ 

/(])-/(2) -/(4) +/(5) +/(7) -/(8) -/(10) +... =^= 5 Vr*. 

[It is proved later in Art. 71 that s = Jjt*.] 

6 . Prove that 

-^-^+...=.^(1 -J+l 

the two series on the left being found by omitting all multiples of 3 from 
those on the right. 

6 . Provethat 1 + 1 -£ +i + ^-£+... = § log 2, 

00 J 

7. Prove that E -is not a determinate number, but that 

x-n 



is perfectly definite. Here x is supposed not to be an integer, and the accent 
implies that n =0 is to be omitted. 


Shew that lim 12 j - X = - log k, 

where p and q tend to oo in such a way that lim {q/p) =&. 

8 . Find the product of the two series 
x n 




1 + * + j T+ ... + i,+... and 1 —+ 5 i- — +( +— ' 


9 . Shew that if 8 n =a 0 +a x +a, +... +a n , then 

(2a n x n )/(l - x) = (2a n x «){1 + z + x 2 +...) = 2* n x". 

10. Any non-absolutely convergent series may be converted into an 
absolutely convergent Beries by the insertion of brackets. [See Art. 5.] 

Any oscillating series may be converted into a convergent series by the 
insertion of brackets; and the brackets may be arranged so that the series 
has a sum equal to any of the limits of s n . 

11. In order that the value of a non-absolutely convergent series m&y 
remain unaltered after a certain change in the order of the terms, it is sufficient 
that the product of the displacement of the nth term by the greatest sub¬ 
sequent term may tend to zero as n increases to oo. 

[Borel, Bulletin des Sci. Math . (2), t. 14, 1890, p. 97.] 



CHAPTER V. 

DOUBLE SERIES. 

29. Suppose an infinite number of terms arranged so as to form 
a network (or lattice) which is bounded on the left and above, 
but extends to infinity to the right and below, as indicated in the 
diagram: a ul +a ut +a ua +a l , t +... 

4* ^ 2 ,1 4" ^2, 2 + fl&2, 3 "b &2, 4 *4“ • • • 

4 * 1 4 * « 3 , 2 4 “ a 3, 3 + « 3 , 4 4 “ • • • 

4" ^4,14* ®4,2 4" ^4,3 4" n- 4j 4 4~ • • • 

4 -. 

The first suffix refers to the row, the second suffix to the column 
in which the term stands. 

Suppose next that a rectangle is drawn across the network so as 
to include the first m rows and the first n columns of the array of 
terms; and denote the sum of the terms contained within this 
rectangle by the symbol s mt n . If s mi n approaches a definite limit s 
as m and n tend to infinity at the same time (but independently), then s 
is called the sum of the double series represented by the array* 

In more precise form, this statement requires that it shall be 
possible to* find an index p> corresponding to an arbitrary positive 
number e, such that 

\sm,n-s\<e, if m } n> p. 

By the last inequality is implied that m, n are subject to no other 
restriction than the condition of being greater than p. 

This property is also expressed by fche equations 

lim v n =s, or lim S m,n=S. 


* This definition is framed in accordance with the one adopted by Pringsheim 
(Mtinchener Sitzungsberichte , Bd. 27, 1897, p. 101; see particularly pp. 103, 140). 
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But the symbol s Win ->s is not sufficient, unless some indication 
is added as to the mode of summation adopted; for it is often 
convenient to use other methods (see Arts. 30, 31) which may give 
values different from the above. 

Since u mt n =S mt n n S m, n-1 n-l> 


it follows that when (s m , n ) converges, we can find p so that 
K,n| <*, provided that both m and n are greater than [x : this 
of course does not imply that a m n will tend to zero necessarily, 
when m and n tend to oo separately. 

The equations 

lim s Wi „=x or lims mn =oo 

m, n -> oo (w, n) 


imply that, given any positive number G , however large, we can 


find /x, such that 


V n > G, if m, n > fx ; 


and the double series is then said to diverge to oo . We define 
similarly divergence to — oo . 

It is also possible that the double series may oscillate ; and there 
is little difficulty in modifying the method of Art. 5 so as to establish 
the existence of extreme limits* for any double sequence (s mtfl ); 
these may be denoted by 

lim and 1 imVn- 

(^j < w » n > 

The general condition for convergence is simply that the sum of 
the terms between two rectangles m, n and p , q must be numerically 
less than e, if m, n are greater than fx ; or in symbols 

< e > if p>m> fx and q>n>ju, 


where of course the value of jul will depend on e. This condition is 
obviously necessary ; and to see that it is sufficient , denote by a n 
the value of s mtfl when m=n (so that the rectangle is replaced by 
a square). Then our condition yields 

\<Tq —<7 n | <e, if q>n> [X. 

Hence <r n approaches a limit s (Art. 3), and so we can find fx ly 
such that |j— (T n \ < if n > fx x . 

Now the general condition gives also 

I s p , q -<r n \ <Je, if p, q>n> p 2> 


♦The proof ia given in full by Pringshoim, Math. Annalen, Bd. 53, 1900, 
pp. 294-301, 
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and so, if /z 3 is the greater of p x and /z a , and n> we find 
\s p , q -s\ <e, if p,q>n. 

Ez. 1. Convergence : If * m , n =l/m + I/n, *=0 and /a 2 2/*. 

Ez. 2. Divergence : If « #n n =7a+n, the condition of divergence is 
satisfied. 

Ez. 3. Oscillation : If •%*,* = ( - l) m+n , the extreme limits are -1 
and +1. 


30. Repeated series. 

In addition to the mode of summation just defined it is often 
necessary to use the method of repeated summation ; then we 

first form the sum of a row of terms in the diagram, and 
00 00 

obtain b m — ^ a mn , after which we sum ^b m . 

n=1 m=l 

This process gives a value which we denote by 


00 / °° \ 

s (s a »*.«) 

w = i \ n =i / 


or 2 2 a m n : 

(m) (7i) 


this is called the sum by rows of the double series. 
In like manner we define the repeated sum 


oo / 00 \ 

S (S “*»•») 

n=1 V m=l / 


or 2 2 a w 

(n) (m) 


which is called the sum by columns of the double series. 

Each of these sums may be defined also as a repeated 
limit , thus: 

2 2a m ,„= lim (lim s m ,») or lim s^ n , 

(in) (n) 77i ► co n->oo (m) (ti) 


with a similar interpretation for the second repeated sum. 

In dealing with a finite number of terms it is obvious that 

M , If v If , M 

8 M,N z= y] (Sj a m, n) = 2 ( S a w»,n)- 

17V —1 '71=si ' TV — 1 \/V=l / 


But if a double series has the sum a in the s$nse of Art. 29, 
it is by no means necessarily true that we can infer 


00y00 V 00 / 00 v 

a) ss.) 

w=l'«sl / n-1 \n=l / 


for the single series formed by the rows and columns of the double 
series need not converge at all , but may oscillate . 
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That the rows and columns need not converge is shewn by the example 
®m,n = ( - l)' n+ ’ ! (l/m + 1/n), for which s=0 ; but neither of the single limits 
lima m , n) lirns m , n 

m— n —>oo 

exists at all. 


Pringsheim has proved, however, that if the rows and columns 
converge , and if the double series is convergent , then the equation (1) 
above is always true . 

In fact we have 

|s«.»-s|<e, if m, n> fi, 
so that | lim s m , n —s| ~e, if m > /u ; 

n -> oo 

since, by hypothesis, this single limit exists. 

Hence lim (lim s m< „) =s. 

m-> oo n-> oo 

In like manner we can prove the other half of equation (1). 

When the double series is not convergent, the equation 


( 2 ) 


»/00 V 00 , 00 x 

1U = 1 V 'W = 1 ' 71= 1 = 1 ' 


is not necessarily valid whenever the two repeated series are 
convergent. 


There iB in fact no reason whatever for assuming that the equation 
lim (lim s mtn )=\im (lim s mtn ) 


is true whenever the repeated limits exist. 

For instance, with s mt n = m/(m + ?i), we find 

lim (lim s mtn )—0 t lim (lim s mtn ) = 1. 

n —>» m- - 


From Pringsheim’s theorem it is clear that the double series 
cannot converge (the towb and columns being supposed convergent) 
unless equation (2) is valid; but the truth of (2) is no reason for 
assuming the convergence of the double series. 

For instance, with a m ,„ =mn;(m + n)*, we find 

,bm (lim s m , n )=0=lirn (lim s m , n ). 

»H—>eo n —>06 n —>oo m —► oo 

But yst the double series cannot converge, since if m=2n, « m ,n = ir while 
ifrn=n,s m . n =}. 

For some purposes it is useful to know that equation (2) is true, 
without troubling to consider the general question of convergence 
of the doable series. In such cases, conditions may be used which 
w.s, y 
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will be found in the Proceedings of the London Mathematical Society ; * 
the discussion of them here would go somewhat beyond our limits. 

A further example, due to Arndt, of the possible failure of equation (2) 
may be added: 

If we write a m =—i— 

m,n m + l 

wefindthat * m . n = (|StT*]* 

Thus lim (lim s m , n ) = -J, 

m —► on n—► » 

but lim (lim s m , n )= + J. 

n—► oo m —► oo 

Other examples illustrating the general theory will be found at the end 
of the chapter. (See Exs. 1-6 and 10.) 

31. Double series of positive terms. 

In view of what has been proved in Art. 26, we may anticipate 
that if a series of positive terms converges to the sum s in any way, 
it will have the same sum if summed in any other way which includes 
all the terms. For, however many terms are taken, we cannot get 
a larger sum than s , but we can get as near to s as we please, by 
taking a sufficient number of terms. We shall now apply this 
general principle to the most useful special cases. 

(1) It is sufficient to consider squares only in testing a double series 
of positive terms for convergence . 

Write for brevity s m , n =cr n when m=n ; then plainly <r n must 
converge to the limit s , if s m> n does so. Further, if cr n converges 
to a limit s , so also will s mtfi . For then we can find p so that <r^ 
lies between s and s—e ; but if m and n are greater than /z, we have 

^m+n = n = 

80 that s = Vn> s ~~ e 

Hence s Wt n converges to the limit s . 

The reader will find no difficulty in extending the argument to 
cases of divergence .' 

(2) If more convenient for purposes of summation , we may replace 
the rectangles by any succession of curves f which tend to infinity in 
all directions . 

* Bromwich, Proc . Lond. Math. Soc., series 2, voL 1, 1904, p. 176. 

| These “ curves ” may consist, wholly or in port, of straight lines; and it is 
supposed that each curve encloses the whole of the preceding curve. 
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For, plainly, when the rectangles (and therefore the squares) give 
a sum s we can suppose any particular curve C n to be contained 
between two of the squares and that the sides of these squares 
are p, q; thus if S n is the sum for the curve G n , we have, as in (1) 
above, 



Further, since C n is to tend to infinity in all directions, we can 
make p greater than fi by taking n > w 0 , say. 

Thus, since (Tp > 5 €, because V> 

we have also s—e<S n ~s f if n> n 0i 

and so lim S n =s. 

In like manner, by enclosing a square between two of the curves, 
we can shew that if the curves give a sum s, so also do the squares 
(and therefore the rectangles, too, in virtue of (1) above). 

A particular class of the curves used in (2) is formed by drawing 
diagonals, equally inclined to the horizontal and vertical sides of 
the network as indicated in the right-hand figure. 



Fig. ll. 


The summation by squares is indicated on the left. It should 
be noticed that these two modes of summation give two methods of 
converting a double series into a single series. 

Thus, by squares, we are summing the series 

flt ll + ( a 21+^22+^12) +( a Sl + a 32 + ^33 + a 23+^ 13 ) + ' • • > 

and by the diagonals we get 

a il+(^l+ a i2)+( a 31+ a «+ a l3) + -*- • 

Of course the equality between these two series is now seen to 
be a consequence of Art. 26; but we could not, without further 
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proof, infer theorem (1) from that article since Art. 26 refers only 
to single and not to double series. 

By combining Art. 26 with (1) above, it will be seen that: 

(3) JVo derangement of the {positive ) terms of a double series can 
alter the sum , nor change divergence into convergence. 

It is also important to note that: 

(4) When the terms of the double series are positive , its convergence 
implies the convergence of all the rows and columns , and its sum is 
equal to the sums of the two repeated series. 

For, when the double series has the sum s , it is clear that s m>n 
cannot exceed s ; and consequently the sum of any number of terms 
in a single row cannot be greater than s. Also, for any fixed value 

of m, lims TOtn exists and is not greater than s. Now we can find 

(«> 

p so that s mtU > s—e, if m,n are greater than p. Consequently 

s = lims m n > s — €, if m>p. 

(n) 

Hence lim [lim s mt n ] = s , 

(m) (n) 

CO / 00 V 

° r s(s 

III — 1 'tt=l ' 

In a similar way, we see that each column converges and that 

oo .oo v 

s (s °".») =s - 

n—\ v m=l 7 

As a converse to (4), we have : 

(5) The terms being always positive , if either repeated series is 
convergent , so also is the other and also the double series; and the 
three sums are the same. 

For, suppose that 

lim [lim ^1 = 5, 

(m) (n) 

then <r m s m , n> if n > m, 

and so <r m =lim s m „ ^ s. 

(n) 

Hence by Art. 2 the sequence (<r m ) converges to a limit <r; and 
it then follows from (4) above that s=<r, and that the other repeated 
series has the same sum. 

The reader will find little difficulty in modifying the proofs in 
(4) and (5) so as to cover the case of divergence. 
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(6) It is convenient to point out here that the proofs given in 
(4), (5) can be generalised at once to deal with a variety of double¬ 
limit problems in which the variables are no longer restricted to be 
integers (as in the case of double series). 

To formulate the method more precisely, suppose that the variables 
are denoted by p 9 v (in place of m, n) and that the function is denoted 
by s(fi y v) —corresponding to 5 Wi „; then we assume in the first 
place that s(/x, v) steadily increases with both variables . It is also 
convenient to define a function of a single variable <r(p) by writing 
o* (/*) = $(/z, v)y where v is expressed in terms of jul by any convenient 
relation,* such as y//x=const. or i///x 2 = const. 

Then or (jul) takes the place of <r m in the case of the double series ; 
and it is proved as in (1), (2) above that if ar(p) has a definite limit 
X for any particular functional relation between p, v, then the 
double limit lim s(p t v) exists and is equal to X ; and also that X is 

independent of the functional relation between p, v. 

We can then state the two double-limit theorems : 


(a) Under the above restriction on s(p, v) the existence of the double 
limit v . x x 

lim s(py v) — a 
0*,v) 


implies the existence of the two repeated limits 

lim /lim s(p y i/)\ , lim /lim s(p, i/)\, 
GO l W J « \ GO 1 


and these limits are equal to X. 

This is proved exactly as in (4); and we deduce 
(/3) Under the same restriction on s(p, v) the existence of either 
repeated limit implies the existence of the other repeated limit , and of 
the double limit; and these three limits are equal. 

Again the proof is exactly the same as in (5). 


32. Tests for convergence of a double series of positive 
terms. 

If we compare Art. 8 with (1) of the last article, we see that: 
(1)7/ the (positive) terms of a double series are less than those of 
another double series which is known to converge , the former converges . 
Similarly for divergence, with “ greater ” in place of “ less.” 


* It is supposed that v steadily increases with a. 
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The most important type of convergent series * is given by 
a m,n=(C f m<7 n )“ 1 , where ZC^ 1 is a convergent single series; to see 
that this double series is convergent, we note that the sum <r n con¬ 
tained in a square of side n is equal to 

(Cr'+c 2 -'+... +c n -')\ 

and therefore cr n has a limit. Consequently the double series con¬ 
verges, by (1) of the last article. 

Another useful form * is given by 

<* m ,n= (pCp)- 1 or (pD p )~\ 

where p=m+n ; if ZCp- 1 is convergent the double series converges, 
while ZZa TO , n diverges if ZD^r 1 is divergent. To establish these 
results, take the sum by diagonals, as in (2) of the last article. "We 
obtain in this way the single series 

2' ~\~%C 3~~ 1 “HfC4 _1 4“£^5 _1 + ... <Z Cp~* 

or +" 5 -D 3 -1 ++^D 5 _1 + .• • > JZ D p ~ x f 

from which the theorem becomes evident. 

Ex. 1. Zm-aw -0 converges if ot. > 1, f3 > 1. 

Ex. 2. Z(m +n)-°- converges if a. > 2 and diverges if cl fr 2. 

Ex. 3. If a, c are positive, (and ac > b*, in case b < 0), the series 
2 ( am 2 + 2 bmn + cn*) - * 

converges if A > 1 and diverges if A ^ 1; for we have 

A(m+n)* > am* + 2bmn + cn* > 2 (b + \/ac)mn, 
where A is the greatest of a, c, and | 6 |. 

Thus the conditions of convergence or divergence follow from Exs. 1 and 2. 
See also Ex. 4 below. 


The reader will have no difficulty in seeing that the following 
generalisation of Maclaurin’s test (Art. 11) is correct : 

(2) If the function f (x, y) is positive and steadily decreases to zero 
as x and y increase to infinitythen the double series Z f (m, n) con 
verges or diverges with the double integral 


n oo 

f(x, y) dx dy. 


* Pringsheim, Milnchener Sitzungsbcrichte, Bd. 27, pp. 146-150. 
t That is, we suppose /(£, 17 ) ^/(z, y), 

if £ = » and 77 ^; y. 
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However, nearly all cases of interest which come under the test 
(2) can be as easily tested by the following method, which depends 
only on a single integral : 

(3) If the positive function f(x, y) has a lower limit g(£) and an 
upper limit G(£) when y—£—% and x varies from 0 to £ and if £G(£), 
£g(£) tend steadily to zero as £-> oo , then the double series '2%f(m i n) 

converges if the integral 1 G(£)£d£ converges; hut the series diverges 
pso J 

if the integral g{£)£ d£ diverges. * 

For then the sum of the terms on the diagonal x+y=n lies 
between (n-l)g(ri) and {n—\)G(ri)\ thus the series converges 

/•oo 

with 2(w— \)G{n), that is, with the integral l G(£)£d£; but 
the series diverges with ^(n—\)g{n), that is, with the integral 

]%(*)£<*£• 

Ex. 4. A particular case of (3) which has some interest is given by tha 
double series f(am 2 + 2bmn + cn 2 ), where f(x) is a function which steadily 
decreases as its argument increases, and am 2 +2bmn + cn 2 is subject to the 
same conditions as in Ex. 3 above. 

If A is the greatest of a, |6|, c, it is evident that 

ax 2 + 2bx(£ -x) +c(£ - x ) 2 

is less than A[x 2 +2x(£-x) + (£ ~x) 2 ] =A£ 2 . When b is positive, we see in 
the same way that if B is the least of a, 6, c, the expression is greater than 
B£ 2 . And if b is negative, we can put the expression in the form 

[{(a +e- 2b)x + (b-c)£} 2 + (ac - 6 2 )£ 2 ]/(a + c - 26) 
and this is greater than B£ 2 , if B~(ac -b 2 )l(a +c -26), 

Hence g(£)=f(M 2 ) and G(£)=f(B£ 2 ). 

Thus the series converges if j f(B% 2 )£d£ converges; that is, if J f(x)dx 

is convergent. Similarly the series is seen to diverge when J f(x)dx is 
divergent. 

This result confirms Ex. 3 above ; and it shews also that when 
f(x)=e~ x or l/»(loga;) 1 + a , (cl > 0) 
the sciies converges; on the other hand, the series diverges if 

f(x) = l/xlogx. 


* The use of a single integral for testing multiple series seems to be due to Riem&nn 
{Ges. Werke, 1876, p. 452); an alternative investigation is given by Hurwitz (Math. 
Annalcn, Bd. 44, p. 83). The above form seems to be novel. 
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33. Absolutely convergent double series. 

Just as in the theory of single series, we call the series 2a m , w 
absolutely convergent if 2|a Win | is convergent. 

The method used in Art. 26 can be applied at once to shew that 
the results proved in Art. 31 for double series of positive terms are 
still true for any absolutely convergent double series.* 

In fact, to prove (1) we need only remark that if m , n are both 
greater than /x, the difference |s m ,»—o>| is in general less than 
the corresponding difference, when all the terms are made positive ; 
and it is proved in Art. 31 that this difference can be made less 
than e by proper choice of /z. Similarly, in dealing with (2), we 
remark that |/S n — a>| is less than the difference between the sums 
for the squares p, q when all the terms are made positive ; and this 
difference can be made less than e by proper choice of p. 

No fresh proof is necessary for (3); but in dealing with (4), we 
note that the existence of lim s mi n follows from the principle of 

(n) 

absolute convergence (as applied to a single series), and the exist¬ 
ence of the double sum s follows from (1). Then the difference 

Is—lim s m ,»| 

(n) 

is less than the sum of all terms of the positive series for which the 
first suffix exceeds m; and this sum can be made less than e, if 
m> fi. 

The discussion in (5) is modified on exactly similar lines. But 
a complete formulation of the discussion of the general double 
limits in (6) is more troublesome ; and it is better to consider each 
type of problem separately. 

That these results are not necessarily true for non-absolutely convergent 
series may be seen by taking two simple examples: 

(1) Consider first 1+1 +1 +1 + ... 

+ 1 -1 -1 -1 - ... 

+ 1 -1 + 0 + 0 + ... 

+ 1-1+0+0+... 

+ . . 

where all the terms are 0 except in the first two rows and columns. 


♦ In this connexion the reader who has advanced beyond the elements of the 
subject should consult a paper by Hardy ( Proc . Lond. Math . Soc. (2), vol. 1, 

1903, p. 286). 
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Here s w , n =2 if tn 9 n> 1, so that the series has the sum 2, according to 
Pringsheim’s definition. But if we convert the double series into a single 
series by summing the diagonals (as in (2), Art. 31), we get 

1 + 2 + 1 + 0+ 0+ ... —4. 

Obviously, too, the convergence of this series does not imply the con¬ 
vergence of the first two rows and columns (compare (4) Art. 31). 

(2) Consider next the double series suggested by Ceskro : 

1 _ 1 1 _ 1 1 _ 1 _ 1 _ _ 

2 4 + 4 8 + 8 10 + 16 

1 *1_ 7 7 _ L 5 15 _ 

2* 4 2+ 4 2 8-' + 8 2 1G 2 + 16 2 •*' 

l 3 2 3 2 _ 7 2 7 2 _15 2 15 2 _ 

+ 2 3 4 3+ 4 3 8 J+ 8* HP + Iff* *•' 

I ..? 3 33 _ L 3 73 _] 53 

+ 2 4 4 4 + 4 l 8 ,+ 8 4 16 4 + 1G 4 ' ' 


Here the sums of the rows in order are 

1 I I 1 

2 * 2 2 ’ 2 3> 2 4 ’ "■ ’ 

and so the sum of all the rows is 1. 

But the sums of the columns are 

+ 1 , - 1 , + 1 , - 1 , + 1 , - 1 , + 1 , ... , 

proving that (5) of Art. 31 does not apply. 

The second result is specially striking because each row con¬ 
verges absolutely (the terms being less than l + } + J + J + -J- +...), 
and secondly, the series formed by the sums of the rows is 

2 + ‘ 2 2 + 2 3+ "' ’ 

which also converges absolutely. 

But the justification for applying (5) of Art. 31 is that the 
double series still converges when all the terms are made positive, 
which is not the case here; since the sum of the first n columns 
then becomes equal to n. 

The fact that the sum of a non-absolutely convergent double series 
may have different values according to the mode of summation 
has led Jordan* to frame a definition which admits only absolute 
convergence. Such restriction seems, however, unnecessary, pro- 

* Cours d'Analyse, t. 1, p. 302 ; compare Goursat’s Analysis (translation by 
Hedrick), vol. 1, p. 357. 
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vided that, when a non-absolutely convergent series is used, we 
do not attempt to employ theorems (1) to (5) of Art. 31 without 
special justification. 

For example in Lord Kelvin’s discussion of the force between two 
electrified spheres in contact, the repeated series 

* T » ( - l) m+n ran"j 

mtaUt'i (m+n)» J 

is used.* This series has the sum J(log2 - J), and it has the same value if 
we sum first with respect to m. However, Pringsheim’s sum does not exist 
but oscillates between limits t ^(log 2 -1) and ^ (log 2 + }); while the diagonal 
series oscillates between - oo and + o© . 

34. A special example of deranging a double series is given by 
the rule for multiplying single series given in Art. 27 above. 

Suppose we take the two single series ^4=Sa n , j?=26 n , and 
construct from them the double series P=2,a m b n . 

It is clear that P converges in Pringsheim’s sense, provided that 
A y B converge ; for we have 

5 m,n~(%+ a 2+*"+0(&l+&2 + ••• +&»)> 

so that lim n =AB. 

m,n ->a> 

But for practical work in analysis it is generally necessary to 
convert the double series P into a single series; the one usually 
chosen being the sum by diagonals (see (2) Art. 31). This singlf 
series is 2c n , where 

c n —a 1 b n +a 2 b n _ 1 -\-... 

It follows at once from Art. 33 that: If the two series 26 n 
are absolutely convergenty their product is equal to 2c n , which is also 
absolutely convergent 

For under these circumstances the double series is clearly 
absolutely convergent, because 2 \ a m \ . |6 n | converges to the sum 

m,n 

S|a m |) . (2|6 n |); and 2|c n | converges because the sum of any 
number of terms from 2|c„| cannot exceed the product 

_ (2K|).(2|6 n |). 

* Kelvin, Reprint of Papers on Electrostatics and Magnetism t § 140. 
f Bromwich and Hardy, Proc. Lond. Math . 8oc. t series 2, vol 2, 1904, p. 161 
(see § 9). 
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If, however, one or both of A, B should not converge absolutely, 
we have Abel's theorem: Provided that the series 2c n converges , its 
sum is equal to the product AB* For then, if we write 

a l+ a 2+ ••• + a n» B n ~b 1 -\-b 2 -\- ... +6 n » 
we find C n =c 1 +c 2 +... +c n =a 1 J8 n +o 2 B n ^ 1 +... +a n B x . 

Hence 0^02+ ••• -\-C n =A 1 B n -\-A 2 B n _ 1 -\-... 

or l (C\+C 2 + ...+C n )=* (A x B n + A 2 B n _ x +... +A n B x ) 

fb ft 

Now (App. I. Art. 149), when lim C n =C, we have also 
lhn-((?!+0 2 + • • • +C„)=C j 

n 

and again (App. I. Art. 150.) 

lhn - (^i^n+^ 2 ^ n -i+ • • • +^»A) —• AB. 

Hence C =AB. 

It should be observed that the series £c n cannot diverge (if 2a n 
and 26 n are convergent ), although it may oscillate . For, if Zc n is 
divergent, we should have lim C n =x , and therefore also 

li m ~ (Ci+Oa+.-.+CJ^x , 
n 

by Art. 149 ; whereas this limit must be equal to AB. If Zc n 

oscillates, it is clear from the article quoted that AB lies between 

the extreme limits of 2c n ; that in som£ cases 2c n does oscillate 

(and that its extreme limits may be —x and +x ) is evident from 

Ex. 3 below ; but in all cases the oscillation is of such a character f 

that 1 

lii^ 1 ~ (C^i+C 2 + •• J rC n )=AB . 
n 

Ex. 1. Undoubtedly the cases of chief interest arise in the multiplication 
of power-series. Thus, if the two series 

rc 0 +u a # 2 -f... +a u xn + ••• * b 0 + b l x + b 2 x i +... 

are both absolutely convergent for \x\ <r (see Art. 50), thoir product is 
given by c 0 + c x x + c 2 x 2 +..., 

* Pringsheim has proved, by a similar method, that if a double series is conver¬ 
gent, its sura is equal to the sum of the diagonal series, when the latter converges, 
provided that every row converges and also every column. 

t Ces&ro (to whom this result is due) calls such series simply indeterminate ; the 
degree of indeterminacy being measured by the number of means which have to 
be taken before a definite value is obtained. 
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which is also absolutely convergent for j x | < r ; where we have written 
c 0 = a Q b 0 , c n = a 0 b n + 4-... 4- ct n h 0 , 

the notation being changed slightly from that used in the text. 

Ex. 2. If we apply the rule to square the series 

i 1 1 1 

I g+j 4 +. .. 

we have no reason (so farl to anticipate a convergent series; but we find 
the series ,'i n (\ i 1\ 

1 I 2 + 2/ + \3 + 2 2 + 3/ •’ 

in which the general term is ( - l) n-1 tt> n , where 

1 1 , 1 , ^ 1_ 

Wn ~l .n + 2(»-l) + 3(»-2)“ K ’* n. V 

so that (w + l )tt , n =(i + I) + g + _i_) + ... + (I + l) 

= 2^1 + | +| 4-... + ^->2(log/i4-<7) by Art. 11. 

Hence 0 . 

Also (p 4 -1) w n - nw n _ x = 2 / 71 . 

Thus we get n “ w n) =w n ~ 2/a > 0. 

Accordingly (w n ) is a decreasing sequence and tends to zero as a limit. 
Thus 2( - l) n-1 w n is convergent (Art. 19), and therefore, by Abel’s theorem, 

] /_ 1 1 1 y 1 1/, 1\ 1/, 1 1\ 1/. 1 1 1\ ± 

2V 1 2 + 3 4 + "') ~2 3 \ + 2/ 4 \ + 2 + 3/ 5\ 1+ 2 + 3 + 4/ 

Of course this agrees with condition (iii) of Pringsheim’s general theorem 
(Art. 35 below). 


Ex. 3. But if we square the more general series 

(0<P<1), 

we obtain 2( - l) Tl ~ 1 w nf where 

w n -(l . 4-[2(n - l)]~ p 4-... 4-(n. 1)“^. 

Now r(n4l-r)<n*, ifO<r<» + l, 

so that !>(?& +1 - r)]~ p > n~ 2p 

and w n > n l ~ 2p , 

Consequently if the series 2( -1 ) n ~ l w n is oscillatory and the rule for 

multiplication fails , in agreement with condition (iv) of Pringsheim’s theorem 
(Art. 36). But if p > condition (iii) shews that the rule is correct. 


35. Mertens has proved that the series ^LC n will converge to the sum AB, 
provided that one of the series 2a n , ^b n is absolutely convergent. 

Suppose that 2a n is absolutely convergent; and write cL n = |aj, so that 
2a. n is convergent. 
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34, 35] MULTIPLICATION OF SERIES 

Aa in Art. 34 we find that 


C n =o,B n +a 2 5 rt _i +••• + a n B v 
and A„B = (a l +a l +... +a n )B. 

Thus A„B-G n =Oir„ +a 2 r n _, +... +a„r l , 

where r n = B-B n =b n+i +6„ 4S + ... to oo , 

so that r n is the remainder after n terms in B. 

Let m denote \n or £(n + l), according as n is even or odd ; and divide 
the last expression into two, thus: 

A n B - C n = ( a l r n + *2 r >i-l + • • • + a m r n+l-m) 

( a m-r\ r n—m + <* m *fn-m-l+-+ a n' r l)‘ M 

In the first line of (w), the suffix o£ every r is not less than m, because 
n +1 g 2m ; thus, in each of these terms we can write 

where H m is the upper limit of the sequence 


Similarly, in the second line of (w), we can write 

I r\^H v 

It now follows that 


\A n B-C n \ < (a.! +a. m )H m + (a. m+1 + 

a -m+2 + * * * + «-n)H>. (a.') 

In this inequality we can allow m to tend to oo ; and then H m -> 0 because 

the remainders r m , r m+l , r w+2 ,... all tend to zero. Further (04+04-4-... + a. m ), 
00 

being less than 204,, remains finite ; and so {cl 1 + ol* +... +oL m )H m -^ 0. 

1 

Again (a. m+1 + ol wi+2 +... + a. n ), being less than the remainder after m terms 
in 2<x. n , tends to zero as m tends to 00. 

Thus, finally, both terms in (u/) must tend to zero ; or 

A n B - C n ~> 0 , as w -> 00 . 

But A n A ; and so we have 

C n -+AB, 

which establishes the theorem as originally stated. 

It must not, however, be supposed that the condition of Mertens is 
necessary for the convergence of 2c n ; in fact Pringsheim has established a 
large number of results on the multiplication of two series, neither of which 
converges absolutely. The simplest of these (including most cases of interest) 
is as follows.* 


* The following proof is based upon one published by Mr. Hardy (Proc. Land, 
Math . Soc., vol. 6, 1908 , p. 410 ); it is considerably easier than the proof given in 
the first edition of this book, which was itself a simplified version of Pringsheim’a 
method. 
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If u n , v n are positive and tend steadily to zero, we have the following alternative 
sets of conditions for the multiplication of the series 

A=2(- l) n “X and £=2(-lrX 
by the rule of Art. 34: 

(i) it is necessary and sufficient that 

™n= u l v n +— +Vi °i 

(ii) it is necessary and sufficient that 

U n v n -+ 0 and F n w n -> 0, 

where U n =u l +u t +... +u n , V n ^x\ +v 2 +... +v n ; 

(iii) it is sufficient (but not necessary) that ^u n v n should be convergent; 

(iv) it is necessary (but not sufficient) that nu n v n ~+ 0. 

To prove (i) we use the formula for A n B - O n given above ; in the present 

Ca8e «.!=%, OL a =tt 2 , ... OL n =U n , ... 

\r n \ =v n +i-v n+2 +v n+3 -..., 

so that jr B | <v n . (Art. 19) 

Consequently, we have 

\A n B -C n | < Ul V n + UaV-i + — + V 1 = “V 
Thus the condition -> 0 gives C n -+ AB ; and since C n =( - the 

condition w n -► 0 is necessary to ensure convergence of the series 2C n ; thus 
(i) is proved. 

Again, since (v n ) is a decreasing sequence, we have 

W„ > («! +«! +... +«„)«„ = U n V n , 
and similarly w n > V n u n . 

Also w n < (ti 1 +w a +... +u p )v g +(v 1 +v i +... +v g )u p , 

where p, q are any two integers, such that p +q=n, because 

and similarly u n < u n-1 < ... < u p+l < u p . 

Hence w n < U p v p + V p u p , when n —2p, 

or < U p v p+1 + V p+1 u p , n=2p + 1. 

It is now clear that if w n -v 0, U n v n and V n u n must also tend to zero, and 
conversely; thus (ii) is proved. 

If, as in (iii), is convergent, we can find m so that 

Vm +Mm+^m+] +••• +¥» < «> if n > «• 

Consequently, since (v n ) is a decreasing sequence, we have 

(«»«+! + “*>+2 +-+«*.)»» <«* 
or (7„t. n - £/,„«„ < €, if » > m. 

We can now find a value n 0 such that 

U m V n < «» if » > »o> 

f7 n v n < 2e, if ft > n 0 . 


and eo 
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35, 36] 


Consequently U r y n -* 0 ; and similarly V n u n -> 0. Thus, by applying (ii), 
the condition (iii) is sufficient 

Finally, we have w n g: U n v n and U n > nu n , 
so that w n nu n v n ; and the condition nu n v n -* 0 is necessary to make w n -> 0. 
Hence (iv) is proved. 

Other results are due to Vos<* and Cajori, in addition to those found by 
Pringsheim. For references, see § 34 of Pringsheim’s article in the Encyklo - 
pctdie , Bd. I.; two other papers will be found in the Trans . Amer. Math . 
Society , vol. 2, 1901, pp. 25 and 404. Reference should also be made to the 
paper by Hardy quoted on p. 93, and to A. E. Jolliffe’s results given in 
Exs. 18, 19 at the end of this chapter. 


36. Substitution of a power-series in another power-series. 

This operation gives another example of deranging a double 
series. Consider the series z=/(y)=a 0 + a iy+ a 2 ^ 2 +*-- and 
V —bo+bjX-^b^x 2 -f...; if convergent at all, they converge 
absolutely for \y\ <s , \x\ <r, say (see Art. 50). The question 
then arises whether the result of substituting the second series in 
the first and arranging in powers of x is ever convergent, and if so, 
for what values of x. It appears from Ex. 1, Art. 34, that the 
powers of y can be calculated by using the rule for the multiplication 
of series, and then z is equal to the sum by rows of the double series 


a o 





+ a^x 

+ a x b 2 x 2 

+ ... 

+«A 2 

+ 2a 2 ?> 0 6j£c 

+ a i (b l 2 + 2b 0 b i )x 2 

+ ••• • 

+ a 3 b 0 3 
+. 

+ 3a. i b 0 2 b 1 x 

+ Sa s (b 0 b l 2 + b 0 2 b 2 )x 2 

+ ... 

. j 


If this double series is arranged according to powers of x , we are 
summing it by columns ; these two sums are certainly equal if the 
double series still converges, after every term is made positive 
(Art. 31 (5) and Art. 33). 

Write |o n |=a n , |&„|=/3„, M=£ 

and then the new series is not greater than 


a-o 




+a lj 8 0 


+ 

+ ... 

+ 0-2/V 

+ 2a 2 /3 0 /3 1 £ 

+ 0Cj(/3 1 2 +2/3 0 /3 2 )£ 2 

+ ... 

+ a s/V 
+. 

+3<x 8 /VA£ 

+3a 3 (/3 0 ^ 2 +/3 0 2 ( 8 2 )^ 

+ ... 
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Now this series, summed by rows, gives 

a. 0 +2a.„(/3 0 +2/3 m ^ m ) n , 

which converges, provided that j8 0 +2/3 m i m < s. 

Take now any positive number less than r, say p, then the series 
2 /3 m p m is convergent, and consequently the terms /3 m p m have a 
finite upper limit M. Thus our condition is satisfied if 

(3 0 +'2,M(£/p) m <s, 
or if p 0 +M£/(p-£)<s. 

Hence if /3 0 <s , and £ < the series (2) of 

positive terms will converge. Consequently the derangement of 
the series (1) will not alter its sum. Thus the transformation is 
'permissible if the two conditions 

(») l&ol <s, (ii) 1*1 <(s-\b 0 \)p/(M+s-\b 0 \) 

are satisfied (where p <r, \b n \p n <M). In particular, if 6 0 =0, 
the conditions may be replaced by the one 

1*1 <ps/(M+s). 

If the series z =£«„?/" converges for all values of y, it is evident that 
the condition \x\ < r is sufficient to justify the derangement. 

The case 6 0 =0 is of special interest in practice; and then the 
coefficient of x n in the final series is not itself an infinite series, but 
terminates ; a few of the coefficients are 

c o =a o> c 1 =a 1 6„ c^afiz+af)*, c 3 =a t b 3 +2a 2 & 1 6 4 +a s 6 1 3 , 
and generally, if n > 2, c„ will contain the terms 

Oi&n+2 o 2 6 1 6„_ 1 -f... +«„&!«. 


Ex. Take 


,-i 4.„ 

*-l+y + s-,+57+T 7 +..., 


y =/«(*- - i* 4 +...), 

then the transformation is allowable, provided that |*| < 1, since * con¬ 
verges for all values of y, and r=l. The result is obviously of the form 
1 +2c B * n , where e n is a polynomial in p, such that the term of highest degree 
is p n /»!. 

Assuming that *=«» and y=plog(l + x) (see Arts. 68, 62 ), we see that 
z=(l+xf. Thus c„ will vanish for p=0, 1, 2,..., n-1, because in these 
cases the series terminates before-reaching 

Hence, in general, c„=l p(p-l)(p- 2 )...{p-n + l), 

and so we obtain the binomial series (Arts. 81 and 96 ). 
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37. Non-absolutely convergent double series. 

Almost the only general type of such series has been given by Hardy; * 
it corresponds to the type of series discussed in Arts. 21, 22. The theorem 
is the extension of Dirichlet’s test, and runs: 

If in a double series 2a m n the sum s m n is numerically less than a constant 
G for all values of m , n, the double series 2a m , n v m>n converges , 'provided that 
the expressions 

v m.n ~ v m+l.n* - v m,n _ ' v m.n+l» v m,n ~ v m+\,n *” v m,n+1 + v wh-i.»+1 
are all positive and that v m n tends to zero as either m or n tends to <x >. 

In fact, just as in the proof of Abel’s lemma (Art. 20), we can shew that 
under the given conditions for v m>ni we have 
M N 


J < v, (M > p, N > v). 


12 2 a m . nVm 
v 

where H is an upper limit to 
t v 

I22«w,nl» (f =M» fA + 1, ... , if 5 V= v > V + l, - . , #)• 

M * 

£ V 
H v 

so that if either p or v is 1, H rr 2(7, and otherwise H g 4(7. 

Now 


M N n-lv-l ii - 1 Mv- 1 3/ JV 

22-2 2 = 2 2 +2 2 + 22 , 

11 1 1 1 v fj. 1 n v 


80 that K22-2 2)« m .n«rn.»l<2C(t; 1(1 , + v |1 , 1 +2y )ltl ,)<4C(t> 1> „+u (1(1 ), 

which can be made as small as we please by proper choice of p, v, because 
Vi,„ and both tend to 0; and so the double series '2a m , n v m , n converges. 
An example is given by the series 

,» = cos ( w # +W>)> V m > n ~ («•«■ + *P)T P * 
where ol, f3, p are positive. 

For then | s mt n | < 41 cosec coseo £<£| 

m+1 po.dx 


and 


rn. n ^rn+l.n ' 

while lim v m> n -0. 


_ [ m + l pcLdx A 
v m,n Vm+l,n-J m (^7$ 5^» >Uf 

+v - r +1 dx r +, p d y ^ o 

„ + i + y m+ i. n+ ,-J m axj n ( aje +i3yY +• >0 > 


* Froc. Lond. Math. Soc series 2, vol. 1, 1903, p. 124 ; vol. 2, 1904, p. 190. 


B.I.S. 


G 



98 


DOUBLE SERIES 


[CH. 


EXAMPLES. 

1. As examples of double sequences we take the following: 

(1) s m .n — 1, + ~ ; here the double and repeated limits exist and are all 

Tfl 71 

equal to 0. 

(^) 8 m,n~ (" 1) WI+W ; here the double limit is again 0, but the 

single and repeated limits do not exist, although we have 
Urn /TEI^-0- lim (~Um s mi A 

(^) 8 m,n- mn K m * + n */ J here the double and repeated limits are again 
all 0. 

(4) 3 m n —ml(m+n); here the double limit does not exist, but we have 

°< s m,n< l > and bms m , n =0, fi5s mn = l, 

because, however large /* may be, we can find values of m, n greater than 
/x, such that s m>n < c; and other values of m, n for which s m>n > 1 - e. 
But the repeated limits exist and are such that 

lim ( lim 8 m n \ =0, lim / lim 8 mtn \ = 1. 

Similar features present themselves in the sequences 

8 m,n —winKm 2 +w z ) and s w , n = l/[l+()»-n) ! ] 

(5) If s m n - ( - l) m m 2 n*/(m* + n G ), we have 



but yet lim 3 m<n = - oo , lim s mtn = + oo ; 

as may be seen by taking m = r& a . Here it should be noticed that the limit 
of the single sequence given by putting m =n exists and is equal to 0; 
although the double limit does not exist. [Pringshejm.] 

2. The double series given by 

4' by) 4* (fli — 63 ) + (Ig 4- d 3 + a 4 4-... 

(—dp 4&j) 4*( “flj — &i) — 0| ~d| “ 

4-0 + 0 + 0 +... 
b 3 — 63 +0 + 0+0+... 


gives the sum 0 in Pringsheim’s sense, whatever may be the values of d n , b n . 
But the sum by rows is only convergent if 2 a n converges; and the sum by 
columns converges only if is convergent. The sum by diagonals is 
lim (a n + b n ), if this limit exists; and is otherwise oscillatory. 
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3 . In the double series 1 + 2 +4 + 8 +... 

-J-l - 2 - 4 -... 

-i-J-1-2-... 

every column converges to 0, but every row diverges. Of course Pringsheim’s 
sum cannot exist; and the sum by diagonals is divergent. 

4 . The series given by 0 +1 +0 +0 +0 + ... 

- 1+0 + 1 + 0 + 0 +... 

0 - 1+0 + 1 + 0 +... 

0 +0-1 +0 + 1 +... 

0 + 0+0 -1 +0 +... 


has the sum 1 by rows ; -1 by columns ; 0 by diagonals ; and naturally 
the double series cannot converge in Pringsheim’s sense. In fact, $ m n is 0 
if m =n, and is -1 if m > n, or +1 if m < n. 

5. The series given by -2 + 1+ 0+ 0+ 0+ ... 

+ 1 -2 + 1 + 0 + 0 +... 

0 + 1 —2 + 1 + 0 + ... 

0+0 + 1 -2 + 1 +... 

0 + 0+0 + 1 -2 +... 


has the sum -1 both by rows and columns ; and the diagonal sum oscillates 
between -2 and 0. There is no sum in Pringsheim’s sense, because s m , n 
is - 2 if m =?i, and is otherwise -1. 

6. The double series 2+0-1+0+0+0+... 

0+2+0 — 1 + 0+ 0+ ,.. 

-1 + 0+2 + 0-1 + 0 +... 

0 - 1 + 0 + 2 + 0 - 1 +... 

0+0-1 +0+2+0+... 

0+0 + 0 - 1 + 0 + 2 +... 

+ . 

has the sum by rows l+l+0+0+...=2, and the same sum by columns; 
the sum by diagonals is 2+0+0+0+...=2. Thus these three sums are the 
same , but the series does not converge in Pringsheim's sense , since a n n = 2. 

7. Prove that the multiplication rule for 2a n s n , 26 n » n can be established 
by summing the double series 

aJbt+aJbiX+aJbiX 2 + ... 

+ a 1 6 0 a; +a l 6 1 » 2 + ... 

+ a 2 & 0 3 2 + ... 


first by rows and secondly by columns. 
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8 . Discuss the following paradox : 

If we sum the double series of positive terms 

1111 

1.2 + 2.3 + 3.4 + 4.5 + *‘‘ 


+ 2 . 3 + 3 . 4 + 4 . 5 





first by rows and secondly by columns, we obtain $ 4 -1 =s or 1=0, where 

s ~i + J +i +.... [J. Bernoulli.] 

9. If n n is positive and such that the series L'a n 2 is convergent, prove that 
the double series 22a m a n /(m +n) is convergent. [Hilbert.] * 

[Consider the terms given by the square m~n,n=fx; on account of the 
symmetry (with respect to m and n), we consider first only the terms on the 
right of the diagonal m—n. Including the terms on the diagonal, we obtain 

£ a n { 2 a Jim +«)} < £ a n b„ 
n = 1 J n== i 

if b 

Thus > ^<22 «A < £ A + £ b n \ 

h — 1 7i — l n~\ 

where cr M is used in the sense of Art. 29. 

Thus convergence follows from Art. 31 (1) and Ex. 17, Ch. II.] 

10. If the double series n is convergent in Pringshcim’s sense, it 

does not follow (in contrast to the case of single series) that a constant C 
can be found such that |$ w , n j < C for all values of m t n; this is seen by 
considering the series of Ex. 2, and supposing la n , 2b n to be divergent. 

In like manner we cannot infer \8 m , n \ < G from the convergence of the 
sum by columns or by rows (see for instance Ex. 3). 

11. The double series in which a tn>n = ( - l) m+w /mn does not converge 
absolutely; but yet its sums by rows, columns and diagonals are equal to 
one another and to Pringsheim’s sum. The common value is, in fact, (log 2) 2 . 

Exactly similar results apply to the series in which a m>n = ( -1 ) m + n v v 
where the sequences ( u m ), {v n ) steadily decrease to zero. 

* Hilbert’s own proof is given by Weyl (Sinyulare Iiitwjrul'jltkhumjtn, Dis¬ 
sertation, Gottingen, 1908, p. 83); a somewhat simpler proof w»is given by 
Wiener {Math. Annalen , vol. 68). The connexion with Ex. 17, Ch. II., was 
suggested by Hardy (1919). 
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12. Consider the double series in which 

and a m , n =0. (m=n) 

Here we find 2 2 - 


13. Prove that 


v 2 =+fV(l/»«).J l 

(mf (7?) ' 

y y 2a; + m + n 
rn =-„ „ [x+m) 2 (x+n) 2 


(Ex. 13, Chap. III.) 

[Hardy.] 


tends to zero when v tends to ao, provided that all terms for which m—n 
are omitted from the summation. [Math. Trip. 1895.J 

„ m -n (m+n - 1)! . 

14. If a tn,n ~ pn+ri mini ^ n> ^ 

and a mt0 =2- fn , a 0 n ■= -2~ n , n 0 0 =0, 


(m, n > 0) 


co r q n \ ri / co \ 

1. S 2V» =n- 

»ji—0 ' ii—0 / 7j=r0'»n=0 / 


15. If a m n = ( - 1 ) m + n mn/(m +n) 2 , we have 

2 ( i «m.„) = 2 ( 2 «*..) -JKlog 2 - 1 ) =■ 1 , 

wi—0 ' n =0 ' M=0'm=0 / 

but the sum by diagonals oscillates between - oo and oo: and Pringsheim’s 
sum oscillates between l - and Z + ^. 

[For the details of Exs. 2, 3; 10, 14, 15, see Bromwich and Hardy, Proc. 
Lond . Math. Soc. (2), vol. 2, 1904, p. 175.] 

16. Prove that the product of the two series 


xx 2 x 3 x x 

1 + P + (2!T l + (3 !)* + "‘ ’ 1 r* + (2! 


(2 !) 2 (:$!)* 


is equal to 


1 •€/ A 

1 T*72! + (2!)*74! “(3!)*.«! + "‘ 


17. If f(x, q) — l +q(x + l/x) +q 4 (x‘ + l/x*) +q 0 (x* + l/x*) +... 
* 2 

= a; n , where |g| < 1, 


g(a, ?) =9** */(*/& 7) = 2 tf 1 'V, v = n - 


then /(ary, g). f(x/y , g) =/(a; 2 , g 2 ) ./(y 2 , g 2 ) +g(a; 2 , g 2 ). g(y 2 , g 2 ), 

?) • 0 (*/y> 0) =/(* 2 > 0 2 ) • 0(y 2 > 0 2 ) +/(?/*> 0 2 ) • 0(* 2 > 0 2 )- 

18. In Pringsheim’s theorem of Art. 35, suppose that 
u n = ll<f>(n) 9 v n = l lyfr{n) 9 

where the functions <f>(x), \jr{x) tend steadily to infinity with x. Then prove 
that 

(i) the conditions 

j_r d ±.+o j—f z *L- > o 

<t>(x)Jo '!'(£) ’ 4>(£) 

are both necessary and sufficient; 
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(ii) the conditions 

<f>'(x)^(x) -> oo , \j/ r (x)(f)(x) ->oo 

are sufficient (but not necessary). [A. E. Joluffe.] 

19. As special examples of Ex. 18, prove that 

(i) if <f>(x) =log x and yjr(x)=x log (loga;), 

the product-series 2( - l) n ~ l w n is convergent; 

(ii) if <f>(x)=x\ogx and \p(x) = log (log x), 

the product-series oscillates. 

In cases (i) and (ii) the series 2w n u n is the same and is divergent (although 
nu n v n -> 0); and this indicates that no necessary and sufficient test can exist 
which depends only oh the product u n v n . [A. E. Joluffe.] 


Verify that 
1 


a;(a; + l)... (x+n) 

_ J_ 1 _ 1 1 1_1_ 

~n\x l!(?i-l)! s+1 + 2!(ti-2)! x+2 
and use Arts. 33, 57 to infer Prym’s identity, 
1 1 


1 1__ 1 1 

3! (n - 3)! x + 3 + '" + n ! x+ n' 


1 

x x(x + \) 


«(« + !) (a: +2) 




PJL J_ 1 L__l L , 1 

C Lx l<x + l + 2\x+2 3! x+3 + "‘j 


21. Shew that ^ = 


1 


** <(«+l) + <(« + l)(< + 2)" r a^ + l)(^+2)(^+3) 
1 1 


1 


1.2 


Hence convert 


+... ■ 


1 

t* + {t+i) 2 


(<+ 2 )“ 


into a double series, and transform it to 

1 1 1.2 1.2.3 

t + 2t(t + lj + 3t(t+ 1)(<+ 2) + 4t(f + 1)(< +2 )(< +3) 
Take t = 10 and so calculate 21/w 2 to 7 decimal places. 

Convert the series _ X —z + ~ . + ^ X - « +... (Iccl < 1) 

l + X 2 1 + 3 4 1 + ZP ' 


+ .. 


into a double series, and deduce that it is equal to 


x 

T^x' 


l-a 8 + l- a^ + * 


[Stirling.] 


23. Shew that (if |a;| < 1) Lambert’s series, 


x x z x 8 
T^x + i^x i+ i 


.+...=2 2 *”"*, 
X 9 1 l 


and deduce that this series is equal to Clausen’s series, 

1 + a? .1 + 3* a l + a: 8 .-1 + * 4 , 

x i —+a5 4 r z ~o+« 9 1 -i+» 16 i— 

l — o? 1 - a; 2 l-* 8 l- or 

Hence evaluate Lambert's series to five decimal places, for x [*122324]. 

Shew that each of these series is also equal to 

a?+2a; 8 +2a^+3a^+2» l +4a; # + ..., 

the coefficient of x n being the number of divisors of n (1 and n inoluded). 
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24. From Ex. 22, or directly, prove that, if \x\ < 1, 


X 

a: 3 

a* 

X 

x z a? 

iTx 2 

"*"l + a? + 1 + a; 10 + “ 

* "T-1T 2 

- 1 - + 1~*® 

X 

a: 2 

J 


* 

a; 3 a? 

_T -1- 

1 + a: 2 

1 + a? 1 

h i + x° " 

* ~*1 + x 

1 + a? 1 + a? 


25. Shew that, if \x\< 1, 

x 2s* 3a: 3 _ x x 2 x 3 

1+a: I+a^l+a* (1 + a:) 3 ~ {T+x 2 ) 2 + (IT* 3 ) 3 
x 3a? 5a? _a;(l+x 2 ) a?(l+a?) *6(1 +x 10 ) 

l-a: 3 + ^-a? + ^-a: 1 ® + ‘ ,, (1 - x 2 ) 2 + (1 - a?) 3 + (1 - a: 10 )* + ‘*“ 

[For the connexion between the series in Exs. 22-25 and elliptic functions, 
see Jacobi, Fundamenta Nova , § 40.] 


26. If | x | < 1, shew that 

x x 2 x 3 n 

(urx) 2 + a + (i- + * 

where (f> n is the sum of the divisors of n (including 1 and n). Deduce that, 

if <^>_j =0 = <^>q, 

1+ (lTi)* + (l+a;+x») a + " - = f (< k>+i +( l‘n~i -2<*>„)* n . 


27. If | a? | < 1, prove that 


[Afa*A Trip. 1899.] 


/(1) rh +/(2) rb + /< 3 > + - -?#»> *”> 

where 0(n) denotes the sum ~/(d) for all the divisors of n (including 1 and n). 

In particular * -,, -^ + * - x - + =£*»*. 

r 1 -a; 1-a? 1-a? 1 — a: 4 1-a?’ 1 -a? T 

[Laguerre.] 


28. Shew that in the special series of Art. 37,. the repeated series also 
converge to the same sum as the double series; but the diagonal series may 
oscillate, for instance «. =/? = 1, # =c/> = 7 r, p = 1, gives for the diagonal series 

• [Hardy.] 
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38. Weierstrass’s Inequalities. 

In this article the numbers a v a 2 , a 3 ,... are supposed to be positive 
and less than 1; this being the case, we see that 

(1 +«i) (1 +o 2 ) =1 +(a 1 +a 2 ) 4 -a^ > 1 +(o 1 +a 2 ). 

Hence 

(l+a 1 )(l+a 2 )(l+a 3 )> [l+(«i+«2)](l+«s)> l+H+« 2 +a 3 ), 

and continuing this process we see that 

(1) (1 +<h)(l +°»)(1 +®a)- • • (1 +®n) > l+(a 1 +a 2 +a a +...+o fl ). 

In like manner we have 

(l-a 1 )(l-a 2 )=l-(a 1 +o 2 )+a 1 o 2 > 1 -(^+0*). 

Thus, since 1 — a 3 is positive, we have 

(l-a 1 )(l-«2)(l-«3)> [l-(«i+02)](l-a 3 )> l-(a!+ffl2+«3), 

and so we have, .generally, 

(2) (1—o J )(l—a 2 )(l—a 8 )... (!—«„)> 1— (%+ a 2+® 3 +•••+*»)• 

Next, 1 + 0 j> 

1 1—a x 1—Ox 

»th.t (1 +“,)(! +».)■•• (1 +».)< (1 _ , (1 _ 

and thus, if * a 1 +a a +...+a w is less than 1, we have, by the aid of 

(2) , the result 

(3) (l+«i)(l+®2)••• (l+0 n ) <[l*~(#i+ a 2+ ••• +0 n )]~ 1 - 

♦If Oj + flj + ...were greater than 1, the inequality (3) would be untrue, 
since it would then make a positive number less than a negative number. 
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Similarly, we find 

(4) (l-aJH-aj... (1— ®»)<[1 +(<*i+ a t+‘• * +°i,)] -1> 

By combining these four inequalities, we find the results 

(5) (1—2a) _1 > n(l+o)> 1+2®, 

(6) (l+2a)- 1 >n(l-o)>l-2o, 

where all the letters a denote numbers between 0 and 1, such that 2« is 
less them 1. 


39. If a , 


a», a 


3> 


are numbers between 0 and 1, the 


convergence of the series Sa n is necessary and sufficient for 
the convergence of the products P„, Q n to positive limits 
P, Q as n increases to oo, where 

jP n =(l+«x)(l+a*) — (l+o»), «»=(l-«i)(l-o») •.•(!-«»)• 

For clearly P n increases as n increases, and Q n decreases. 

Now, if 2®„ is convergent, we can find a number m such that 

0 ’ == ®m+l+®BH-2+®m+3+'-- tO OO <1. 

Then, by the inequalities (5), (6) of the last article, we have 


and 


1 

1 —IT 

Qn 

Qm 


> V 


1 




Pn 


1 — (®m+l + ®m+2+• ••+<*«) 

> l — (®t»+l+®nH-2+-••+««)> 1—<T. 


Hence, provided that n is greater than m, we have 
P n <PJ(l-o), 
and Qn>Qm(l-*)- 

Thus, by Art. 2, P n and Q n approach definite finite limits P, Q, 
such that p < PJ(1 _ a)> Q >Q m{ l _*■). 

But, if 2®„ is divergent, we can find m so that 

«x+« 2 +---+®n> if n> m, 
no matter how large N may be. 

Hence, by the same inequalities, 

P n >l+N, Q n <l/(1+N), if n>m, 
and consequently lim P n ~ oo, lim Q„= 0. 

It should be observed that if a product tends to zero as a limit, 
without any of its factors being zero, the product is said to 
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diverge. This of course is merely a convention; but it preserves 
the parallelism with the theory of series. 

Ex. 1. Since 21 /»* converges, the product 

(•-pX'-iX 1 -?)- 

will approach a limit different from zero . This is at once obvious because 



and so we find the product 

O - 1 3 2 - 4 3 5 4 6 (n-l)(n + l)_I» + l 

Vn-i 2 2 ‘ 32 42 * 52 •••“ n 2 -g n 1 

so that lim@ n =i. 

This value of the product is, as a matter of fact, a special case of the 
product formula for sin 0 (see Art. 70); the present result follows by 
making Q-+ir. 

Similarly ^1 4 *^ ^1 + (l convergent; and its value can be 

proved to be sinh tt/tt. [See Art. 98 below.] 

Ex. 2. We see similarly that (\ - (1 (1 -iY.. converges ; and 

its value is 2/t r. [Art. 71.] V /V b/ 

Th,,S (* “ p) (* _ p) ~ ^)— is et l ual 10 *l 4 ‘ 


Ex. 3. Since 21 /n is divergent, the products 

(1 +«(1 +i)(l +i) . (1 -1)(1 -*)d -i) • 

will diverge also. 

n + 1 n + 1 


T £ A. T> 3 4 5 
In fact P n _,=23-4-^T 


0 = 1 2 3 »-l_l 

Vn “ 1 2 3 4 ”* n "n* 


so that 


lim P n = oo , limQ n =0. 


Ex. 4. 7/ aja^ =1 +(6 n /»), tifare lim 6 n =6 > 0, *Aen lim a n =0. 
For, under the given circumstances, we can find an index m, snob that 
& n > > 6 if n^m. 

Thus we have 

am+1 ^ 1 4 . 0 _ a n , h 

«m + i 2m' « m+2 >1+ 2(m + l)’ %+, 2^’ 

and therefore 


( 1+ ^)-( ]+ ^) >1+ i(i 


+ _j_ + 1 ; 




lim a n =0. 


so that 
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It is easy to see that the argument of Art. 26 can be modified 
to prove that when a v a 2 , a 3 , ... are between 0 and 1, the values of 
the two infinite products 

P=(l+ ai )(l+ a2 )(l+a 3 )..., g=(l~^i)(l-«2)(l-«3)-- 
are both independent of the order of the factors. 

Since P n increases with n , while Q n decreases, we can choose n so 

that P> P n > P—e and Q<Q n <Q+e. 

Now, suppose that in any new arrangement (indicated by accents) 
we have to take p factors to include all the first n factors of P, Q ; 
then we have 

P>P/>P w >P-e| 
and Q < Q r ' <Q n < Q+e) 

Thus P/ and Q/ converge to the limits P and Q , respectively. 

The argument is at once extended to shew that if P is divergent, 
P' must also tend to + oo ; and that if Q diverges to 0, Q ' has the 
same property. 

By taking logarithms, the present results could be deduced at 
once from Art. 26; but the reasoning given here is quite as short 
and goes back to first principles. 


40. Absolute convergence of an infinite product. 

If the semes 2 u n is absolutely convergent the infinite product 
11(1+t^ n ) is called absolutely convergent; the product then con¬ 
verges to a value independent of the order of the factor's. 

Let us write a n — \u n \, and 

U n ~(l+U 1 )(l-\-U 2 ) ... (1 +W n ), ^n = (l+0i)(l+ a 2) ••• (l+ a n)- 

Then it will be seen that the quotient U n+m /U n can be written 
intheform 1+*,+«,+•••+*„, 

where s v s 2 , , s m are the symmetric functions of 


u n+l> u n+ 2» ••• > u n+m> 

Also, A n + m /A n can be expressed similarly in terms of 


a n+ 1> a n+2> a i 

Accordingly, we see that 



U n+m | 

U n 

< -d-n+fn 


~ A n 


because every term on the left-hand side has a numerically equal 
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term on the right; and in the latter sum all the terms are 
positive. 

Further, 117*1 = 24*, 

and so on multiplying we see that 

I U n+m ^n I — ^n+m ^n* 

But, by Art. 39, A n tends to a definite limit A } because 2a n is 
known to converge. 

We can accordingly choose n so that 

^4 n+m ^ 

and then | U n+m — U n \ <e. 

Thus U n tends to some definite limit U, and with the above 
choice for n, | jj — U n | ~ e. 

Suppose next that U ' denotes a derangement of the product U, 
A' denoting the same derangement of the product A ; then from 
Art. 39 we know that A'=A. 

Now let p be chosen so that U p ' contains all the factors of U n , 
rf and consequently A p ' contains all those of A n ; then, if r~p, 

\U r '—U n \ <A/—A nf 
by repeating the reasoning used above. 

Hence \U r '~U n \ < A'-A n ^-A-A n < 6 

by the same choice of n as previously. 

Consequently 

\Ur'-U\^\U r '-U n \ + \U-V n \<2e, if r±p, 

and therefore V r ' tends to V as a limit; or the value of the product 
U' is the same as that of the product U. 

Ex. To shew that tome condition such as absolute convergence is necessary 
to allow of derangement, we may consider 

P=(l-i)(I+J)(l-J)(l+i)— 

which is easily seen to converge to the value (Ex. 1, Art. 41.) 

If we derange P so as to take two negative terms to each positive term ; 

“ y QM 1 -i)0-l)(l+ J)(l- i)(i- 4)d+ *)•••• 

then we find that 

Gs»/ P 2 n = (> "fw + s) "liT-Ti) ~4») - 
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Now, by Art. 38, this product is seen to lie between 


where 
Now 
and so 


__ and 1 ~°n> 

= _I_. + _±_ + 1. 

n 2n + 2 2n + 4 4w- 

J < (T„ < J, 

f^jTJ > Q*n ! p iin > 0 “ i)- 


Thus, assuming that Q has a definite value, that limit lies between iP and 
\P ; actually, from Art. 41. 1, the value of Q is P/J 2 or ‘ 


41. Further tests for the convergence of infinite products in 
general. 

We consider next the infinite product 

(1+^(1+w 2 )(l+u 3 ) ... , 

in which the numbers u v u 2y u 3 , ... may have both signs. Without 
loss of generality it may be supposed that u n is numerically less 
than 1 ; for there can only be a finite number of terms in which 
\u n \ is greater than 1 (otherwise the product would certainly 
diverge or oscillate), and the corresponding factors can be omitted 
without affecting the question of convergence. 

Now, from Art. 62, we have 

0 < u— log(l +u) < \u~ if a is positive, 

or ifO>M>— 1. 

Thus, if X is the lower limit of the numbers 

1, 1 +%, l+^ 2 > ••• > l+^n> ••• > 

we have 

0 < (w m+1 +^m+2 + **-+ W n)"”l°g{(i+^w+l)(l+ W m+2)-**(l+ W n)} 

< £ ( U m+1 +'*4i+2 + • • * +^«)/X. 

Consequently, if the series 2^ n 2 is convergent, the difference 
( w m+l+^>n+2“K • • + w n) “~l°g {(1 +' w rn+l)(l + w m+2) • * * (1 + w »)} 
can be made arbitrarily small by properly choosing m, no matter 
how large n is. Thus we have the theorem : 

If the series 2w n 2 is convergent , the infinite product 
(l+wi)(l+w 2 )(l+w 8 )... 

converges if converges ; diverges to oo if 2> n diverges to + 00 ; 
diverges to 0 if 2w n diverges to — oo ; oscillates if oscillates . 
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Again, it is known that 

u— log(l +u) > |w 2 /( 1 + u ) if ^ is positive, 
or > \u % if 0 > u > —1. 

so that 

( u w+l+ W TO+2+*-*+ w n) — l°g{(l+ w w+l)(f + w m+s) ••• (l+ w n)} 

> \ (Wm+l +^m+2 + * * • + U l)/ 

where L is the upper limit of 1, (1 +w x ), (l+w 2 ), ... , (l+w n ),.... 

Hence, if 2w n converges* (or oscillates so that its maximum limit 
is not +oo ) while 2w n 2 diverges , the infinite product 

(l+i^Jtl+iOtl+u*).- 

diverges to the value 0. 

The only cases not covered by the foregoing method are those in 
which 2> n 2 diverges and Sw n either diverges to + 00 , or has +oo as 
its maximum limit (in case of oscillation). 

It is, perhaps, a little perplexing at first sight that when 2w n , 
S^ n 2 both diverge to oo, the product may nevertheless converge; 
but it is quite easy to construct a product of this type. For, let 
2c n be a convergent, 2d n a divergent, series of positive terms, and 
form the product of which the (2n—l)th and 2nth terms are given by 

i . i.7 i . 1+^n 

1 + = 1 + 1 + u 2n - Y+d n - 

Then, provided that lim d n = 0, the product 11(1 -f- u n ) = 11(1 +c n ) 
and so obviously converges (by Art. 39) Further, 2w n will 

diverge if 2 (d n + yq^ 1 ) = 2divergent; and then 

2w n 2 must also diverge.! This condition can be satisfied in many 
ways ; one simple method is to take c n =d n 3 , and then to adjust d n 
so as to make 2d n , 2d n 2 both divergent, and 2d n 3 convergent; for 
instance, we may take d n =zn- p , where The product is 

then given by w 2n -i —n~ p , w 2n = — n- p +n~ 2p . 

Ez. 1. Since the series 

1111 ,1111 
2 3 + 4 5 + ’" and 22 + 3 2 + 42 + 5 2 ' K# * 
are both convergent, the two infinite produots 

(1+4) (1-i) (1+1) (1-!)••• and (1-i)(l+J)(l-J) (1+*)... 
oonverge also. In fact the first is obviously equal to 1 and the second to £. 

* Of course not absolutely, for then the product converges (see Art. 40). 
t If 2a w a were convergent, the divergence of 2 u n would imply the divergence of 
the product. 
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Ez. 2. Since the series } +1- } + i +J + ... diverges in virtue of Ceskro’a 
theorem (Art. 23) it follows that the infinite products 

(1 + a )(1+1)(1 - })(1 + i)(l+J)(l - ?)••• (1- i)(l “i)(l+i)(l ~i)(l "i)(l +')— 

are both divergent. In fact the first diverges to oo and the second to 0: 
for they are equivalent to the products 

(1 +£)(! +1)(1 +i)(l +A)— (1-i)(i-iXi-*Xi-«!-*)•••• 


Ez. 3. Since the series 


1_ 

V2‘ 


_1_ . _]_1_ . 

J3 s/4 n /5 


is convergent, but A +J +} +1 +... is divergent, it is clear that the two products 


and 




both diverge to the value 0. 
In fact 

1 


+ 1 <J[n(n -hi)]C 1 „ 


»]• 


^/(n +1) J 1 sj[n{n + 1)]L Jn+J(n + 1). 
so that this product is always less than 1, and can be put in the form (1 - a n ). 
Further lim (na n ) =1, so that our two products diverge to 0 by Art. 39. 


Ex. 4. If u n =(- l) n £, it is evident that oscillates, while 2u n * diverges; 
thus the product (1 ~i)(l +i)(l -J)(l +i)... 

must diverge to 0, which may be verified by inspection. 


411. Alteration in the value of a non-absolutely convergent 
infinite product by deranging the factors. 

The argument used to establish Riemann’s theorem (Art. 28) 
requires but little change to shew that a non-absolutely convergent 
infinite product may be made to converge to any value, or to diverge, 
or to oscillate, by altering the order of the factors. 

Perhaps the case of chief interest is that afforded by the infinite 
product n[l+(-l) w - 1 a n ], where a n is positive and lim(wa n )==<jf. 
Suppose that the value of the product is P when the positive and 
negative terms occur alternately; and let its value be X when the 
limit of the ratio of the number of positive to the number of negative 
terms is k. 

Then X/P= lim(l+a 2n+1 )(l + r( 2n+8 )... (l+a 2 _i), 

71 -> CO 

where lim(j v/n) = k. 

Now it is plain that 2a n 2 is convergent, and therefore, as in the 
last article, it follows that 

(^2n+lH"^an+3"i“ • • • h)g [(1 "b^2n+l)(f “b^an+a) • • • (1 "b a 2»»-l)] 
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can be made arbitrarily small by taking m large enough. Further, 
by Fringsheim’s method (Art. 28), it is clear that 

lim (cWi+°Wa+ • • •+1) = iff tog Jc > 
and therefore log ( X/P)=jff log k, 

or X/P=Jc*v. 

42. The Qamma-product. 

It is evident from the foregoing articles (39,41) that the product 

M^X'+sX'+f)-<*>-»• 

is divergent except for x = 0. But we have 

< Art - 62 > 

so that the expression 

S„=s(l+^+^+...+i)-logP„ 
increases with n. Also, as in Art. 41, we have 

Sn< i ( 1 +ii+^+-+^) < x’ [Art - 11 (1)] 

where X is either 1, if x is positive, or \+x, if x is negative. 
Hence, by Art. 2, S n approaches a definite limit S as n increases 
to oo. 

Further l+s+^+--* + ~~ \ogn (Art. 11) 

approaches a definite limit C, and therefore 
lim (x log n —log P n ) 

=lim js n -05 (l + \ + ■ ••+"l°g w )} = B—Ox . 

Now x log n - log P n =log ( n“/P n ), 

so that n x /P n has also a definite limit; this limit is denoted by 
H(x) in Gauss’s notation. 

Thus n(cc)= lim r — - 7 -- — v 

V ' n -*oo (\+x)(2 + x) ...{n + x) 

which, again, can be written in Weierstrass’s form, 

l/n(a5)=e Cx “ s =e Ca? lim e- s *—e €x II (l+~^e“r. 

n—►» r—1 ' y*' 
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When a? is a positive integer, Gauss’s form gives II(cc) = a?!, 
because 

n x . n ! _ n x > x ! 

(1 +x){Z + x) ... (n + x)~ (1 -f w)(2 + n) ... (x + n) 


=*'/( i+ i)( I +I)-( 1 + I> 


Although we have found it convenient to restrict (1+x) to be 
positive, yet this is not necessary for convergence ; and it is easy 
to see that the products for II (x) still converge if x has any negative 
value which is not an integer.* 

It is easy to verify by integration by parts that Euler’s integral 

rao r'JO 

r(l+x)= I e~ l t x dt = x\ e~ t t x - 1 dt = xT(x). 

Jo Jo 

Thus r(l+x) has the property of being equal to x \ when x is an 
integer ; and we may therefore anticipate the equation 

T{l+x)=U(x), 

which will be proved to be correct in Art. 178 of the Appendix. 

In future we use the notation r(l+x) in place of II (x) as the 
more usual in modern books. 

If we change x to x —1 in the definition of r(l+x) by the pro¬ 
duct P n , we find that 

mX—1 m ! 

T(x)= lim wo l \ / , - n * 

»_ >x a?(l+a?)(2 + x)... (n + x—1) 

Thus ^ ^ x li m “V ~ x > 

I (x) n^^n+x 


It follows that 


r(i +x)=xr(x). 


x(l+x)(2-fx)... (n+x—l)=r(n+x)/r(x), 

and consequently the definition leads to the equation 

■p, v r n x . T(n)r(x) 

T(x)= Inn ' : :, 

v ' r(n+x) 

because n x ~ l . n ! = n x T(n ). 


because 

Hence 


n x T(ri) A 
lim T —V- \ = 1 • 
n-+aoI (w+a?) 


* The convergence persists also for complex values of x (see Ex. 27, p. 273). 


u 
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It is often convenient to write the last equation in the form 
T(n+x)~ n x F(n), 

using the notation explained in Art. 1-1. 

By reversing the foregoing argument we see that the function 
T(x) is completely defined by the properties 

T(l+x)={x)T(x), T{n+x)~n*T(n) 1 
together with the condition F(l) = 1. 


EXAMPLES. 

1. Discuss the convergence of the products 

n(i +/<»K), ..[(.-!)-(-;)]• n (rn9' 

where f(n) is a polynomial in n. 

2, Prove that Ilj^l 

converges absolutely for any value of x, provided that c is not a negative 
integer; and that 

n 

is absolutely convergent if \x\ < 1. 



3. If 


w n = 


1 1 +a/n+bl w 2 + ... 


n "ml +c/n + dlri* +...* 

then \]w n diverges to 0 if m > 1; to oo if m < 1. 

If m- 1, TLw n diverges to 0 if a < c, and to oo if a > c; and converges 
ifa=c. [Stirling.] 

4. If u x =0, u % - 0, u 2n -\ = ~ n ~ p * u 2n =nr p +nr 2p , where n> 1 and 
i <p~_ h then !Sw n , ~u n 2 are both divergent, but II(1 +^ n ) is convergent. 
Verify that the same is true if J < p ^ J and 

U 2nr-1 - - n ~ P y u 2n =n ~ P +n~ ip . (n > 1). 

[, Math . Trip . 1906.] 

6. Verify the identity 

(■ -i)(' -i) •(■-*) 

-l •»(•«■•-!)(•«-2) , , n J?(^-])...(A--n + l) 

_ 2! 3! l ) »j 

Shew that as n tends to infinity, the product diverges for all values of x. 
except 0; but the series converges, provided that x > 0. 

6. Prove that (1 +x)( 1 +x*)(l +s*)(l +*«)... =1/(1 - x ), if \x\ < I. 

7. Verify that —* — * —* * in * 

and that 


X X X 

COS -. COS . COS g3 ... = 


\ tan 1 + fi tan ^ i tan | +... = i - cot x. 


[Euler.] 
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8. Determine the value ot 

n(i+-^V x/M 

\ c+n} 

in terms of the Gamma functions T(1 +c) and r(l +x +c). 

9. Shew that 

lim 


.r(./; + 1 )(x + 2)... (x + 2n - 1 ) 


[■ 


.1.3.5 ... (2» -1). 2x(2x +2)... (2.» + 2n - 2) 
. , . . , \T(x + 2n) F(n) 1 

111,8 P roduct 18 ec l ual t0 2 T&+S) T(2n) ■ J 


10. Prove that, if Ik is an integer, 


lim ;—, 


2.4.6 ...2kn I .3. 5... (2 n -1) 


1.3.5... (2kn - 1) 2.4.6 ... 2n 


11. Prove that if u n , the product lh, n can only 


converge if k -l and = ^b. When these conditions are satisfied, express 
the product in the form 


r(l +^i)F (1 + &. 2 ) r(l+6 4 ) 

r(l+a,')r r 0+a 1 )... r<l +a*)" 


In particular, prove that 

* n(n+a -t b) _F(1 + a)r( l + 6) 
i {n+ri)(n+b)~~ F(l+«+5) 

12. Prove that 

0 -4(1 +*»><! -MO +M - = r(1 + l4r‘(i -M 

[Take the terms in pairs and use the last example.] 


13, If \jr(x) denotes r'(*)/r(*) t we can write (see Art. 48) 

yjrix) = lim ( log n -- - -- -...-— \. 

rv 7 „_>«\ e x 1 + x 2+x n+xj 

Then we find =f[ (1 +- J ~) e 

T(x +?/) o \ x+nj 


[Mellin.1 


14. It is easy to deduce from the theory of infinite products Abel’s result 
(Arts. 11, 16), that and 'lajs n converge or diverge together. In fact 
consider the product IT(1 -ajs n ) =n(tf n _ 1 /* n )> which diverges to 0 if 8 n -+ oo : 
so that ~(aj8 n ) must also diverge (Art. 39). [Here a n > O.J 


15. Let a n , b n , c n denote the general terms of the three hypergeometric 
series 

A=F{uL,p,y, 1), B = F(«.-l,p,y,l), C = F(m,f3 t y+l,l), 
in which y > a. + (3. Then prove that 

«„ " a n+i =(1 “ ft/yK ~ b n+l > 

(y-«.)K-6«) =/X-i +(«■ -i)a„_, -tM n , 

lim (na n ) =0. 
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Deduce that yB = (y - /3)C, (y- ol)(A-B)=/3A, 

aud that A ,. fi) 0. 

y(y -cl- ft) 


16. From Ex. 15 prove that 

A 7» 1 ) 1 T (y)F(y~-^GL ~] 3 ) ~ ^ T + ^ 


r(y4-w -«.)r(y + /*-/i) 
r(7 + »)r(y + n 


and shew that the last expression tends to the limit 1 as n -> <x>. Deduce 


that 


-**(«■> A T, 0 = 


I\y)r(y-0L-A 
r( y — a)T(y — (3) 


[Gauss.] 


17. If 



verify that na n - (n + l)a n+1 = ta n 4 - (t - l)a n+1 - (n + 0& n » 

and that ( n -1) 2 ^.., - n\n + l)& n =t*[{2t -1 )a n+1 + 

Shew that lim wa n =0, lim n*b n =0, if t > and deduce that 


W-l )2a n -tZb n ~2rib n =ta lf 

i i i 

(2«-l)£a„+£«6„ =2 to,. 

1 1 

Hence prove that J 2 & n = 2 (2£ - 1) 2 a n - 3 ft. 

i t 


18. If 


g 0 = n(l-g 2 *), ft=n(l+gn \ 

g 2 =11(1 +q Wr ' 1 ), g 9 =n(l-q™-').( 


[n — 1, 2, 3,...), 


the four products are absolutely convergent if | q | < 1. 

Also ? 0 ? 3 =n(l-g"), gig» = n(l+g n ), 

and ?i? 2 ?s = l. 

Thus 1/[(1 -g)(l -g»)(l -f) ...]=(! +g)(l + g 2 )(l -fg 3 ).... [Eulkii ] 


19. If 2 u n is absolutely convergent, the product II (\~\-xu n ) is absolutely 
convergent for any value of x ; and it can be expanded in an absolutely 
convergent series 

1 + ZJ x x + U^x* + ..., where U x =2w n . 

Shew also that 

n (1 + xu n ) (1 + Ujx) = V 0 + V x (x + llx) + V 2 (X* + 1/a? 2 ) +... , 
where V nr U n + U t U n+l + U t U^ i+ ... . 

90. If /(a;) — (1 +gx)(l+g*a;)(l + g :, a;)..., 

we have at once (1 +qz)f(q 2 x) =/(#); and as in the last example 
f(x) =1 + U x x +1/>* + .... 

Thus we find 

^ + g*C7 1 = U l , q^-'U^+q^U^Un, 

whioh give 

77 — ? 77 __ 2 !_ 77 — _??_ 

1 - 1 ^(l-rtO-s 4 )’ "•"O-tfXWXW) 

u n =<r*!Pn> 

A.=U-* a )(i-a 4 )...(i-* in ). 


and generally 

while 
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21. If E(*)=II(1 +q in ~ l x)(l+q in ~'lx), 

wo see, from Kx. 20, that we can write 

F(x) = 7, + VAx+l jx) + V t (x s +1 ix l ) + .... 

But qxF(q*x) = F (x), and so we find 

V, = V 0 q, v n = F n _,? 2 "^S 

yielding V i = V 0 q i , V t = V a q\ ...V n = V»q“ l . 

Thus F(x) - F 0 {1 + </(rr + l/rc) +q*(x 2 +l/x 2 ) + q*(x* +1 re 3 ) + ...}. 

To determine V 0 we may use the results of Exs. 19, 20, from which we find 

v«r‘ -v n =u n+ u t u n+l + u jj n¥ , +... 


r 0 — p T p p T p p T • 

■ r l x rH 1 
/7*2n /yin 

p n^»~ 1 < * + • ••» where q„ = 11(1 - 

*£0 *£(> 


because |gj < 1 and P„ + ,/P, t > ^ 0 , P, > g 0 . 

Hence P n F 0 -1 < ? 2n /VU - ? an ), 

so that lim (P n F 0 ) =1, or V 0 = i/g„. 

Thus, using the notation of Ex. 17, Ch. V., we have 
/( x, q) =g 0 II(1 + q* n ~ l x) (1 +r* n “ A /rr), 
from which a number of interesting results follow. 


[Jacobi.J 


22. From Ex. 21 we find, with the notation of Ex. 18, 

/(L ?)=?•?»*. /(-1. ?) =?o?.’> /(?.?)= 

Or, writing these equations at length, we have 

M* a = l + 2q + 2q* + 2q* + ..., 

M« t = l -2g+2^-2g 9 + ..., 

Mi l = l +q*+q*+q 1 *+q t0 + 

where the indices in the third series are of the type n(n + 1). 

Again, by taking the limit of f(x, q)j{ 1 +q/X) as re approaches -g, we have 
g 0 s = 1 - 3 q*+ 5q*~ 7q 12 + 9 q™ - ..., 

the indices being the same as in the third series. [Compare Art. 46.] 


23. Again, from Ex. 21, we get 

/(- 1, q*) = II (1 - $*") • II (1 - <r- 8 ) 2 = W. = q* f q» 

so that q 0 /q x =1 - 2 q 1 +2q* -2q 16 + ..., 

the indices being of the form 2n a . 

Also f(s/Q> \/tf) =211(1- q n ). II (1 + 9 ,n )*= 2 g 0 g 1 g 8 = 2 < 7 0 /<y 8 , 
so that £•/£*=! + +..., 

the indices being of the form \n (n + 1). [Gauss.] 

Similarly, 

/( - A g*)=II(l—3 s ”). n(I -g*"" l )(l -g* n -*)=n(l -g») 
or g.g^i-tg+g’J+^+g 7 )- (g 1 '+g“) +..., 

the indices being alternately \n(Zn± 1). 


[Eulkii.] 
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24. Write y = l, and put Jx, *Jq in plaoe of x, q, in the first result of 
Ex. 17, Oh. V. Then we have 

[/(± ?)•/(!, 2)±2(». 2)-2(1. ?)• 

Now /(v*. v/«)=n(i-2 n ).n(i+ ? ,, -M)(i+5-'‘-i*-i), 
so that /(V*. V?)./( -Jx, s /q) =(?,?,)». n(l -? 8n -‘x) (1 -g*" -1 /*) 

=2o2«*/( 2)- 

Thus, on multiplication, we find 

(2.2.*)*[/(- ?)] 2 =[/(*. 2) •/(!, 2)]‘ - [2(*. 2) • 2(1, ?)] 2 - 

But /(l,2)=2o2.*> 2(1. 2) = 2 i /(2, 2) = 22 i 2»2i% 

and so we have the identity 

2.*[/(-*, 2)]‘ = 2.‘[/(*, 2)]* -42*2i‘[2(*. *)]■- 

In particular, if we write x = 1, we find the interesting result 

g* 8 =?s 8 + lfig.gA 

which leads again to the identity 

(1 + 2$r + 2^ + + ...) 4 - (1 - 2q + 2g*- 2q* + ...)* 

= 16g(l +q 8 +3 1 * +?* 0 + ...) 4 , 

where the series are those given in Ex. 22 above. [Jacobi.] 

Other examples on products will be found at the ends of Chapters 
IX., X., XI. 
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SERIES OF VARIABLE TERMS. 


43. Uniform convergence of a sequence. 

It may happen that the terms of a sequence depend on some 
variable x in addition to the index n ; and this is indicated by 
using the notation S n (x). We assume that the sequence is con¬ 
vergent for all values of x within a certain interval (a, b), and then 

thelimit lim S„(x) 


defines a certain function of x, say F(x), in the interval (a, 6). 

The condition of convergence (Art. 1) implies that, given an 
arbitrarily small positive number e, we can determine an integer 


m such that 


\S n (x)— F{x)\ <e, ifw>m. 


Obviously the definition of m is not yet precise, but we can 
make it precise by agreeing to select the least integer m which 
satisfies the prescribed inequality. When this is done, it is natural 
to expect that the value of m will depend on x, and so we are led 
to consider a new function m (e, x) =m(x), which depends on e 
and on the nature of the sequence. 

We note incidentally that, regarded as a function of e, m(x) is 
monotonic since (for any assigned value of x) m cannot decrease as 
e diminishes. 


Ex. 1. If 8 n (x )=1 l(x+n), where *£0,we have 
F(x) =lim S n {x) =0. 

n— ► so 


Then the condition of convergence ■gives 

x+n> 1/e, 

so that m (a) =the integral part of (1/e) - x t when x < 1/e, 

or m ( x) = 0, when x ~ 1 /e. 
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Ez. 2. If S n (x) -x n , where 0 = I, we have 

F(x) =lim S n (x) =0, if * < 1; and F(l) -1. 

H —► 30 

Then we are to have (l/*) w > l/c, if x < 1, 


loft (lie) 

so that m(x) =the integral part of jjg (i]£y w ^ en x < 

Also, since S n ( 1) -1 for all values of n, we must take m(l) =0. 


Ex. 3. If S n (x) =arc tan [nx) t where x = 0, we nave 

F(x) =lim S n (x)-\ir > if x > 0 ; and F(0) =0. 

u —►x 

It is easily seen that 

m(x) =the integral part of (cot e)/x, when x > 0, 
and m( 0)=0. 

Ex. 4. If S n (x) =nx/( 1 +n 2 x 2 ), x being unrestricted, we have 
F(x) =lim 8 n (x) =0. 

n —► ao 

Thus F(x) is here continuous , in contrast to Exs. 2, 3. 

The condition of convergence is 

n\x\>r), where ? 7 ={l-f x /(l-4£ a )}/2c, if c<£. 
Thus m(x) =the integral part of y/\x\, if |a;| > 0, 

although m(0) =0. 


It will be seen that in Ex. 1 the function m(x) is always less 
than l/e ; but in Ex. 2, m(x) ->oo as x -> 1; and in Exs. 3, 4, 
m(x)->co as x->0 (assuming that e <£). These considerations 
suggest a further subdivision of convergent sequences, which will 
prove of great importance in subsequent applications. 

We shall say that the sequence S n (x) converges uniformly in the 
interval (a, 6), provided that for all points of the interval we can deter - 
mine jul so 

| S n (x) - F(x) | < e, if n> n, 

where /x(e) is independent of x . Then, as x varies from a to b, m(x) 
has the fixed upper limit /x(e), and so m(x) cannot tend to infinity 
at any point in the interval (a, 6). 

Thus in Ex. 1 the convergence is uniform for all positive values 
of x , since we can take /z(e)=l/e. But in Ex. 2, the convergence 
is not uniform in an interval including o?=l; although it is uniform 
in the interval (0, c), if 0 < c < 1, because we can then take 


#(*) = 


log(l/g) 

log(l/c)‘ 
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Hence in Ex. 2, x—1 cannot be included in any interval of uniform 
convergence: such a point will be called a point of non-uniform 
convergence . Similarly in Exs. 3, 4 the point x=0 must be excluded 
to ensure uniform convergence. 

This distinction may be made more tangible by means of a 
graphical method suggested by Osgood.* The curves y=S n (x) are 
drawn for a succession of values of n in the same diagram ; this is 
done in Figs. 12-15 for the sequences of Exs. 1-4. Then, if 
S n (x) F(x) uniformly in the interval (a, b) the whole of the curves 



for which n> fi{e) will lie in the strip bounded by y=F(x)±:e. A 
glance at Fig. 12 will shew that this does occur in Ex. 1. But in 
Ex. 2, as we see from Fig. 13, every curve y=S n (x) finally rises 
above y—e ; and the larger n is taken, the nearer to x=l is the 
point of crossing ; thus cc=l is a point of non-uniform convergence. 
In the same way, Figs. 14, 15 shew that z=0 is a point of non- 
uniform convergence for each of the sequences in Exs! 3, 4. 


* Bulletin of the American Math. Society (2), vol. 3, 1897, p. 59. 
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Ex. 5. The sequence 8 n (x) —x n ~ l (l - x) converges uniformly in the interval 
(0, 1), because S n (x) < lIn, since the maximum of S n (x) in the interval is 
given by x=(n - l)/n. The reader should contrast this result with Ex. 2, 
and should draw the ourves y =S n (x) for a few values of n. 

In order to give a definition of uniform convergence which does 
not involve the actual determination of F(x), we introduce the 
following test, corresponding to that of Art. 3 for convergence. 

The necessary and sufficient condition for uniform convergence in an 
interval is that , corresponding to any positive number e, it may be 
possible to find an index m, which is independent of x, and is such 

Mat | S n (x) —S m (x) | < e, where m=m(e), 

for all values of n greater than m, and for all points of the interval . 

It will be seen on comparison with Art. 3 that the only fresh 
condition is that m is to be independent of x , whereas the terms 
of the sequence are functions of x. 

That the condition is necessary is evident, for if S n (x) tends 
uniformly to F(x), we can write m— l=/z(£e), so that 

|fl»(*)-r(*)| <¥ 

and |£ n (s)— F(x)\ <%e } if n> m ; 

hence we have the inequality 

I S n {x)-S m {x) | < 6 , if n> m. 

This condition is also sufficient ; for if it is satisfied, S n (a?) must 
converge to some limit, F(x) say, in virtue of Art. 3 ; and since 

lim S n (x)=F(x), 
we have \F(x) —S m (x )| ~e. 

Hence |jF(cc) — S n (x)\ <2e, if n> m, 

and so the condition of uniform convergence to the limit F(x) is 
satisfied. 

It is useful to notice that an interval of uniform convergence is 
always closed. 

Conclusions, (i) S n (a) and S n ( 6 ) tend to definite limits as n tends 
to infinity, and these may be called F(a), F(b), respectively, and 
F(x) is now defined in the closed interval; (ii) S n (x) tends to F(x) 
uniformly in the closed interval. 

This statement has been the subjeot of disoussion with a number of mathe¬ 
maticians ; but it has been found in every case that their objections depended 
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43, 44] 


on a definition of uniform convergence wnich differs from the present definition. 
An account of other definitions will be found in Art. 49*1 below. 

To avoid further misunderstandings, the following statement is made very 
complete: 

Hypotheses, (i) S n (x) is supposed continuous in the closed interval 
a^Sx^.b f for all values of n ; 

(ii) S n (x) tends to F(x) uniformly in the open interval a <x <b. 

Proof. In virtue of hypothesis (ii) m ~m (e) can be found so that 
|£ n (a?) - £ m (s)| <€, if a < a; < 6 and n>m. 

Also, since S n (x) is a continuous function at x =a, we can find values of x 
in the interval (a, 6), such that 

IW^»|<e and I8 m (x) - S m (a)l < c. 

Hence |£ n (a) - $ m ( a )l < 3e, if n > m, 

so that S n (a) converges, and x-a can be included in the interval of uniform 
convergence. Similarly for x=b. 

44. Uniform convergence of a series. 

If, in Art. 43, we suppose the sequence to be derived from a 
series of variable terms 

fo(x)+A(x)+Ux)+ ... to 00 , 
by writing S n ( x) =f 0 {x) +f 1 (x) +... +f n (x), 

we obtain the test for uniform convergence of a series in an int***™l 
(a, b) in the form : 

It must be possible to j find a number m independent of x, so as to 
satisfy the condition 

l/m+i(z)+/m+i(z)+• • • +f m+ p(x) | < e, where p= 1, 2, 3, ..., 
at all points of the interval (a, 6) 

Each of the examples given in Art. 43 can be used to construct a series by 

"**“8 /„(*)= S n (*) 

A more natural type of non-uniform convergence is given by the series: 

+_^£—+ 

1 +.t* + (l +.r 2 ) 2+ 

Here we find S n (*)=(l +*•)-(1 +x t )~ n + l , 
so that F (x) =1 +x % (x 0) 

and F( 0)=0. 

There is a point of non-uniform convergence at x =0, as the reader will 
see by considering the condition 

(1 +3*)-"* 1 < c, or (1+X')*- 1 > 1/e. 

But, just as the general test for convergence is usually replaced 
by narrower tests (compare Chaps. II., III.) which are more con- 
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venient in ordinary practice, so here we usually replace the test 
above by one of the three following tests : 

(1) Weierstrass’s M-test for uniform convergence. 

The majority of series met with in elementary analysis can be 
proved to converge uniformly by means of a test due to Weierstrass * 
and described briefly as the M-test: 

Suppose that for all values of x in the interval ( a , b), the function 
f n (x) has the property 

where M n is a positive constant, independent of x ; and suppose that 
the series 2M n is convergent. Then the series 2 f n ( x ) uniformly and 
absolutely convergent in the interval (a, b). 

The absolute convergence follows at once from Art. 18 ; to realise 
the uniform convergence, it is only necessary to remember that for 
any integral value of p, 

m+p m+p co 

m+ 1 i m +1 m +1 

Consequently, if we choose m so as to make the remainder in 2M n 

m+p 

less than e, 2 fn( x ) is also less than e ; and this choice of m is 

m+1 

obviously independent of x, so that the condition of uniform 
convergence is satisfied. 

Series which satisfy the M-test have been called normally 
convergent by Baire. This terminology has the advantage of 
emphasising the fact that the M-test can be applied to nearly 
all series in ordinary everyday use. 

Baire makes the remark that any uniformly oonvergent series can be made 
normally convergent by inserting brackets at suitable places. To prove this, 
let m 1 be taken so that 

I #»(*) - 8 m (x)\<M 1 Hn>m l ; tnen so that | S n {x) - S m (x) | < M t 

and so on. 

»>*2 »»J *«i 

Now write </>!(*) = 2/„(*). <£«(*) = 2/„(*)> <M*) = £/»(*)> 

»»i+l 

Then clearly the series 2c/> n (a) satisfies the Jf-test; and this series is derived 
from 2/ n (a?) by inserting brackets at n=m lf m it m 8 ,.... 

# Compare also Stokes, Math, and Phys. Papers, vol. 1, p. 281. 


\f n (x)\ = M„, 
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(2) Abel’s test for uniform convergence. 

A more delicate test for uniform convergence is due, in substance, 
to Abel, and has been mentioned already in Art. 21 : 

The series '£a n (x)v n (x) is uniformly convergent in an interval (a, 6), 
provided that 2a n (x) is uniformly convergent in the same interval; * 
that for any particular value of x in the interval v n (x) is positive 
and never increases with n; and that v Q {x) remains less than a fixed 
number K for all values of x in the interval . 

For, in virtue of the uniform convergence of 2 a n (cr), we can find 
m, so that, whatever positive integer p may be, 

are all numerically less than e. Then, in virtue of Abel’s lemma 
(Art. 20), we see that 

| m+p I 

I 2 “•(*)*•(*) < < eK > 

I m+1 ' 

since, by hypothesis, v m (x) ~ v 0 (x) < K. 

Thus 2 a n (z)v n (x) converges uniformly in the interval. 

The most important special cases are (i) those in which a n is 
independent of x ; and (ii) those in which v n is independent of x 

(3) Dirichlet/s test for uniform convergence. 

This is also more delicate than the M-test. (See Ex. 5 below.) 
The series I,u n (x)v n (x) is uniformly convergent in an interval (a, b), 
provided that (i) the series 2u n (x) oscillates so that the absolute values 
of its limits of oscillation remain less than a fixed number K; (ii) for 
any particular value of x in the interval v n (x) is positive and never 
increases with n; and (iii), as n tends to oo, v n (x) tends uniformly to 
zero for all values of x in the interval . 

For then, throughout the interval, the expressions 

l w m+l“l" w nH 2 I > •••» I w m+2“b • * * u m+p\ 

are less than 2K ; and we can find an index m such that 

v m (x) < e 

for all values of a? in the interval. 

* It may he useful to point out that 2a H is not supposed to be absolutely con¬ 
vergent ; if so, the i/-test would apply, beoause \a n r n (x)\<K |a n |. 
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Thus, iming Abel’s lemma as before, we see that 


m+p 

2 W »(*K(®) 

m+1 


<2 eK 


for all points in the interval. 

The important special cases should be noticed, 

(i) when u n is independent of x, and 2w n either converges or has 

finite limits of oscillation ; 

(ii) when v n is independent of x . 


Ex. 1. W eierstrass'8 M-test. 

The series iV n cos n0 9 2r n sin n#; lV n cos n 2 0, 2r w sintt 2 #; ^r n cos (a n 6), 
l> n sin (a n 6), (0 < r < 1) converge uniformly for all real values of 8. This 
follows by taking M n = r n . 

a cl 

The series 2 2 f -— ~ 2 n converge uniformly for all real values of x 

1 *t* X 1 4“ X 

if is absolutely convergent. 


Ex. 2. W eierstrass's and Abel's tests. 
Fourier found the series 


60 ^ 1 --\n 2 * 




to represent the mean temperature at time t of a sphere originally heated to 
temperature 8 and cooling with its surface kept at zero temperature. Here 
X is a certain positive constant depending on the size, mass, and thermal 
properties of the sphere. 

Weierstrass’s test shews at once that the series converges uniformly if 
tzZ 0; and so theorem (1) of Art. 46 gives 

lim F(t) = 0 . 

t-*- o 

The corresponding formula for the temperature at any point is 

f(t) = 2a n e- n ™ 

where a n is of the form ( - l) n_1 (2^ sinnw)/(nw), and w/n- is equal to the 
quotient of the distance from the centre by the radius of the sphere. Since 
V,a n converges (Art. 22), but not absolutely, we can apply Abel’s test (but 
not Weierstrass’s) to prove that f(t) converges uniformly if $ gr 0. Thus 
again we find lim/(<)=#. 

Ex. 3. Abel's test. 

Consider the case v n (z) = l/n x 9 (0^x-l 1); then 2(a n /n r ) converges 
uniformly in the interval (0, 1) if 2a n converges. [DirichletJ 


Ex. 4. Abel's test. 

If 2a n is convergent, 


x n 




x n 


converge uniformly in the interval (0,1), 


v nx n (l - x) v 2na n x n (l - x) 

’ z l~ x^ ’ 


[Hardy.] 
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Ex. 5. Consider the series 

cos nd sin nd 

n? ’ 

When p > 1, Weierstrass’s M- test at once proves that both series converge 
uniformly for all real values of 0. 

When 0 < p 1 J 1 , both series converge uniformly for any interval («., 2 tt - «.), 
where cl is positive; this can be proved by taking u n = cos nd (or sin nd) and 
v n = 1 /in Dirichlet’s test; the value of K may be taken as cosec Jol. 

That the values 6 — 0 and 2ir cannot be included in any interval of uniform 
convergence (if 0 < p 1) follows, for the sine-series, from the proof of 
Art. 44* 1 below. And the cosine-series diverges for these values of 0 . 


441. Uniform convergence of certain trigonometrical series.* 

The series to be discussed are those of the types 2a n cosnx, 
2 a n sin nx, where (a n ) is a sequence of positive numbers , tending 
steadily to zero. 

We have seen (Art. 22) that the former series converges for all 
values of x, other than 0 or multiples of 27r; and clearly the series 
cannot converge for these excepted values, unless 2a n is convergent 
—in which case we can apply Weierstrass’s M-test to infer uniform 
convergence. It follows that: 

The series 2a n cos nx can converge for all values of x, only if 2a n 
converges (a n > 0), and then the series converges normally for all 
values of x. 

We pass now to the more subtle case of 2a n sin nx, in regard to 
which the result is as follows : 

The necessary and sufficient condition that the series 2a n sin nx may 
converge uniformly for all values of x is that na n 0. 


(i) To prove that this condition is necessary , consider the sum 
R m (x) =a m sin mx + a m+1 sin (m +1) x + ... +a p sin px, 
and take the special value x-i r l(2p + 1). 

This value makes px < Jtt, so that all the terms m R m {x) are positive; 
and so we have 


R m (x) > a p {suimx + sin(m + l)a; + . 


. +sinpa;}, 

becau8e = 

The sum in { } brackets is equal to 

cos(m- J)a; - cos(p+J)a; cos(m - \)x . .. . 

-25HiSr —-2T5n-i* ’ 8mce *>*“*»» 

further, if we suppose that p > 2m -1, it is easy to see that (ra -£)a; < Jtt. 
Thus cos(m - $)x > 1/^/2, and 2 sin < x . 


*The following proof is taken from one published by Messrs. T. W. Chaundy 
and A. E. Jolliffe (Proc. Load. Math. Soc . (2), vol. 15, 1916, p. 214). 
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: > iP* 


Consequently the sum of sines is greater than 
1 2p + l . 
xJ2 TTsJi 

It follows that 

R m {x) > IP 0 ’?, if i> > 2m -1, and x=wl(2p + 1), 
and thus we cannot make R m (x) < e, for this particular value of x, unless 
no n -*■ 0 as n -*■ oo. 

(ii) To prove that the condition na n -*■ 0 is sufficient, we note that Abel’s 
Lemma gives | R j^ | < ^ 

cosec \x , if 0 < x < 7 r. 

Now sin \x > x/tt, with the same restriction on x ; so that 
cosec ix < tt/x <m,\ a , /m < „ < 
and \R m {x)\ <nui m , J 

If x lies between 0 and — rn, the value of tt/x will be greater than m, and 
so may also be greater than p. 

Suppose first that irjx > p > m ; then all the angles mx f (m + l)x, ..., px 
are less than 7 r, and so each sine is less than the corresponding angle. Thus 
B m {x) < {ma m +(rn+l)a m+l + ... +pa p }x. 

Hence, if denotes the upper limit of 

+ +2)a m+2 , ... to QO , 

it is clear that R m i x ) < pxrj m < 7r?/ m . 

Again, if p > 7 r/x > m, there is some integer r between m and p, such 
that r + 1^7 r/x>r; the part of R, n {x) from m to r is then covered by the 
last inequality, and so is less than ir For the terms from r + 1 to p we 
can use Abel’s lemma, and so prove that the corresponding part of R m {x) is 
numerically less than (r + l)a r+1 = Vm* 

Hence, finally, we can write 

|jR m (z)| < (tt+I)?/,,,, 

for any value of x , whether greater or less than tt/tu ; and so we have 

I 

provided that m is chosen so that 

m n < € /(7T + 1), for n^Zm. 

Thus the condition of uniform convergence (Art. 44) can be satisfied pro¬ 
vided that na n -> 0- 

From the theorems just proved we see at once that the series 


2 - cos nx, 
n 


v 1 * 

2 - sm nx 

n 


cannot converge uniformly in any interval which includes x—0 (or any 
multiple of 27r)-t 


♦It is easy to verify that tt/ n /2 = 2 , 2214... <2-5 = 4. 

t From Art 65 it will be seen that the former series tends to 00 and that the 
latter is discontinuous at x—(). 
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More generally, any series of the types 

v 1 v 1 • 

2 —cos nx } 2-- sinner 

n v n p 

can converge uniformly for all values of x, only if j) > 1 ; and then, 
of course, the M-test is applicable. 

45. Fundamental properties of uniformly convergent series. 

We have seen (in Arts. 25-27, 31, 34-36) how the condition of 
absolute convergence of a series enables us to perform various 
algebraic manipulations of the series ; it will now appear that the 
condition of uniform convergence justifies the use of operations 
associated with the Calculus—such as differentiation and inte¬ 
gration. 

Cauchy and the earlier analysts (with the exception of Abel) 
assumed that the continuity of F(x) could be deduced from that 
of S n (x) ; that this assumption is not correct follows immediately 
from Exs. 2 , 3 of Art. 43. Further, these examples suggest that a 
discontinuity in F(x) implies a point of non-uniform convergence ; 
although Ex. 4, Art. 43, indicates that non-uniform convergence 
does not necessarily involve the discontinuity of F(x). 

Again, if we wish to integrate F(x), the equation 

1 {lim S n (x)} dx= lim I S n (x) dx 

n— n-xx, J c! 

is not necessarily true either, as will be seen from the examples 
given on p. 133 below. 

(1) If the series F(x)=^f n (x) is uniformly convergent in the interval 
{a, 6), and if each of the functions f n (x) is continuous in the interval , 
so also is the sum F(x). 

For, in virtue of the definition of uniform convergence, the 
number m=m(e) can be chosen independently of x in such a way 
that 

I/«.(*) +/m+i( a! )+• • • to 00 I <e, if aSLx^b, 
no matter how small e may be. Now write 

fo( x ) -hfl( x ) +M X ) + • • • +fm- l(») =S m {x), 

and it is then clear that 

iJf’(x)— jS to (£c)| <e, (a^x^b). 


B .1.8. 


I 
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Thus if c is any value of x within the interval (a, b), we have 

\r(o)-sjp)\ <e, 

so that | F(c) —F (x) \ < 2e +1 £ m (c) — S m (x) | . 

Now m being fixed, S m (x) is a continuous function of x , and 
therefore we can find a value 

S=S(c, m, e)— <5(c, e), 

such that \S m (c)—S m (x)\ < e, if \c— x\<S. 

Hence |F(c)—F(z)| <3e, if \c—x\ <S. 

Thus F(x ) is a continuous function in the neighbourhood of the 
point c. 

It is not unusual for beginners to miss the point of the foregoing proof; 
and it is therefore advisable to show how the argument fails when applied 
to such a series as 

(I -x) +(x -a; 8 ) +(x* -x>) + ..., (Ex. 2, Art. 43) 
when we take c=1. 

Here f m (x) +f m + l {x)+... to oo = x m if 0 < x < 1, 

/ m ( 1) +/m+i (1) +... to oo = 0. 

Thus, if we wish to make both these remainders less than e, we must choose 
m, if we can, so that ^, ( a > 


but to make 
we must take 


X m < €, . 

\SJl)-S m (x)\<e 
1 - x ™ < e 
a; m > 1 - 


and the two inequalities (A) and (B) are mutually contradictory (supposing 
that c < 

Consequently the two steps used in the general argument are incompatible 
here ; and the reason for this difficulty lies in the fact that the inequality (A 
does not lead to a determination of m independent of x t when x can approacl 
as near to 1 as we please. The assumption that the series converges uniformly 
enables us to ensure that the condition corresponding to (A) does not con 
tradict (B). 

(2) If the series F(x)='£f n (x) is uniformly convergent in the intervc 
(a, b ), and if each of the functions f n {x) is continuous in the interva 
we may write 

f * F(x)dx^[ 2 f n (x)dx, if 

Jc, * JCi 

For, in virtue of the uniform convergence of 2/ n (se), we can choog 
m—m(e) so that 

|F(a?)—£ n (s)| <e, if n> m, and a^x—b. 
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Integrate the last inequality from q to c 2 , and we have the result * 

( 1 ) If F(x)dx—\ S n (x)dx < e(<y- C|) = e( 6 —a), if n>m. 

IJ <?i Jc x 


Now write 


<Pn= p/S„(x)a!a;= f ' f 0 (x)dx+ [ ‘ f x {x)dx-\-...+ f ' f n - l {x)dx-, 

J C x J <?i j Cl J Cl 

then it is clear from the previous inequality (1) that the sequence 
(<p n ) converges, and that its sum is equal to 

f F(x)dx. 

J Cl 

That is, 2 f */»(*) dx = f *’(*) dx - 

0 J Cl J c t 

By a change of notation we may write f 

(«=*=« 

J a •'a 

It should be noted further that this series of integrals converges 
uniformly in the interval (a, 6), in virtue of inequality (1) above. 

In this form, the process is known as term-by-term integration of 
series. 

The reader will probably find less difficulty hero in realising the importance 
of the condition that m should be independent of x. It is not, however, easy 
to give a really simple example of a non-uniformly convergent series in which 
term-by-term integration leads to erroneous results. The following method 
shews how a variety of sequences can be constructed in which the process fails. 
Take S n (x) = nxf(nx 2 ), where /(£) is a positive decreasing function for 

which the integral I f(£)d£ converges to some value J . Then £/(£) -> 0 as 
Jo 

£ 00 (Arts. 9, 11); and so S n (x) -> 0 as n -» oo for any positive value of 

x, while S n (0) = 0. Thus we have 

F(x) = lim S n (a) = 0, for a; ?; 0, 


and accordingly 


F(x)dx-0, if a > 0. 


♦It follows from Theorem (1) that F{x) is continuous in the interval (a, b ), and 

re a 

we assume that any continuous function is integrable; so that j F(x)dx is 
determinate. JC{ 

tit is not correct to write simply 2 Jf n (x)clx = JF(x)dx, because the con¬ 
stants of integration might happen to lead to a non-convergent series after 
integration. 
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ra rna 2 , , 

But [ S n (x)dx = h f(£)d£ by writing £ = nx *; 

.'o J o 

\ a 

and so / S n (x)dx -> JJ, as n oo. 

JO 

f a /*a 

S n dx> I lim $ n (a:)cfo, 

. ,> JO ft—► <» 

so that the process of term-by-term integration fails for this class of sequences. 
Two simple cases are given by taking 

M) = e~ ( or 1/(1 +£*), for which J = 1 or 

The figure below (Fig. 16) shews the approximation curves for the former 
case, the peaks being given by x = l/ v /(2n), y = *J(n/2e); for the latter the 



curves are similar in shape to those of Fig. 15, but the peaks are given by 
x = l/ s /n 9 y = k\/n, so that the general appearance does not differ much 
from Fig. 16* 

In a general way we can see from the shape of these curves that the 
area below y = S n (x) is greater than that of a triangle joining the origin 
to the peak. And in each of these examples the area of this triangle (being 
\xy) has a constant value independent of n; so that we should expect 
the area below S n (x) not to tend to zero, in spite of the fret that S n (x) 
does so. 

Two examples of series illustrating the failure of term-by-term integration 
are given in Exs. 14, 16 at the end of the chapter. But Ex. 14 uses a series 
which ceases to converge at the critical point (# = 1); and in Ex. 15 the 
failure is less easy to prove in an elementary way. 

Other examples of sequences are constructed in Exs. 16, 17. 

Of course the argument above assumes that the range of inte 
gration is finite ; the conditions under which an infinite series caj 
be integrated from 0 to oo, say, belong more properly to the Integra 
Calculus; but some special cases are given in Exs. 18, 19 at the enc 
of this chapter. 
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46. Differentiation of an infinite series. 

If we consider Ex. 4 of Art. 43, for which 


we see that 


m~o. 


- lim ,S '* (0> ■= lin, f 

x*-^o s->o A 


n 


+ n 2 x* 


Thus lim S n '(Q) = oo , although F'(0)=0. 

n—► oo 

It follows that the equation 

JZ [lim S n (x)] = lim S n '(x) 

is not necessarily true when non-uniform convergence presents 
itself. But it should be noticed that it is the non-uniform con¬ 
vergence of the differential coefficient S n '(x) which is the cause of 
the failure, as will be apparent from the general theorem below. 
The reader may consider similarly the case 

S »( a: ) == ^ sin ( rw: )> F ix)=0; 

it 

here S n (x) converges uniformly to zero, but £„'(#) oscillates. 

If the series of differential coefficients S/ n '(x) is uniformly con¬ 
vergent within the interval (a, 6), its sum is equal to F'(x), the differ¬ 
ential coefficient of F(x)~^f n (x); it is assumed that the differential 
coefficients f n '(x) are continuous , and that Xf n (x) converges in the 
interval* 

Write G(x)=lf n f (x) 1 

then, by theorem (2) of Art. 45, we have 

\y(x)dx=i{f n (c i )-uc 1 )} 

—Ffa) F(c x ). 

Thus, since G(x) is a continuous function (Art. 45), it follows 
from the fundamental property of an integral that 

or F'(x)=G(x) } {a~x^b). 


* We can infer the convergence of 22/ w (x) from that of 2/ n '(:r), if the constant* 
of integration are properly adjusted (as in Art. 4/>); this amounts to the assumption 
that 2 f n (x) converges at some one point of the interval. 
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A direct proof of the foregoing theorem is not easy without some 
use of the Integral Calculus ; but if we restrict the proof to normally 
convergent series, we can avoid the use of integration by the 
following method. 

Write <f> n (x, A)=^{/„(a:-|-A)—/„(*)}, 

then, by the mean-value theorem of the Differential Calculus, 

<f> n (x, h)=f n '(x+Qh), where* 0 < 6 < 1. 

Thus, if x and x+h both belong to the interval (a, b), we have 
I <p«(x, h) | <M n , 

where 2M n is a convergent series of positive constants, such that 

|/n»|<M n . 

Accordingly 20 n (#, h) converges uniformly for all such values 
of h ; and therefore, by theorem (1) of Art. 45, 

lim 20 n (:z, A) =2 lim 0 n (sc, A), 

A->0 A->0 

or lim \{F(x+h)—F(x)}=lf n '(x), 

which is the required result. 

47. It is important to bear in mind that the condition of uniform 
convergence is merely sufficient for the truth of the theorems in 
Arts. 45, 46; but it is by no means a necessary condition. In other 
words, this condition is. too narrow ; but in spite of this, no other 
condition of equal simplicity has been discovered as yet, and we 
shall not go further into the subject f here. 

That uniform convergence is not necessary may be seen by considering 
the two following examples: 

(1) Ex. 4, Art. 43, shews that non-uniform convergence does not always 
imply discontinuity. 

(2) Consider the series 

1-3 +a 1 - as* + ... =1/(1 +*), (0< x< 1). 

* In general $ varies with n; and this is the reason why a longer investigation 
is apparently inevitable when the Af-test does not apply. 

f Reference may be made to a paper by the author (Proc. Loud. Math. Soc . 
series 2, vol. 1, 1904, p. 187) for the general question. Many wider tests for 
term-by-term integration have been given by various writers; some very 
simple ones, due to Prof. W. H. Young, will be found in Ex. 22 at the end of 
this chapter. 
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and log 2 is also equal to the series 

1 - l ~ 1 + ••• 

found by integrating term-by-term. 

Nevertheless x~l is a point of non-uniform convergence of the series in x ; 
because the remainder is greater than £x n , and the condition £x n < c leads to 
a determination of n , which cannot be independent of x (when x = 1 is included 
in the interval considered). 

48. Uniform convergence of an infinite product. 

The definition of uniform convergence can be extended at once 
to an infinite product; but applications of the principle occur less 
frequently in elementary analysis, and for our present purpose the 
following theorem will be sufficient: 

If for all values of x in the interval (a, b) the function f n (x) has the 
property \f n (x)\ ^M n , where M n is a positive constant (■independent 
of x), then if the series 2M n is convergent , the product 

P( x ) =[1 +/o(*)][l +/i(*)][l +/*(*)]• • • to 00 
is a continuous function of x in the interval , provided that all the 
functions f n (x) are continuous in the interval . 

For, write [l4/ 0 (*)][l+/i(*)] ••• [1 +/»-i(*)J=<?«(*), 

[1 +/«.(*)][! +/*,+ 1 (*-)] • • • to oo = QJx ); 

and let A m denote the product 

(1+M 0 )(1+M 1 )...(1+M_ 1 ), 

while A is the value of the corresponding product when m tends to 
infinity. That A is finite follows from Art. 39. 

Using the inequalities of Art. 40, we see that 

|f*(x)—.P m (a;)l <A-A n , 
and we can accordingly choose m so that 

|F(*)--Pm(*)l < c 

for all values of a; in the interval (a, b). 

Having fixed m, we can choose 6 so that 

<«. if \x-c\ < S, 

since P m {x) is the product of a fixed number of continuous functions; 
and then |J>(*)-P(c)| < 3e, if !*-c| < S. 

Hence P(x) is a continuous function of a; in the interval (a, 6). 
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If the function f n (x) has a derivate f»'(x), such that |/„'(a;)| < M„, 

mdif l+/n( a! ) = <x > 0 

at all points of the interval; then the infinite product has a derivate 
P\X) given by P'(s) /,» 

Pi*) l +/»(«) ' 

For under these conditions we have 

/«'(s) 

1+/«(*) < a ’ 

so that Art. 46 can be applied; and we find, accordingly, 


49. Closely connected with the theory of uniform convergence is 
the following theorem* which is of frequent use in subsequent 
investigations : 

Suppose that we are given a sum 

F(n) =t> 0 (n) +v 1 (n) +v 2 {n) +... +v p {n) 
and that we want to find the limit lim F(n), it being understood that 

n -> oo 

p tends steadily to infinity with n. Then , if 

lim v r (n) =w r (r being fixed), 

n-> oo 

the limit of F(n) is given by 

lim F(n)=w^-\-w 1 -\-w i -\-... to oo = TF, 

n->co 

provided that \v r (n)\^M r , where M r is independent of n, and the 
series SM r is convergent . 

The reader will note that the test for the theorem is substantially 
the same f as the M- test due to Weierstrass (Art. 44). The proof, 
too, is almost the same. 

First choose a number q=q(e), such that 

Mq .. to OO < €y 

and let n be taken large enough to make p> g; then we have 
I V, +»,+!+. ..+v p \^M q +M q+1 
or \F{n)-(v {t +v 1 +v i +...+v q _ 1 )\<e. 


* Tannery, Fonclions (Tune variable i, § 183 (in the 2nd edition), 
t Here of course n takes the place of ir in the test of Art. 44. 
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Also | w q +w q+l +w q+2 -I-... to oo | —M n +M q+1 +... to oo < e. 
Thus 

| F(n)—W\ < | K+ v 1 +... +v q _ 1 )-(w 0 +w 1 +... +w q _ x ) | +2e, 

and it is to be remembered that so far n has only been restricted 
by the condition p > q. 

Now, since q is independent of n , we can allow n to tend to 
infinity in the last inequality, and then we find that the right- 
hand side tends to the limit 2e ; and we can accordingly find a 
value n 0 =^n 0 (q t e)=ft 0 (e), such that the right-hand side is less 
than 3e, for n < n 0 . 

Hence \F(n) —W | <3e, if n> n 0 , 

or lim F(n)—W =*w 0 +w 1 +w 2 +... to oo. 

so 

The following example will serve to shew the danger of trying to use the 
foregoing theorem when the M- test does not apply. 

Consider the sum 

F w= lo g(i +i) + lo f? (i +|.)+••• + lo « (i +“«)- 

so that v, (n) =log ^1 and p —n. 

Then obviously w, =lim v r (n) =0, 

n —*■ oc 

and so the sum of the series w 0 +w x +w 2 + ... is 0. 

But v r (n) lies between r/n 2 and r/(n 2 + w), and ^ r = +n), 

so that +i) > F(n) > 

and hence lim F(n) = £. 

Another theorem of importance in this connexion is the analogous 
result for products : 

Suppose that 

P(»)=[l+v 0 (»)][l+«i(»)] ••• [1+<!,,(»)] 

where p tends steadily to infinity with n. 

Then if lim v r {n)=w r , and if \v r (n)\^M y where M r is independent 

n-> qo 

of n and 'EM,- is convergent, we have the equation 

lim P(n)=(l+wJ 0 )(l+M>j)(l-fM; a )... to oo . 
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The reader should have little difficulty in constructing a proof of 
this theorem on the lines of the foregoing, employing the results of 
Arts. 38, 39 to find limits for the products 

(l+v 7 )(l+t; 9+ i)... (1+Wp) 

and (1 +w g )( 1 +^+ 1 )... to oo 

in terms of the remainder M q +M q+1 +... to oo . 


To shew the need of some condition such as the Af-test, we may consider 
the example 


in which 
so that 

But the equation 

is not necessarily true, 
of lim (pin), because 


so that 
Thus 


V 0 -v l —v 2 =... —I/n, 
w Q =w l ~w 2 =... = 0 . 

lim fl +i) ,, ==l 
«A n] 

In fact the value of the limit depends on the value 



lim log (l +-Y =lim -• 

*->oo \ n/ n _* x tt 


491. Historical Note * on Uniform Convergence. 

The discovery of the notion of uniform convergence is generally attributed 
to Weierstrass (1841), Stokes (1847), and Seidel (1848). The idea is no doubt 
implied in Abel’s theorem (Arts. 50, 51) on the continuity of power-series; 
but its explicit formulation is due to the three mathematicians mentioned first. 

But to appreciate the development of ideas on this subject, it is necessary 
to formulate certain definitions differing in various ways from that adopted 
in Art. 43 above; this first definition refers to uniform convergence throughout 
an interval, and will be quoted as A. 1 in what follows. 

Consider now the closely connected definitions : 

A. 2. Uniform convergence in the neighbourhood of a point. 

The series will be said to converge uniformly in the neighbourhood of a 
point £ in the interval (a, b), if we can find 8 = S(£) andra = ra(£, c), so that 

\S n (x)-S m (x)\<e .(1) 

foi »> m and t £ + & 


* For the substance of the following note I am indebted to Mr. G. H. Hardy’s 
recent paper,, “ Sir George Stokes and the Concept of Uniform Convergence,” 
Proc. Camb. Phil Soc. v*ol. 19 (May 1918), jp. 148. 

t If £ coincides with a, this condition is to be taken as a^x<a + 8. Similarly 
if £ coincides with b . 
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A. 3. Uniform convergence at a point . 

The definition differs only from A, 2 in allowing 8 to depend on c, a* * * § well 
as £. 

Definitions A. 1, A. 2 were in use by Weierstrass as early as 1841 or 1842 ; 
and the definition A. 2 was used in Seidel’s work, published in 1848. Defini¬ 
tion A. 3 was first explicitly formulated by W. H. Young (1903), although 
the idea is implicitly contained in an earlier paper by W. F. Osgood (1897). 

It is important to notice here W. H. Young’s theorem: * that uniform con¬ 
vergence at every point of an interval involves uniform convergence throughout 
the interval ; + although uniform convergence at £ does not involve uniform 
convergence in the neighbourhood of £. 

In addition to the above definitions there is a set of less stringent con¬ 
ditions to which the name of quasi-uniform convergence has been given recently. J 

In essence the distinction from uniform convergence lies in the fact that 
the fundamental inequalities are satisfied by an infinite sequence of values of 
n, but not necessarily by all values greater than m. 

The following three definitions are formulated so as to be parallel to the 
three preceding: 

B. 1. Quasi-uniform convergence throughout an interval . § 

The series is said to converge quasi-uniformly throughout the interval 
(a, 6), if corresponding to every value N, we can find a value m^m(e, N) 
greater than N, such that j F(x) < £ . (2) 

for all values of z in the interval. 

Arzela and Hobson have remarked that series which satisfy B. 1 can be 
converted into series satisfying A. 1 by inserting brackets at appropriate 
places; just as uniformly convergent series can be converted into normally 
convergent series by insertion of brackets (Art. 44 above). 


* This theorem refers to a closed interval (a ^.x^b): for a series might converge 
uniformly at every point of an open interval (a < x <b) without doing so in the 
corresponding, closed interval. 

t Proved by the aid of the Heine-Borel Theorem (see, for example, Hardy’s 
Pure Mathematics (2nd edition), Art. 105) on the following lines : Choose first e, 
and then determine 5, m (as in definition A. 3) for every point £ in the interval 
(a, 6). Every point of (a, b) is included in an interval (£-5, £ + 5) by the Heine- 
Borel theorem, every point of (a, b) is included in one or other of a finite sub-set 
of these intervals. If M is the largest m corresponding to each of the intervals 
of this finite sub-set, then the fundamental definition A. 1 is satisfied for n^M 
and 

This proof needs Borne further elaboration to be complete ; but a full discussion 
would be out of place here. 

+ The term simply-uniform was adopted by earlier Vvriters. 

§ This definition was originally introduced by Dini and Darboux; and it has 
been used in another form by Hobson ( Proc. Land. Math. Soc . vol. 1, 1903, p. 373). 
Dini and Hobson use the term aimpty-unijormly convergent. 
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B. 8. Quasi-uniform convergence in the neighbourhood of a point. 

The series is said to converge quasi-uniformly in the neighbourhood of £ 
if an interval (£ -3, £+ 3 ) can be found throughout which the series is quasi- 
uniformly convergent (B. 1). Here 3 — 8 (£) and m = ra(£. €, N). 

In effect, definition B. 2 is equivalent to the distinction originally intro¬ 
duced by Stokes * in 1847 : in Stokes’s terminology series which do not satisfy 
definition B. 2 are said to converge infinitely slowly when x = £. 

B. 3. Quasi-uniform convergence at a point. 

The series is said to converge quasi-uniformly at £, if 3 = 3(£, €, N) can be 
found such that definition B. 1 is satisfied in the interval (£-3, £ +3), 
while m = m(£, e, N). 

The idea involved in definition B. 3 is due to Dini, who proved the theorem 
(1) on continuity established in the following article. 

It should be observed that for series of positive terms , quasi-uniform con¬ 
vergence is equivalent to uniform convergence ; f for if we have found a value 
m satisfying inequality (2), then, since 

S m (x) 4 _ 8 n (x) ^ F(x), if n> m, 
it follows that | F(x) - S n (x)\ < e, if n > m, 

and also that |£ n (a;) -#*»(*)! < c, if n > m. 

Hence each A-definition is satisfied if the corresponding B-definition is 
satisfied. 

49 , 2. Theorems and examples of the foregoing definitions. 

(1) The necessary and sufficient condition that F(x) should be continuous 
at x—% is that the series should be quasi-uniformly convergent at x=£. [Dini.] 

It is evident that the proof of Art. 45 (1) will apply if a value m has 
been found to satisfy inequality (2) of Art. 49*1; and the fact that 3 
depends on f, €, N will not affect the final conclusion. Hence the condition 
is sufficient. } 

To see that the condition is necessary , note that 

I*(*)5 \*(X) - F{£)\ +\FU)-8Jt £)| +| s m (x)-S m (Z)\. 

Since F{x) is continuous at x=£, we can choose 3 = S(£, e) so that 
|F(s)-F(£)| <e, for £-8<x<£+ 3, 
and m, depending on £, e and N f so that 

m>N and <c. 

* Math, and Phys. Papers , vol. 1, pp. 236-313 : see in particular p. 279. For 
the grounds on which the identification rests, see pp. 154-156 of Hardy’s paper 
previously quoted. 

f That is, B. 1 leads to A. 1, B. 2 to A. 2, and B. 3 to A. 3. 

X Tt follows a fortiori that conditions A. 2, A. 3, and B. 2 all give sufficient con¬ 
ditions for continuity at a point; while A. 1 and B. 1 give sufficient conditions 
for continuity throughout an interval. 
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Having fixed m, we can choose 8 X < 8 , where 8 1 = 8 1 (^, c, m) = 8 l (^, e, N ), 
so that 

l«»(*) - *m(£> I < €, for £-Z 1<x< £ + s v 

Thus | F(x) -S m (x) | < 3c, for £ -8 X < x < £ +8^ 

and for some value of m > N ; and thus the condition B. 3 is satisfied. 

Ex. 1. Consider the sequence S n (x) =znx/(l+n 2 x 2 ), for which F(x) is 
continuous at x =0. (Art. 43, Ex. 4.) 

The conditions B. 3 are satisfied by taking 

m=2N, 8= c/2 N. 

Ex. 2. On the other hand, 8 n {x) =1/(1+ n 2 x 2 ) gives F (x) =0, and F (0) = 1 ; 
thus the conditions B. 3 ought not to be satisfied at x =0 ; and this conclusion 
is easily verified on trial. 

(2) If the sum of a series of positive terms is continuous throughout (a, 6), 
then the series converges uniformly throughout (a, b). [L)ini.] 

For clearly the series is continuous at every point £ of (a, b).; thus by (1) 
above it converges quasi-uniformly at 

Since the terms of the series are all positive, it follows (as at the end of 
Art. 49*1) that the series converges uniformly at £ ; and since this conclusion 
holds for every point of (a, b ), the series converges uniformly throughout 
(a, 6) in virtue of W. H. Young’s theorem. (Art. 49-1.) 


EXAMPLES. 


1. Shew that if S n (x)—x n /( 1 + # 2n ), x = l is a point of non-uniform con¬ 
vergence of S n (x) to its limit. Draw graphs of >S n (a;) and lim S n (x). 


2. Shew that 


v 1 a n 
n\ 1 +aT a a 2n ’ 


converge uniformly for all values of x ; 
are respectively equal to the series 


(-i) 71 a n 
n ! 1 +x 2 a 2n 

and that if a < 1 and +• < 1 , they 


e a -x 2 e a ’ +z A e a) 


and e~° - x 2 e~ a ’’ + xle~ a 

obtained by expanding each fraction in powers of x. [Pringsheim.] 


* r 

3. Shew that the series v — - is uniformly convergent for all values 

, 1+71X 2 ) 

of X, 

[The maximum value of the general term f n (x) is given by nx 2 = 1, and 
the Af-test applies.] 

4. Generally consider the series 

^ x ] p, q __ 0, and one of them > 1 
7 n p +n q x 2 1 (for convergence). 

[If p > 1, uniform convergence for all values of x is obvious ; if p 1, 
the maximum of f n (x) is given by x=n^ p ~ q \ and the M test applies for all 
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values of x if p +q > 2. If, however, p < 1, q > 1 and p+q~ 2, we can 
use Art. 11 to prove that the sum is greater than 
r xdt r dv 

J i t p +i 2 P X ^J x rv p +tfl y 

where s =(q +p -2)l(q -p), r = 2l(q-p). 

Consequently When x-+ +0, the series +oo if p +q < 2; and to a 
finite limit if p+q = 2. And when x-+ -0, the sign of the whole series is 
simply reversed. Thus in either case there is a discontinuity at x =0 ; which 
must therefore be a point of non-uniform convergence if p < 1, q > 1 and 
p+q^ 2. [Hardy.] 

5. (i) Shew that the series f{x) = § - a is uniformly convergent for 
all values of x ; and that /' (x) is given by term-by-term differentiation. 

* j 

(ii) Shew that the series f(x) = * s uniformly convergent for 

all values of x , but that/'(0) does not exist. 

[If we form {f{x) - f(0)}/x, the results of Ex. 4 apply at once.] 


0. Generally prove that 

I*>1> 

is uniformly convergent for all values of x, and can be differentiated term-by- 
term if q < 3p - 2. But if q^ 3p - 2, the value of /'(O) does not exist. 
[Again form {f(x) -/{0)}/x and apply Ex. 4.] 


7. If 

then we have 
but 


f n (x)=x»(l-x»); 

~fn( x )= x K l ~ x2 )> if \ X \ < l > 

Vn(l) =0, although lim [2/ n (*)] = oo . 

x —► 1 


8. Shew that 2 lim 2 ^ - 2 ~v 

«—,!»(I-*" 1 ) i n% 

[For 1 -x in > 2nx n (l - x) and the M -test can be used.] 


9. If S a n oscillates finitely or converges, then the series 2 (ajn x ) is a 
continuous'function of x, if x c > 0. [Diriciilbt.] 

10. Shew that lim 2( - l) nr - l rr x =log 2. 

X —► 1 1 


11. If 2a n converges and '/x n ) is a sequence which tends steadily to oo 

with n, the series 2a n /x n -r converges uniformly if x ^ 0. Deduce that there 
is, in general, some number £ such that 'Zc n jjL n ~ x converges if x > £, and does 
not converge if x < £. Of course it is possible that the latter series may 
converge for all values of x or for no values of x ; examples are given by 
c n = l/n ! orn! and n n =n. [Cahen.] 

12. If ~u n is an absolutely convergent series of constants, shew that 
11(1 +u n x) converges absolutely and uniformly in any finite interval. 

If converges (not absolutely) and 2u n 2 converges, 11(1 +u n x) converges 
uniformly (but not absolutely) in any finite interval. 
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13. Shew that the products 

II[l+(-I ) n x/n], II [1 + ( - l) n sin (x/n)], H cos {x/n) 
converge uniformly in any finite interval, and that the third converges 
absolutely. 

14. Provo that if f n {x) - 2x n ), 2 jf f n (x) dx =0; 


and also that 
so that 


F[x)^f n (x)^ x ^ 

/>(.)&= C r ~= log2; 


and thus shew that term-by-term integration fails. 

[This is a simplified case of an example constructed by Hardy (see the 
paper quoted under Ex. 15); but it is to be noticed that / n (l) = -1, so that 
the series 2 f n (x) diverges to - oo at x = 1.] 

15. If f n (x) =e~ 2nx -e~ wnix \ 

then jT f n (x) dx =0, but F{x)> 0 

for all positive values of x ; and in fact 

I 00 F(x)dx =1 (log 7 T - C) = (1■ 142.... 

.'0 

[The proof of these results is more troublesome ; see Hardy, Messenger of 
Mathematics, vol. 44, p. 146. It should be observed, however, that the 
difficulty arises from a; =0; the upper limit oo is used only to produce a 
simple final result.] 

16. Further examples of sequences which give failure for term-by-term 
integration can be constructed as follows : 

Let S n (x) =n q x p ~ 1 f(n q x p ), where p, q > 0 and/(£) has the properties 

(i) £/(£)-► 0 as £-*co, (ii) j n /(£) = J > 0, 

with the further property /(0) =0, in case p =1. 

Then F(x) =lim S n (x) =0 for all values of x, but 

w—>oo 

lim f S n (x) dx =J/p, if a > 0. 

n —► oo JO 

In all suoh cases the product xy remains constant at the peaks of the curves 

y=S n (x). 

17. Special cases of Ex. 16 are given by 


[These examples are mentioned by T. Hayashi, Tohoku Math. Journal , 
vol. 2, p. 44.] 


- l+£*’ 

s„(*)= r 

. £ 

1 +£ 3 ’ 

«„(*) = 

1 

l+£*’ 

S n (x)=- 
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18. Shew that the series 21 /(»+*)* converges uniformly if as^O; but 

1 

that it cannot be integrated from 0 to go . [Osgood.] 

19. If f n (x) is positive and satisfies the if-test for all positive values of a?, 

rx rao 

prove that 2 f f n ( x ) ^ x== f 0 {2/ n (#)} dx, provided that either side is convergent. 

Thus the method of term-by-term integration applies for instance to 
2(n +x)~~ p , if p > 2 ; or 2(n 2 +x 2 )~ tI , if q > 1. 

[The method of proving the general theorem is to observe that theorem (2) 
of Art. 45 gives 

j 0 A 2 / b (z) dx =2 (*/„(*) dx, 

and then to argue on the lines of Art. 31 (6) to establish the legitimacy of 
making X tend to oo. | 

I m l 

20- If l£fn'( x )\ * 8 ^ ess ^ an a fixed number G at all points of (a, h) and 

I ii-0 I w 

for all values of ra, then if £/ n (x) converges at all points of the interval (a, 6), 
it converges uniformly. 0 [Bendixson.] 

[For, divide the interval into v sub-intervals each of length l-8jG, where 
8 < Je, € being any assigned small positive number. Next find m so that at 
the ends of each sub-interval 

<M*r)=27«(av). (p = 1» 2, 3, ...) 

tn+l 

is numerically less than 8. This is possible because the series converges at 
each of these points, and they are finite in number (v +1). Now if a; is any 
point of the interval the distance to the nearest end of a sub-interval (say x,) 
is not greater than ; hence 

\<P(x)-<t>(x r )\<W)(2G)=8, 
because \<t>'( x )\ < 2&- 

Thus \cf>(x)\ <\(f>(x r )\+8 <28 < 

and so the test of uniform convergence is satisfied.] 

21. Apply Bendixson’s test to the series 

2(1 In) cos nx f 2(1 /n) sin nx . [Ex. 5, Art. 44.] 

22. Let the sum to n terms of a series of functions of x be denoted by S n (x ); 
and suppose that comparison series, with sums ir n {x ), 2 n (&), can be found, 
such that 

for all values of n and for all points x in the interval (a, b). Then, provided 
that the series t r n (z), 2 n (a?) are capable of being integrated term-by-term in 
the interval (a, b), the same is true of S n (x). 

In particular, if we have | S n (x) | < K, 
where K is independent of n and x f then term-by-term integration is admissible. 

[W. H. Young.] 



CHAPTER VIII. 

POWER SERIES. 

50. The power-series 2a n x n is one of the most important types 
of uniformly convergent series. 

We recall the result proved in Art. 10, that if 

i 

lim |a n | n = l/£, 

n-> oo 

the power-series converges absolutely when \x\ <l) but the 
series cannot converge if \x\ > Z, for then lim|a n x n |> 1, and so 
there will be an infinity of terms in the series whose absolute values 
are greater than 1. 

Thus any power-series has an interval (—Z, +Z) within which it 
converges absolutely, and outside which convergence is impossible. 
By writing x in place of xjl , we can reduce this interval to the special 
one (—1, +1): and we shall suppose this done in what follows (we 
exclude for the moment the cases 1=0 or oo ). 

Thus suppose that we have a power-series which is absolutely 
convergent for values of x between —1 and +1 : so that if k is any 
number between 0 and 1 the series 2,\a n \k n is convergent. Then, 
by Weierstrass’s M-test, it is clear that the series y La n x n converges 
uniformly in the interval (— k , +&), because in that interval 
| a n x n | | a n | k n . Hence we have the result that a power series 

converges uniformly in any interval which falls entirely within its 
interval of absolute convergence. 

It sometimes happens that further tests (such as those given in 
Arts. 11-12*2) shew that the series is absolutely convergent for 
\x] —1; and then we can assert that the series converges absolutely 
and uniformly in the whole interval (—1, +1), because we can com- 
B.I.8. 145 K 
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pare the series 2a n x n with 2|a n | and apply Weierstrass’s M-test 
again. This test gives normal convergence (Art. 44) throughout the 
interval. 

But it may happen also that 2a n is convergent although not 
absolutely convergent: in this case we can apply Abel’s test (Art. 
44), because the sequence of variable factors x n never increases 
with n , and is never greater than 1 (if 0—a?~l). Consequently, 
since 2a n is supposed to converge, the series 2,a n x n converges uni¬ 
formly in an interval which ends at and includes #=1 (but need 
not extend as far as x=—l ). Similarly if 2( — l) n a n is convergent 
the interval of uniform convergence includes £=-—1. 

Ex. 1. Theseries 1 +2x+3z 2 + ... 

converges absolutely if -l < x< 1 and converges uniformly in an interval 
( - k 9 +k), where k is any number between 0 and 1 ; but the points -1, +1 
do not belong to the region of uniform convergence. 

Ex. 2. Theseries 1 +^ s +f 2 +j, + - 

converges absolutely and uniformly in the interval ( -1, +1). 

Ex. 3. The series 1 - * + ... 

converges absolutely if -\ < x < +1 and converges uniformly in an interval 
( - k, +1), where k is any number between 0 and 1 ; but the point -1 does 
not belong to the region of uniform convergence. 

We now return to the cases 1=0 or oo, which we have hitherto 
left on one side. If it happens that 

_ i 

lim |a n | n =0. 

the series Ha n x n will converge absolutely for any value of x ; and 
the series converges uniformly in any interval ( — A, +A)> where 
A may be arbitrarily great. 

Ex. 4. The series 1 +x + ~ + ... 

converges absolutely for any value of x and is uniformly convergent in :my 
interval ( -A f +A). 

_ i 

On the other hand, if lim|a„| n =oo, the series Ha n x n cannot 
converge for any value of x other than zero. 

Ex. 5. An example of this is afforded by the series 

1 +* + (2 !)s 2 +(3 !)*» +(4!)*• +.... 
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In all the above examples, and in most otner power-series commonly used, 
the value of l can be calculated from the equation 

l =lim 

\ a n+\ I 

and whenever this limit exists, its value will give the value of lim \a n \ n , by 
Art. 149. But the existence of the limit of this quotient is by no means 
certain even in simple cases such as 

1+ x % +z* +x* 4-..., 1 +Z 4 +& + ..., 

for which the quotient oscillates between 0 and <*, although lim |a n | " =1 in 
both these series. 

The fact that, if a n x n is ever convergent, the series will converge absolutely 
within some interval, can be established by the following method. 

Suppose that the series converges for x-x Qi and let M be the maximum 
of \a n x 0 n \ ; then 

\a n x n \ < M(rlr„) n if r=\x\, r 0 = |x 0 |. 

Thus the series 2|a n a? n | certainly converges if r < r 0 , or if 
- r 0 < x < + r 0 . 


There is an important distinction between intervals of absolute 
and of uniform convergence; an interval of uniform convergence 
must include its end-points, but the interval of absolute convergence 
need not. Or, to use a convenient terminology, the former interval 
is closed ; the latter may be unclosed. 

That the interval of absolute convergence of a power-series need 
not be closed is evident from Ex. 1 above, in which the series is 
absolutely convergent for any value of x numerically less than 1, 
but the series diverges for x = I and oscillates for x— — 1. On 
the other hand, Ex. 2 gives an illustration of a closed interval of 
absolute convergence. 

Now, we proved (at the end of Art. 43) that an interval of uniform 
convergence must be closed, whenever the function S n (x) is a con¬ 
tinuous function of x . But for a power-series 2a n x n , we have 

S n (»)==a 0 d^a;+a 2 a; a +... +a n x n , 

which is obviously continuous for all values of x. Consequently 
the interval of uniform convergence of a power-series is certainly 
closed. This fact is not deducible.from Abel’s theorem (see p. 146, 
top, or Art. 51), for it does not appear impossible a priori that a 
power-series might diverge at as=l and yet be uniformly convergent 
for \x\ < 1. 
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51. Abel’s theorem is expressed by the equation 

lim (Ia n x n )=Za n , 

.'->1 

provided that is convergent; this of course follows from the 
fact (pointed out in Art. 50) that x=l belongs to the region of 
uniform convergence and from theorem (1) in Art. 45. 

Abel also shewed that when ~a n diverges, say to + oo, then ^a n x n also 
tends to +oo as a: approaches 1. This theorem cannot be proved by any 
appeal to uniform convergence; but the following method applies to both 
theorems. 

Write Aq—ci 0 , Ai=a 0 +ci li ... 9 A n =a 0 +a 2 + ... 

Then, since 1, x, x 2 , ... is a decreasing sequence, by the second form of 
Abel’s Lemma (Art. 20), we have 

A(1 - x m ) + h m x m < £a n x n < H( 1 - x m ) +H m x m , if p>m f 

or h m +(h-h m )(l- x™) < Va n x n < H m +(H-H m )( 1 - 

where H , h are the upper and lower limits of A 0 , A lt ..., A m _ v and H m , h m 
are those of A m , A m+1 ,... to oo . 

Since these limits are independent of p, we have 


(1) h m + (h -h m ) (1 - x™) < ±a n x n il H m + (H - HJ( 1 - x™). 

S uppose first that —a n is convergent and has the sum s , then wo can choose 

7)i so that t - tj 

h m-= s -e> 

however small e may be. 

Now we have l-x m = (1 -z)(l + x +x 2 + ... +x Tn “ 1 ), 
so that if 0<l-a<fi, 

we have 0 < 1 -x m < m8. 

Consequently H m +(//-*«>) < H m +mK8,\ .. „ ^ . 

“d K+ (h-h m )(\- x ^) > h n -mK&,) 

where K is the greater of | H-H m \ and \h-h m \. 

Thus, from (1) we have 

s-t- rnKS < Za n x n < s + c +mK8, 
and 80 s -2c < Za„x n < s +2c, if 0 < I -x < t/mK. 

That is lim ^ a „x n =s =Za n . 

X —+1 # 

Secondly , 1 / diverges , say to + 00 , we can choose m so that h m 2N, 
however large # may be; and we can take K to denote \2N ~h\, which 
will not exceed 2N + \h\. 

Then h(l ~* m ) + h m x m > h( 1 - x m ) + 2Nx m >2N~ mK8 , 
and so from (1) ^a n x" > N, if 0 < 1 - x < N/mK. 

Thus lim ^a n x n = + 00 . 

r—-*-1 

The negative case is dealt with similarly. 
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Thirdly , if "f.a n oscillates , let l-\\mA n , L~\\m A n , and then m ean be 
chosen so tliat h m * l - e, H V) L e. 

Repeating the transformations of the convergent case, we find that 
l - 2e < ~a n x n < L+ 2e, if 0 < 1 - x < ej'mK , 
and so l^z lim '2a n x n , lim 1' a n x n L. 

~~ X—il 

Closely connected with the foregoing results is the theorem of comparison 
for two divergent series. 

Suppose that ^a n , ^b n are both divergent, but that 

f(x) = 1a n x n , g (x) = 1b n x n 

are absolutely convergent for \x\ < 1. 

In the first place, suppose that a n jb n -> 0 as n -> co , we can choose m so 

thftt \ a nlK\ < e > i f n ^ m - 

Consequently, if we write 

fm( x ) = «0 + «i* + — +a m _,* m "S 
and if we further suppose that 6 n is positive , we have 

l/» < «( 6 m* m + b m+i xm+ ' + b m+i xm+1 + •••) < <»(*)• 

Hence we Lave < e + f 

l?(*)l 1 9 ( x ) 

Now, when x -> 1, we have seen that g(x) -+ oo , but / w (l) is finite; and 
so we can find (S such that 

I fm( x ) 9(*)\ < <. if 0 < 1 - * < <5. 

Hence we have also 

\f(x),g(x)\ < 2e, if 0< 1- x< cS, 
or lim {f{x) ! g(x)} = 0, when lim (a w ; ?> w ) - 0. 

j- —1 » —■* 

Secondly, if fi n /b n -> f, we can write 

/(x) S(a.-a.)*» 

?(*) ’ 

which will therefore tend to zero by what has been just proved; and 
accordingly lim {f(x)/g(x)} -l = lim(a n \). 

c —*1 «—*•> 

If lim {a n /b n ) does not exist, it may still happen that A n f B n -* l , where 
^4 W — ^o + + — + a n > B n = b 0 + 6i + ... + 6 n . 

Then we ean write /(ai)(1 + * + *. + ...) =-A n *» 

g(x)(l + x + x 2 + ...)^B n x n f 

and so Z by the former result. 

g(x) ±B^x n 

In the same way we can prove that if a n 6 n or A n /B n -> oo, then 
]imf(x)/g(x) = x. 

x-*l 
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= lim 4“ = lim l n , 


Thus we have Cesaro’s theorem of comparison of divergent series: 

If a n /b n or AJB n tends to a definite limit , finite or infinite , then 

ar—>1 — u n ,C 

where 26 n is a divergent series of positive terms . 

Ex. 1. It is possible to obtain the first form of AbePs theorem from the 
last theorem, by comparing the two series 

A q +A x x+A& % + ... , l+»+a; a + .... [Cesaro.] 


Ex. 2. Similarly, by comparing the series 

A 0 +(A 0 +Ax)z +(A 0 +A 1 +A 2 )x*+ ... and 1+ 2x +3x 2 + ... , 

we see that if lim - (A 0 + A x +A t + ... +A nr _ l ) = 1, 

H—►« W 

then lim(2a n a^) =1 [ Frobenius.] 

ac— 

Ex. 3. Again, if the limit in Ex. 2 is not definite, we may consider a 
further mean. Suppose that 

lim + + (n-2)A t + ... + A^ = ? 

w—x £ra(n + l) 

then we can compare the series 

4 0 + (2A 0 +A x )a; + (3A 0 +2A X +A a )a: a 4-... and 1+ Sx + 6a; a + ... , 
and prove that lim (2a n a: n ) = l. 

We note that each of the examples 1, 2, 3 includes the preceding one. 


Ex. 4. As other applications, the reader may shew that 

(i) lim(l - +a^+ x 9 + x 18 + ...) = r. 

(ii) lim{(*+af‘ +a^ a +rr , ‘ 3 + ...)/log(l — z)} = -1/loga, 

X—>1 

(iii) lim(l- *)* > (l J, ” 1 aj +2**” 1 ** +3 2>_1 a^ + ...) = r(p), if p > 0. 

X—>-1 

(iv) lim(a?-s 4 -fa?-ir 16 * ...)==£. 

X -+1 

In case (i), the series X+&+&+ ... gives A n ~ ~ r(»+|})/r(» + l), 

while the series for (1 - gives B n = 3.5.7... (2n +1)/2.4.6 ... 2n. 

In case (ii) we find A n ~ logn/logo, while the series for log(l - x) gives 
B n ~ -logn. 

In case (iii) we use the fact that a n ~ T (n +p)/T(n + 1). 

Finally, in case (iv) we have A 0 +A t + ... + A n ~ £n. 

Lasker and Pringsheim* have proved theorems of great generality on 
series which diverge at x = 1. As an example we quote the following: 

If A (a) is a function of x 9 steadily increasing to oo with x, but more slowly 
than x, so that lim {A (x)/x} = 0, then ISA '(ri)x n is represented approximately 
by A{1/(1- x)} for values of x near to 1. 


♦ Pringsheim, Acta Mathematica t vol. 28, 1904, p. 1, where full references will 
be found. 
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52. Properties of a power-series. 

The general theorems proved in Arts. 45, 46 of course apply to a 
power-series, so that we can make the following statements : 

(1) A power-series 'Za n x n is a continuous function of x in any 
interval contained within its region of convergence . 

(2) If (Cj, c 2 ) is any interval within the region of convergence 

{’ rt-(Za n x n )dx=l (c 2 “ +l+1 -c^ 1 - . 

(3) If x is any point within the region of convergence 

^(2a n x n ) =Zna n x n ~ 1 . 

We note that the interval of absolute convergence of a power- 

series is not altered by differentiation or integration. This follows 

x 

from the fact that* lim n n = 1, 

i 

_ JL __ j Q, \n _*_i 

so that lim |na n | n =lim,—^ i = lim |a n | n =y. 

,W+/C + I| fr 

By applying Abel’s theorem (Art. 51) to the integrated series we 
see that in (2) the point c 2 may be taken at the boundary of the interval 
of absolute convergence, provided that the integrated series converges 
there , no matter whether the original series does so or not . 

An example of this has occurred already in Art. 47. 

(4) If a power-series f(x)=^a n x n converges within an interval 
(— l , + 1 ), there is an interval within which f(x)= 0 has no root except , 
perhaps , x—0. 


Suppose that the series converges for x—x 09 and that M is the maximum 
of | a n x 0 n |; also write for brevity r = \x\, r 0 = |a; 0 |. Then, if we consider 
values of r < r 0 , we have 


l a «H-i* m+1 +«f n +2 a:,n+, + -l< ^{(/r 0 ) m+l+ ( 


r y 


1 = Mr™ *' ■ 
f r„ m (r 0 -r )' 


Suppose now that a m is the first coefficient in ~a n x n which is different from 


zero; then clearly 


Thus, if 


|/(s)|-|ajr"*- 


Mr m + 1 


1 -i J 1 
A + UUr. 


r 0 m (r 0 ~r) 

so that A S' 4, 


we have 


l/Mli 


t»ro 
Mr m / A _ r 
r 0 m \1- A r 0 -r 


)• 


and accordingly f(x) has no root, other than x =0, in the interval ( - Ar 0 , + Ar 0 ). 


* For lim (n + !)/» = ], so that lim n» = 1 by Art. 149 in Appendix I. 
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(5) It is an immediate deduction from (4) that: If two power- 
series f(x)=I t a n x n i g{x)=2b n x n are both convergent in the in¬ 
terval ( —Z, + l)i an d if f( x ) == g( x ) a M points in an interval ( — c , c), 

ih^n a 1 ==bi J a^==b^ a n =b n , 

and the two series are identical. 

It will suffice to establish the identity if we can prove that f(x) = g(x) for 
all points of an infinite sequence (x n ) which tends to zero as a limit ; for then 
the conclusion of (4) would be contradicted unless a n -b n = 0. 

It is not, however, sufficient to prove that f(x) =g(x) for an infinite sequence 
of values of x. For instance, the cosine-series (Art. 59) is zero for 

x=± ?,7r, ±h r, ±.§7r, ... , 

and the sine-series for 

a;=^r7r, ±2i r, ±37r, ...; 

but these series do not vanish identically. 

53. We have hitherto discussed- the continuity of the power- 
series from the point of view of the variable x \ but it sometimes 
happens that we wish to discuss a series Hf n (y).x n regarded as a 
function of the variable y. The following theorem (due to Prings- 
heim) throws some light on this question : * 

Suppose that a positive value X can be found such that 

\fM\ x " < An'\ a~y=b, 

where A, p are fixed and positive , and n has any value. Then 
2fn(y) ■ x n is a continuous function of y in the interval (a, b), provided 
that f n (y) is continuous for all finite values of n, and that \x\ < X. 

To prove the theorem, we need only compare the series with 

, which is independent of y and is convergent when 

|*| <X; thus the series 2 f n (y) ■ x n (by Weierstrass’s test) con¬ 
verges uniformly with regard to y in the interval (a, b), and is 
therefore a continuous function of y in that interval. 

It was erroneously supposed by Abel that the convergence of 
2 f n {y). X” in the interval (a, b) was sufficient to ensure the con¬ 
tinuity of 2/„(y)*" for 0 < * < X (assuming f n (y) continuous). 
But Pringsheim has constructed an example shewing that this 
condition is not sufficient (see Example (5) below). 


* Further results have been established by Hartogs ( Math . Annalen , vol. 62, 
1906, p. 9), using more elaborate analysis. 
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The following examples are due to Abel, with the exception of (5): 

(1) The series V'x + 2 v x 2 + ... + n y x 11 ± ... ( \x\ < 1) 

represents a continuous function of y . 

(2) The series x sin y + \x 2 sin 2 y + sin 3y + ... 

is continuous as regards y when \x\ < 1; but although the series still con¬ 
verges if £ = 1, it is discontinuous at y = 0, ±2tt, ±47r, ... (see Art. 65). 


(3) The series f(y) = r f- 2 + r ^ + 9 V +y ^ + ... 

is a continuous function of y if \x\ < 1; and thus lim f(y) =0. But if £ = 1, 

the series y y___ y “ . 

r +y > + 4 + ^ + 9 + y» + - ( 8eeArt - 11 > 


differs from 


P4* L =tftn - ly 

Jj x 2 + y 2 * 


by less than the first term y/(l + y 2 ). Thus it is evident that 


^i(i +y* + 4+« 2 


y 

y‘ + 9+y* 


(4) The convergence of the series 

j /-*0 

does not follow from that of ~f n (y)x n for all values of y > 0. Thus the 
sin y + sin2y ^ + s in Vy ^ + + sin. 2”y ^ + 

y y y ' y 

converges if x < 1, when y > 0; but the series 1 ± 2x + 2 2 x 2 + ... + 2 n x n + ... 
diverges if x > J. 

(5) Pring^heiin s Example : 

Let M n tend steadily to oo with n in such a way that lim M n+X /M n = oo, 
and let M 0 — 0. [For example, M n — 0, M n = n n .\ Then write 

f (y) — ^w+i y* _ M n y 2 

JnW>-\ + M n+i y* 1 +M n y 2 ' 

and it is evident that the series ^f n (y)x 2n converges for all real values of y 
and for any value* of x. Further, the functions / 0 ,/i, ... are continuous for 
all real values of y. But if xf. 1, the series ^f n (y)x 2n is discontinuous at 

y= 0. 

For 2/ n (0) £**=(). 

But f 9 {y) +fM + ... +/ n _i(y) = 

ind so if |y| >0, Ef»(y) = l- 


' Because f n (y)x™ = (j--± 


i)*" 




l+M n y» 1 +M n+1 y*j 
and 2 z 2n /M n converges for any value of x t since lim M n+1 /M n = oo. Of course 
we have taken y not to be zero ; if y=0, all the terms of the series are zero, and 

2/ w ( 0).*an = o. 
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Now the terms f n (y) are positive, so that 

£/„(?)• **“=!. (lyl>o). 

o 

From these faots it is clear that the series is discontinuous at y — 0, if xrl\. 
Of course if |a?| < 1, the series is continuous at y = 0, because f n (y) is 
positive but less than 1, and so 

\fn(y) x%n \ < ** ;2n » 

and thus the Weiers trass if-test applies. 

54. Multiplication and division of power-series. 

As regards multiplication of two power-series, the results of 
Art. 34 shew that if both series 


a o + ( a 2r x ' 2 • • f 6 0 +6 1 a5+^2 a;2 'f** • • 


converge absolutely in the interval* (— l, 


given by 


c 0 +c 1 x+c &*+..., 


+Z), their product is 


which converges absolutely in the same interval, where 

C 0~ a 0^0y C l ==a J ) l J t a i^ ) 0y •••> 

C »“ 1a (A»+ a Ai-l + - *' + a n&0> 

If we apply Abel’s theorem (Art. 51) to the equation 
2,c n x n =(2a n x n ). (2b n x n ), 

we can deduce at once his theorem (Art. 34) that C—AB , provided 
that all three series converge. 

For division , we assume first that the constant term b 0 is different 
from zero ; and for simplicity we take it as 1. Thus we consider 
first 2 1 

l +b 1 x+b&*+.7. = l+y say ’ 
where y=& 1 ®+b 2 a; a +... . 

Now (l+y)“ 1 =l—y+y a — «/*+..., 

and by Art. 36 this series may be arranged in powers of x, provided 
that N< P /(M+1), 

p being any number such that 26 n p n is absolutely convergent, ana 
M the upper limit of |6 n |/o n (of course here 5=1). 


♦If the two series have different regions of convergence, this interval will be* 
the smaller of the two. 
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We obtain 

(1 +y )~'=i -b x x+(b 2 - b 2 )x 2 — (b*-‘2b 1 b 2 +b 3 )x 2 +... . 

This series may then be multiplied by any other power-series in 
x , and we obtain a power-series for the quotient 

(a 0 +a 1 x+a & 2 +...)/(! +b x x+b & 2 +...). 


Of course if some of the initial terms in the denominator happen to be 
zero, the quotient may still be found as a power-series together with a rational 
fraction. 

Thus, suppose that b 0 =0, b t =0, but that b 2 is not zero; then we have 

'la n x n _ 2tt n s n 

^b n x n ~~ 5*a; a (l -t B x x + B^x % + ...)* 

where B 1 = b 9 /b t , B t = bjb t . 

Then, as above, we find 


~a n x n _ 

1 +B x x +B t x 1 +... 


a 0 + (»i -a 0 B 1 )x + (a i -a 1 B 1 +a 0 iV -a Q B^x % + .... 


mi ^a n x n An Ai — aoB-t , . 

Thus + 1 + a power senes in x. 

^b n x n b t x* b& r 

In working out special cases beginners are apt not to carry on the denomi¬ 
nator to a sufficient number of terms; for instance, to obtain the constant 
term in the last series it is necessary to include B ,, or b A ; that is, the denomi¬ 
nator must include terms in x 4 . 


In practice it is often better to use the method of undetermined 
coefficients ; thus we should write 


a 0 +a 1 x+ a 2 x 2 + 
bo^-b x x + b 2 x 2 + 


= <Zo+ V\ x + iiP 2 +• * * > 


then multiply up, and we obtain, in virtue of Art. 52 (5), 


%— a \— 


#2 — ••• > 


from which we get successively 


? 0 > ? 1 > ? 2 > • • • • 

Or, what is practically the same thing, we may follow Newton’s 
practice and use the ordinary method of long division, to find the 
successive coefficients 

?0> ?2> * * • • 

A more exact determination of the interval of convergence for 
Sg* x n will be found in Art. 89 below. 
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55. Reversion of a power-series. 

Suppose that the series 

( 1 ) y=a 1 x+a 2 x 2 +a 3 x 2 +... 

converges absolutely in the interval (— Z, + Z), and that it is required 
to express x , if possible, as a power-series in y. 

Let us try to solve the equation, formally, by assuming a power- 
series solution 

(2) x==b 1 y+b 2 y 2 +b 3 y *+..., 

and substituting ( 2 ) in equation ( 1 ). 

If 2 & n y n is convergent for any value of y other than zero, the 
resulting series may certainly be re-arranged in powers of y without 
altering its value, at any rate for some values of y (see Art. 36); 
leaving the question of what these values may be for the moment, 
we have, in a certain interval, 

y =(<*A) y + (aA +^A 2 ) y 2 +K&a +2oA & 2 +«A 8 ) z/ 3 +• • • 

or = d x b 2 -\-d^) x 2 =0 } a x b 3 ~j~ 2 ® 3 ^i 2 ^ 0 , 

and so on, in virtue of Art. 52 (5). 

Thus we can determine, step-by-step, the succession of coefficients, 
b n , by the equations * 

b x == 1 / b 2 = d 2 /d 2 , 63 — 2 & 2 2 /flq 5 ® 3 /% 4 > • * * • 

It is evident from these results that % must be supposed different 
from 0 , or the assumed solution will certainly fail.f We may then 
take a x = 1 without loss of generality, for the given equation can 
be written y/a 1 =x+(aja 1 )x 2 +{a a /a 1 )a^+... , 

and so, with a slight change of notation, we can start from 

y=x+a 2 x 2 +a B x 3 +... . 

Then the equations for b v b 2 , & 3 , ... become 

bi= 1, & 2 = d 2i ^ 3 — (X 2 (26^6 2 ) & 3 ^i 3 > 

64= — <3^2(2^63-j—fe 2 2 ) a z (^ l 2 b 2 ) ^A 4 * ••• • 

♦This method gives the coefficients as far as b z or 6 4 without much labour; to 
find the general term, we can use Lagrange’s series (Art. 55-1), or some other special 
process as in Arts. 64, 95. 

+ For the case when 04=0 and 03 is not zero, the reader may refer to Exs. B, 
23-26, at the end of the chapter. 
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Hence b x =l, \b 2 \^\a 2 \, |6 S | ~2\a 2 \. |6 2 | + KI> 

|^4| zz| a 2| {2 I& 3 I +^2 2 }‘l“^| a 3l * I& 2 I + I tt 4l > • 

These equations shew that |6 W | ~ ft n , where the ft’s are given by 

1 === 13 /^2 ^2 J /^3 20C2^2 + OI3, 

/^4 = ^(2^3+^2 2 )d"®^a/®2“H*’4> ••• » 
provided that | | = 

Now the equations for the ft ’s are the same as those which would 
be obtained by inserting the series 


£ ==z >l J rft2 t l 2 '\-ftz r i 3 '\~- •• 
in the equation i/=£—oc^ 2 —oc 3 £ 3 — --- • 

Now if p is any positive numberless than l, the series 2|a n |p n 
is convergent, and, if M is the greatest term* in this series, we 

have M r=M. 


Thus we can put a n = M/p n , 


and then 



(!+<+?+. 

\ P P 




Mg 2 

p(p-i) 


Now this equation leads to the quadratic for 
(M+p)e-p(p+v)f+p 2 q= 0: 
thus 2(M+p)g=p( P +r))-p{(p+i]) 2 - 4>/(Af+/))}*, 

the negative sign being taken for the square-root, because £ and 
// tend to zero simultaneously. 

But (p +tj) 2 - 4;; (M +/>) = (A -rj)(p —>/), 

where A+/x=4ilf+2p, X/m^p 2 , 

so that A=2M+/o+2{M(M-fp)}*, 

/r=2M+ P -2{M(M+ /0 )} i . 

It follows that 

2(M+p)f=p(p+>;)-/> 2 (l-^) i (l-^. 


and thus, since A > //, the value of g can be expanded*)* in a con¬ 
vergent series of powers of rj , provided that 0 <ti < fi. But this 


* For an alternative determination of M , see Cauchy’s inequalities in Art. 84 
below. 

t We anticipate here the binomial expansion of Art. 61, for the case v — \, and 
utilise the rule for multiplication of power-series (Art. 54). 
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senes is clearly the same as 2/3 n // n , which therefore converges if 
0 <7)<[i. Now ft n =\b n \, so that finally 2,b n y n is absolutely 
convergent in the interval (—/*, +/*). Consequently the formal 
solution proves to be a real one, in the sense that it is certainly 
convergent for sufficiently small values of y. 

It is perhaps advisable to point out that the interval ( -/*, +/*) has not 
been proved to be the extreme range of convergence of the series -6 n y n ; 
we only know that the region of convergence is not less than the interval 
+/*)• 

For instance, with the series 

x * x 8 t x* , 

y = z + 21 + sn + 4! * 

we may take p = 2, M = 2, and then the equation for >/ is 

This is found to give 

A = 0 + 4^/2, /x = 0 -4^/2 = *343 

and so the method above gives an interval only slightly greater than (- , + J). 
But actually (see Arts. 58, 02 below) 

y=e*-l, so that x = log (1+ y), 

and the series for x converges absolutely in the interval (- 1 < y < +1). 

551. Lagrange’s Series. 

In books on the Differential Calculus, an investigation* is com¬ 
monly given for the expansion of x in powers of y , when an equation 
holds of the form 

x= 

This process gives an analytical expression for the coemcients in 
the expansion; but it gives no information as to the conditions 
under which such an expansion is possible. As a matter of fact, 
the expansion is generally not possible unless/(a?) can be expanded 
in a convergent power-series, the first term not being zero ,f We can 
then write the equation in the form 

y — x /f( x ) — 2 a n xn > 

1 

on carrying out the division. Thus Lagrange’s problem is now 
seen to be, in reality, equivalent to the reversion of the power- 

♦ See for instance Williamson, Differential Calculus, chap. 7; Edwards, Differ¬ 
ential Calculus , chap. 18. 

f Compare Exs. B, 24-20, at the end of the chapter. 
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series Ha n x n , in the form x='Eb n y n . Lagrange’s investigation shews 


that 


b "~ ( W —1)1 &n-x[tf(*)} B ]-o 


or that nb n is equal to the coefficient of x n ~ l in the expansion of 
{/(^)} n ; or, what is the same thing, to the coefficient of ar 1 in the 
expansion of (1 /y) n . 

The proof of this result is contained in that of the more general 
form of Lagrange’s series in which g(x) is expanded in powers of 
y> where g(x)='2c n x n is another given power-series. We know in 
fact (from Arts. 36 and 55) that for sufficiently small values of 
\x\ and \y\, we can write 

0(z)=p o +j>>»r> 

l 

where p 0 =c 0 , p 1 =c 1 /a 1 , and the other coefficients have still to be 
found. The interval of convergence cannot be found, by elementary 
methods, until the coefficients have been determined. 

Now we can differentiate this series term-by-term (Art. 52), and 
we find * ✓ dv\ 

6 r'(^)=L(w"- 1 ^)- 


Divide now by y r , where r is any whole number, and we get 


f 




Suppose both sides of this equation to be expanded in ascending 
powers of x ; then, on the right, there is only one term * containing 

x " 1 ; this one is the term rp r - 
coefficient of x- 1 is rp r . ^ 


given by n=r, and there the 


* Exoept for w=r, we have 

but in this expansion, even if n is less than r, there can be no term in ar 1 , because 
tt 1 is not the differentia] coefficient of any power of x. 

On the other hand, if w=r, we have 

I ~ a \ + 2a»s + 3fl^E a t ••• 
y dz~a 1 x + atf? + azz?+ ... * 

=- + Bi + 2Z?f£ +.... 
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If we now change the notation, writing n for r, it is clear that 
np n is the coefficient of ar 1 in the expansion of g'(x)/y n in ascending 
powers of x\ this conclusion is due to Jacobi,* although the 
result is equivalent to Lagrange’s formula 

It is to be observed that if the equation in x , 

CO 

y='£a n x n , 

1 

is solved by some algebraic (or other) process, there will usually be 
more than one solution. The series found here gives the solution 
which tends to zero with y. 


Ex. 1. If y-x-ax 2 , and g(x) = x, we have to find the coefficient of x~ l 
in the expansion of ( , _ =ar » (1 _ «*)-» 

Thus we get* 

and so x = y + ay 2 + 2 a 2 y* + 5a 3 ?/ 4 + . 

which converges if \ay\ < 


nv _ u(w +1)... (2n - 2) 
nPn -(»-!)! * * 


Of course this series gives only one root of the quadratic in x, namely 


tW(l -4oy)}/2o > 

because, this root tends to zero with y. The reader will find it instructive to 
verify Lagrange’s series by expanding this square-root in powers of y. 


Ex. 2. In like manner, if y-x- ax™* 1 , we find for one root 

. ,2m + 2 (sra + 2)(sra + 3)... (sm + s) u 

x-y +ay m+1 + ^ + ... + --- - ---- a* if™* 1 + , 


Ex. 3. The reader will find similarly that if y=x{\ + x) m , then 

_ , 3m(3m +1) -3 4m(4m + l)(4w + 2) ^ , 

x-y- 21* * 3 ! * 41 •• 


Ex. 4. To illustrate the method of expanding g(x), we take the following 
example : To expand e ax in powers of y = xe bx . 

Here g'(z)/y H = axr" d H - nb)x , and so the coefficient of ar 1 is easily seen to be 


Thus we find 


a (a-nby*- l l(n-l)\. 


e ,lx = 1 + ay + 


a(a-2b) 2 a(a-36) a 


2 ! 


y * 


3! 




which converges if \yb\ < 1/e. 


Oes. Werke, vol. 6, p. 37. 



DIFFERENTIAL EQUATIONS 


161 


55 1, 56] 


In particular, with a — 1, b = -1, £ =e x f we obtain Eisenstein’s solution of 
the equation log $=y£ (see Ex. 11, Ch. I.), in the form of the series 

£ = 1 + y + 3|, +4 a ^y +53 | 4 j + ••• > where \y \< 1/e. 

56. Applications to the theory of differential equations. 

Although it is not (strictly speaking) a part of the ordinary theory 
of power-series, yet it seems convenient to give here three of the 
simplest existence-theorems from the theory of differential equa¬ 
tions. Such theorems are available in English, only in more elabo¬ 
rate discussions of the theory of differential equations. But the 
ideas underlying these special cases involve no more difficulty than 
we have already encountered, for instance, in proving the existence 
of the reversion of a power-series (Art. 55 above). 

These results relate to the existence and character of the solutions 


of linear differential equations of the second order, which we suppose 


expressed in the standard form 


<p y +P 

dx i + 


dy 

dx 


+ Qy — 0. 


The first theorem refers to those values of x , say x—x Qi for which 
the coefficients P, Q can be expressed in the form of power-series 
in (x—x 0 ). Then it appears that the two solutions are expressible 
in the same form , with limits of convergence extending at least as 
far as the smaller of those of the series for P, Q ; and such points 
as x 0 may be described conveniently as ordinary points of the 
differential equation. 

Take now a point (x — a, say) in the neighbourhood of which we 
can express (x—a)P and (x—a) 2 Q as power-series in (x—a); one 
at least of P, Q being supposed to tend to infinity as x -> a. 

Then the two solutions are usually expressible in the form 
{(x—a) 1 x a power-series in (x—a)}, the limits of convergence again 
extending at least as far as the smaller of those of the power-series 
in the coefficients ; and such points as x=a may be called 
regular singularities of the differential equation. 

It is now clear that a study of the coefficients of a linear differ¬ 
ential equation of the second order at once gives considerable 
information in reference to the character of its solutions. 


To save lengthy algebra it will be supposed in the formal proofs 
of Arts. 56*1, 56*2, and 56*3 that the points x=x 0 , x=a are brought 
to the origin by making a preliminary change of variable (taking 
x—x Q or x—a respectively as the new independent variable). 

U.I.S. L 
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561. Existence-theorem for an ordinary point of a differ¬ 
ential equation of the second order. 

Suppose that the ordinary point is taken as origin and that the 
coefficients are expressed by the two power-series 

p =Po+Pi x +p^> 2 + • • •. Q=q 0 +qix+q& t + 

which converge for |a:|<2?; we shall now prove that the differ¬ 
ential equation 


has solutions of the type y=A {S +A 1 x-\-A 2 x*-\-.'. , which converge 
also for \x\ < R. Here A 0 and A 1 are arbitrary constants, while 
A 2 , A Si A ... will be linear combinations of A 0 and A v 
If we assume that such a solution exists, and substitute in the 
differential equation, we obtain the conditions 

2A Z =—Atfo—A 0 q Qi 2.3^ 3 =-24 2 p 0 -4 1 p 1 -i4 1 g 0 — 

and generally 

n(n-l)A n =-(n-l)A„_ 1 p 0 -(n-2)A n _^p 1 -...-A i p n _ 2 

~A n - 2 q 0 -...-Afl^-Afl^. 

Thus A 2 , A 3 , ... are found successively as linear combinations of 
A 0 and A v 

Also, as in Art. 55, we see that B n =\A n \, if B 1 =\A 1 1, B 0 =\A 0 \, 
and 

where r has any value less than R and M is chosen so that 
\p n \ < M/r n , \q n \ < Mir** 1 . 

We then see that 


so that 


Bn 2 . M ? 1 
B n _i rn ~'n —i r 


or \im(B n _ 1 /B n )=r. 

Thus 2B n a; n converges if |a:|<r; and we can now see that 
2A„* n converges if |sc| < R by taking 2r=|x|+JR. Thus the 
existence of the assumed solution is established. 
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It should be noted that the foregoing argument applies equally 
for solutions in descending powers of x, ■provided that the expansions 
of P, Q take the following special forms : 

r-l+oQ)- Ior 1*1 > 


In fact, if \vc substitute a trial solution 

y = A 0 + Al +-J + A f+..., 
./ 0 x X 1 '*? 


ar 


and introduce these special forms for P, Q , the relations for 
A 2 , A 3 , A^ ... in terms of A 0 and A v are precisely similar to those 
already used ; * and thus no fresh discussion is necessary to shew 
that the assumed solution converges for \x\ >S. 

Thus the conditions for “ infinity to be an ordinary point ” of the 
differential equation are expressed by 

/ -.! + 0 (i) q=0 Q for|s i > ' s - 

56 2, Existence-theorem for a regular singular point of a 
linear differential equation of the second order. 

Again, let the origin be taken as the regular singularity, and 
suppose that the coefficients are expressed in the forms 

P =j.(P o+PiZ+P 2 z 2 +...), G=^(jo+?i*+?***+—), 

where the power-series converge for \x\ < R. We shall now prove 
that the differential equation has solutions of the type 

35* (A o + A x X + A 2 X 2 + ...), 
where t is either root of the quadratic 

t(t-l)-\-tp 0 -\-q 0 =0 

and A 0 is arbitrary, the other coefficients being multiples of A 0 . 

For, if we assume the existence of a solution of this type, and 
substitute it in the given equation, we find that 

{t(t—‘l)+tp 0 + 2o}A 0 —0> 

{£(£+!)+(£+! )po+?oMi == ~(tPi-t9i)d 0 , 


* Or we may change the variable to X — 1/x, and then the differential equation 
becomes 

X* f£ t + (2X» - PX*) +Qy =0. 
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and generally 

{(<+»)(*+»-l)+(<+M)Po+?oMn 

——{(£+w—1 )lh+?iMn-i — {(t-\-n— 2)2>4+<?2}-^*_a 

-...-(tp„+q„)A 0 . 

Thus t must be a root of the index-equation 
t(t-l)+tp 0 +q 0 =0, 

assuming that A 0 is not zero. Then, if t ' is the second root, we 
have (t+ri)(t-\-n—l )+(Z+n)p 0 +2 0 =n(w+£—O* 

Thus the conditions become 


(1+t— etc -> 

from which we obtain successively A lt A 2 , A 3 ,... as multiples of A 0 . 

To discuss the convergence of this assumed solution, we introduce 
an auxiliary set of coefficients B nJ such that jB n ~|-4 w |. The 
equation corresponding to the equation for A n will then be 

n (n-S)B n ^M[(n+T)^+(n- 1+t)%- 2 +.-+(1+t)^}, 

where 5=|£— 1'\, r—\t\, \p n \<M/r n , \q n \<M/r n , and n>8. 

If we take .B 0 =|d 0 | and B P —\A P \, so long as p = S, we shall 
have \A n \^B n , when n>8. Further, the last equation gives 

• r{n(n—8)B„}—(n—l)(n—l—S)B„_ 1 =M(n+r)B„_ 1 , 


so that 


Bn = («-l)(n-l-^) , M(w+t) 1 
B n -\ rn(n—S) ‘ rn(n—S) r’ 


or 


lim(B„_ 1 /i5 n )=r. 


Thus, as in the last article, the series '2A n x n converges if |a:| < R ; 
unH so the assumed solution really exists. 

The second solution is obtained by interchanging the parts played 
by the indices t, ?. 

It should be noticed, however, that if t—t' is equal to a positive 
integer m, the second solution in general breaks down on account 
of A m having a zero denominator. Further, if t'=t, no second 
solution can be obtained on these lines. We shall consider these 
cases briefly in the following article. 

It may be useful to add a special remark about the case in which 
the roots of the index-equation t(t--l)+i>o i +?o=0 are found to 
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be t~ 0, t— 1 (so that p 0 -^(), */ 0 ^0). Beginners are then apt to 
assume that the solutions should be of the character considered in 
Art. 56*1; but this is not the case, unless it happens that q x — 0 as 
well as Po=0, q Q = 0 . 

For instance the equation 

8-|=0 (with <=0,1) 

has a solution of the type 

V\ (A 0 +A x x +A 2 z 2 + ...), 

, A i 1 A g 1 A a _ 1 

where A 0 ~~l . 2’ A 1 ~2.3 9 A 9 ~3.4 9 ''" 

But the second solution is of the form 

Vi logz+,4 0 -A x x 2 (1 + .5)-4 2 z 3 (1 + 5+J)- .... 

Just as in Art. 56*1 it is easy to deal with series in descending 
powers of x, provided that we have expansions of the type 

Then we assume j/=4(^o+4 i +3*+ •■•)> 


and the quadratic for t becomes now 

t(t-\- 1)— tp 0 -\-q 0 =Oj 

but the remainder of the discussion is effectively unaltered. 

Thus the conditions that “infinity should be a regular singularity ” 
of the differential equation are simply 

P=0( 1/z), Q=0( 1/a 2 ). 


56 3. Case of equal roots in the index equation. 

When the roots of the index-equation are equal, it is evident 

that Po=l~2t, 7,,=**. 

The discussion of the first solution by means of the equations 
n 2 A n =-{(t+n-l)p 1 +q 1 }A n _ 1 -...-(tp„+q„)A 0 

and »■*„=* {(n+ T )^+...+( 1+t)£ 0 } (I.) 

is carried out exactly as in Art. 56’ 2. 

To find the second solution, we begin by supposing p 0 , q 0 slightly 
changed so as to make the second root of the index-equation 
t'=t— A, where A will be small. 
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The modified differential equation has two solutions, each 
differing slightly from the first solution; let these be denoted by 

(C 0 -\-G 1 x-\-C 2 x 2 ‘\- ...) 

and x l -‘' (CV + C/*+ C 2 'x 2 +...). 

Then we have the fundamental equations 
n(n+X)C„= — {(t+n-Vft+qJC ^-... - (tp n +q n )C 0 , 
n(n— \)C n =z-{(t~\-\-n—l)p 1 -]-q 1 }G / n _ l —...—{(t—\)j) n +q n }C Q / 

To standardise these solutions we shall assume that 
C 0 =A 0 /\, C 0 ' = -A 0 /\. 

Then clearly \C n —A n , XGY+-d„ are both of order X (or of 
higher order in X); and so we may write 

XC n — \C n '-> — A n , C n -{-C n 'F n , as X->0. 

It is our immediate object to obtain the fundamental equations 
for F n . 

Now, on adding together the equations for C n , C n ' and taking 
the limit (as X -»0), we find 

n 2 F n +2nA n = - {(J+n-l^+jJJY-i-... ~(tp n +q n )F 0 
PlAn—l P2A11—2 ••• ~VnAo- 

Accordingly, we construct G n ^\F n \ by means of the equations 

+M( B r ,+ V+ •••+??) 

Thus 

rn *G B —(n—1 ) 2 G„_ 1 

=2nrS„-2(n-l)B n _ 1 +M(r+«)(? n _ 1 +M5 n _ 1 . (II.) 

Since F 0 = 0, we may take G 0 =0 also, and then it is easy* to see that 

GJB„ > G ! „_ 1 /£ fl _ 1 > ... > G 1 /B 1 > 0. 


# From equation (I.) deduce that 


nPB n ={(n - 1) 2 + M(T + n)}B n _ lt (TIL) 

and then divide the coefficients of (i n and <7 n _ } in (II.) by the terms on the left 
and right respectively of (III.); this gives 


1 2 Af-2 {n- 1 ) 

B n li nrl n(it- l) 2 +iH(T + nj >U) 


if 3/1/ >2. 
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rG„ (»-!)» 2f _2(n-l)^ 

G'n-i n 2 i_ n G n <?„_! n 2 G„^ 

M (r+n) M 5„_! 

Thus we see that 

rGJGn-i -»■ 1, or lim {G n _JG n )==r. 

Hence lLG n x n converges for |a?|<r; and so finally 'LF n x n con¬ 
verges for |x| < JB, as in the other cases previously discussed. 

We can now obtain the required solution as 

lim {x l (C 0 + C x x + C 2 x 2 + ...)+£*“ A (C 0 '++ C 2 'x 2 +...)}. 

A—>■ 0 

Now x ‘{(C 0 +C 0 ')+(C 1 +C 1 ')x+(C 2 +G\’)x 2 + ...} 
-+a?(f>+F&+Pffi+...) 

because F 0 —Q. 

Also (^- A -a/)(CV+C 1 'a:+C 2 , a; a 4--.-) 

=«' (^=^) (- XC'o' - XC/s - X^'a 2 -...) 

-> x'log x(A 0 + A 1 x+A 2 x 2 + ...). 

Hence the fanal solution is 

*‘log*(A 0 +A 1 a;+ A 2 x 2 +,..)+ x‘ (0 +F x x+F 2 x 2 +•••), 

where 

n 2 F n +2nA n =-{{t+n-l)j> 1 +q 1 }F n _ 1 -...-(tp n _ 1 +q n _ 1 )F 1 

Pl^n—l Pi-^-n-2 • •• Pn-A o> 

and in particular Fi+2A -. _ Pl A 0 . 

To deal with the case when the roots of the index-equation differ by 
an integer m is no more difficult, in principle, than the last investi¬ 
gation. But an adequate description of the steps is so lengthy that 
the proof must be omitted here. 

We can readily see the form to be anticipated by taking t=0 in 
the last result and differentiating m times; the two solutions (after 
differentiation) have indices 0, —m, and are of the forms 

(i) U, (ii) Ulogx+V+x~ m W , 

where U, V are power-series in x, and W is a polynomial of degree 
(m—1). 

It should be remarked further that often the most rapid method 
of obtaining the solutions (when the difference of indices is 0 or m) 
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is the method of Erobenius.* But a formal proof of convergence 
seems more troublesome on elementary lines. 

56’4. Exercises on differential equations of the second order. 

In the following examples (which are really of the nature of book-work) 
it is assumed that the coefficients P, Q are rational algebraic fractions in x ; 
and accordingly there must always be at least one singularity. As a rule, the 
singularities will be supposed regular , except in Exs. 3, 6. 

1. One regular singular point. 

Suppose that the point is x =a, and that the indices are p, p\ Prove that 

p=0, p'=-l; P-2/(*-a), 0=0, 

and that the solution is . „,, * 

y-A + B!(x-a). 

If the point is taken at infinity, we find P - 0, Q = 0, and the solution is 

y-A +Bx. 

If P, Q are taken to be any polynomials, we can obtain the simplest types 
of a non-regular singularity at infinity , all other points being ordinary points. 


2. Two regular singular points. 

Suppose that the points are x - a (indices p, p'), and x — b (indices q, q'); 
then prove that 

1-p-p' ; l-q -q’ _g-6 / pp' qq' \ 

x-a x-b 9 v (x-a)(x~b)\x-a x-b) 9 

and deduce that p + q = 0 , p' + q' = 0 , so that actually 

P _1 -p-p' , 1 +p+p' q _ (a- b)*pp' 
x-a x-b 9 V (x - a) 2 (x - b) 2 

If y~z(x- a) p /(x - b) p > verify that z has no additional singular points and 
has indices (0, p' - p) at a ; form the differential equation for z, and integrate 
it, and finally prove that the general solution is 


If the second point (6) is at infinity, prove that 


1-p-p' 

x-a ’ 


<2 = 


PP' 

(x-a)” 


which, as a matter of fact, are the values found by making 6 oo m the 
previous results; and shew that the solution is then 


y —A (x -a) p + B(x - a) p '. 


♦See, for instance, Forsyth’s Differential Equations (3rd or 4th editions), 
Ch. VI. 
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A simple example of this typo of differential equation is given by Art. 68 
below. 

3. One regular singular point and a non-regular singularity at 
infinity. 

Verify that these are the characteristics of the equation given by 


l-p-p' I, 

x-a ’ V ~(x-a)» ’ 


the character at infinity being of the types e 4 ^. (Compare Art. 116 below.) 
Writing for brevity a = 0 and 8 = p - p', prove that the general solution is 


y=Ax»{ i+ . 


JkV 


i*x* 


2(2 + 8) " 2.4(2 + 8)(4 + 8) + 


+ Bx | 1+ 2(2-6) + 2.4(2-8)(4-8) + 

and examine the second solution when 8 is an even integer. 

4. Three regular singular points. 

Taking the points as a;- a, 6, c with pairs of indices (p, p'), q, q') 9 (r, r'), 
verify that 

p= 1 -p-p' 1 - q - g' 1 -r-r' 

x-a x-b x-c ’ 

and 


1 


_/ pp' (a -b) (a -_c) + qq'(b^ z a) (b-c) + rr' (c-a)(c-b) \ 

; - c) l x-a x-b x-c f 


~ (x - a)(x - b)(x - c) 
where p+p' + q + q' + r + r' = l. 

Also, if the third point (c) is taken at infinity, prove that 


p= \-p-p' + \ 


q-q’ 


O- a ~ h ( PP\ _ ML + Jll | 

v (x - a) {x - b) \a; - a x-b a-by 


x-a x-b * (x-a){x- 

which, as a matter of fact, are the values found by making c oo in the 
previous results. [Papperitz.] 

5. Reduction of Ex. 4 to standard form. 


Write 


x-a fb-a 
6-c’ 


* x-a (l 

* " x - c /1 


y = 


(x -a) p (x- b) q 


V> 


(x-c) p+( ^ 

and verify that ?/ has indices (0, p'-p) at £ = 0, (0, q' -q) at £ = 1, and 
(p + q + r, p + q + r') at oo , the sum of the six indices being again unity. 
Calling these indices (0, A), (0, /*)» (v, v'), we find, from Ex. 4, at once 

' -*• 

which can be solved in the form (when |£[< 1) 

r) = AF(v,v\ l-\,$) + B£ K F(v+\, v'+ A, 1+A,£), 
where F(ol, f3> y, £) denotes Gauss’s Hypergeometric series (Art. 12*2). 

In this way the familiar 24 solutions of Gauss’s hypergeometric differential 
equation can be constructed by interchanges of the points a, 6, c, and of the 
indices p, p\ etc. 
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6. One regular singularity and two “ confluent ” singularities. 

Take the case of Ex. 4 with c at infinity, and let b -* oo , so that two singu¬ 
larities tend to coincidence (or to be “confluent”); and let q, q' also tend 
to infinit y bo that (q+q')/b has a finite limit l 9 while {qq f — rr')lb-+s and 
(2qq'-rr')/b 2 -+t. Then verify that 

p^pz£ h Qm St +*, 

x-a (a;-a) 2 x-a 

where p, p', s, t are unrestricted. 

When l = 0 and t - 0 this equation can be reduced to Ex. 3 by writing 

x - a = k£ 2 , 

which makes the new indices 2p, 2p' at £ = 0, and the new coefficients are 


P = 


1 - 2 p - 2p' 


<2 = 4 |£ + 41b. 


7. Special cases of Exs. 4, 5, 

(i) 


{1 - x2) dx*- x dx + n>y=0 ’ 


(Arts. 67, 68) 


for which the indices are (0, 4) at x = ± 1 and (n, -ri) at oo. 

(ii) If we write in (i) y =(1 - x 2 ) } *z, we find that the indices for z are (0, - \) 
at x - ± 1, and (n +1, -rc + 1) atoo, so that we get 


which can be used to obtain the other series of Arts. 67,68. 


(iii) (1 + * 2 )|~ -2(»-l)«^+»(n-l)z = 0 (Art. 68*1) 

has indices (0, n) at i i, and ( - n, 1 - n) at oo . 

(iv) The functions {^/(l +x) ± 1}^ give indices (0, p) at x — 0, (0, 4) at 

{~iP, atoo. 

Thus [4W(1 +«) + l}f = P( - \v> -4(P-1). 1 -P> -*). (Ex. A21) 

and log [4 {sj( 1 + a;) +1}] is deduced by making p -> 0. (Ex. A 9) 


CERTAIN SPECIAL POWER SERIES. 

57. The exponential limit * 

We shall prove that 

where & = lim(i/£). 

v->co 

Consider first the special case when v tends to infinity through 
integral values n, and write ng = X. 


* The reader is recommended to refer to Appendix II. before proceeding further. 
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Then we find,* on expanding, 

l\xY 2 


a+fl- I +x+(i-i)^+(i-i ) (*-Dil 
K)K)-( 


+ *«• +1 


w— l\X n 
n ) n\ ’ 


Now, this expression satisfies the conditions of Tannery’s 
theorem in Art. 49; we can use as the comparison-series, 

1 + A 0 + 2“j *o 2 +31 *o 3 + • •• > 

where A 0 is the greatest value*)* of |Z| for any value of n. For 
we have 

.XI 


“( 1 -s)( 1 -D-( 1 - !L 5 2 ) l ff 


< 


r\ 


where X 0 is of course independent of n. Also 

lim v r {n)~x r lr\ i 

n -> t» 

because lim(l- r ] = l and limA = ». Finally the index p is 
equal to n , and so of course tends steadily to infinity. 

Thus liin(l+£)* = l+a?4*^j* 1 4*^j^+*- t° 00 • 


If now v tends to infinity in any other way, v will, at any 
stage, be contained between two integers n and (n+1) say; 
and of course n will tend to infinity with v . Thus (1+f) 1 ' will 
be contained between! (1 +£) n and (l+£) n+1 ; and will be 
contained between n£ and (ft+l)£ so that 

lim (ng) = lim (n+ l)f = x. 

n-> oo n-> oo 


* For the general tenn in the binomial expansion of (1 + £) n is 

n(n-l)(n-2)...(»-f + l) r ^ ?)...(\ r ~ l y n *)\ 

t That there is a maximum is evident, because it is supposed that X approaches 
the limit x, as n increases to infinity. 

Jit is of course understood that the positive value of (l+S) 1 ' is taken; and 
then this value is obviously contained between (1 4- £) n and (1 +£) n+l if v is rational. 
On the other hand, if v is irrational, the statement is a consequence of the definition 
of an irrational power. 
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Thus, from what has been proved already, we see that 

lim(l + fl- = l+*+g + ^+ ... = lim (1 +£) n+ \ 

and since (l+f) 1 ' is contained between (l+£) n and (l+£) w+ \ it 
follows that 2 ~3 

lim (1+^)’'= I-f-*+gi| ++ ••• • 

If we write for brevity 

(i+£ n =!/,(*.»). 

r=0 

it will be seen that we have used the theorem 

lim 2/ r (*, n) = i {lim/ r (x, n)}. 

n — ► ao r=0 r—0 »— >ao 

That is, we have replaced a single limit by a repeated limit; and of course 
such a step needs justification (see the examples in Art. 49). 


Special cases. 

If g=l/v, we have the equation 

( 1+ £) = 1 + 1 +f!+|i+... to oo=c. 

The sum of this series has been calculated in Art. 7, and we found 
that e=2-718281828... . 

If £=sl/(v—1), we have 

so that lim(l— l/v)~ v =e. 

V—><x> 

These two results may be combined into the single equation 
lim (1+A) 1/A =e, 

where A approaches 0 from either side. 


58. The exponential function. 

We may denote by the symbol E(x) the exponential series 
„ x z x 3 x 4 

!+a;+2|+3i+jj+"- 


Then (by Art. 52) we see that E(x) is a continuous function 
of x, and that its differential coefficient is given by term-by-term 
differentiation, so that 

■^E(x)=l+x+~+^ + ...=E{x), 

d x r x r_1 
deer! - (r—1)!* 


because 



57, 58, 59] 


EXPONENTIAL SERIES 


173 


Further, we see from Art. 57 that 


B(.) X = lim (l +?)". Urn (l +*)' 


= lim (l-\- 

rt-> oo \ 


x+y.xy\ 


=E(x+y). 

This result can also be proved directly from the series for E(x) y 
by applying the rule (Art. 34) for multiplying two absolutely con¬ 
vergent series. The result leads directly to the equations (in which 
n y p are positive integers) 

e»={E(l)}«=E(n) = {E(n/p)Y> y E(-x)=[E(x)]~K 
Thus we see that E(x) is the positive value of e* for any rational 
value of x. But the equation must also be true for irrational values 
of x ; for if a 0 , a ly ... 9 a n , ... represents a sequence of rational 
numbers whose limit is x, we have 

ef = lim ef ln = lim E{a n ) — E ( x) y 

n—>se n->oo 

the last step being valid because E(x) is a continuous function 
(Art. 52). In future, we shall generally write e? instead of E(x); 
but when the index x is a complicated expression it is sometimes 
clearer to use exp x y as in Ex. A 20, at the end of the chapter. 

Ex. As a numerical example, the reader may shew that 
e J "= 4-810..., 

and hence that e n = 2314..., e m =535*6.... 

To obtain the first result we need only add up all the terms calculated 
in the example of Art. 59. 


59. The sine and cosine power-series. 

{ /y3 rJit 4*2n-l 

•-fi+ 5!—■■ +( - 1 ^ps=iy 


;}=<S»(*) 

,} =C n (x). 


/ /y*2 -7»4 or»2fl—2 | 

and cosx-|l-^ + ^-...+(-l)»- 1 ^-^}=0 B ( a: ). 

Then it is plain that S n (x), C n (x) are both continuous functions 
of x, and that 

fc{Sn(x)}=C n (x), ^{C„(X)}=-S B _ 1 (X). 
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Now G 1 (x)==^coax— 1 is negative, and consequently ^{^(d)} is 

negative; but S x (x) vanishes with x 3 and consequently S^x) is 
negative when x is positive.* 

Thus ^{C 2 (x)} = — Si(x) is positive when x is positive; but 

C 2 (x) vanishes with x , and therefore C 2 (x) is positive when x is 
positive. 

Hence ^{S 2 (x)}==C 2 (x) is positive when x is positive; and S 2 (x) 

vanishes with x, so that S 2 (x) must be positive when x is positive. 

That is, j x {C 2 (x)}=—S 2 (x) is negative when x is positive; and 

therefore, since C 3 (d) vanishes with X, C 3 (d) is negative when x is 
positive. 

We can continue this argument, and by doing so we find that 

Ci(a), C 3 (d), C 5 (x), C 7 (x), ... j are negative when 
S^x), S s (x), S 5 (x), i S 7 (d),,.../ dispositive, 

while the expressions with even suffixes are positive. 

This shews that sin x lies between the two expressions 

rp 3 rpSt spZtl — 1 


/|»3 /yJo oi>2n—1 /y*2W+l 

2<2n+l 

Hence, since lim th-XiTi ^ ( see P* 9)> 

n~> oo i I) • 


we have 


sp3 sp5 rp 7 

sin*=*-3! + ^- 71 + ...tooo. 


In like manner we prove that 

, d 2 d 4 d® 

cosa:=l-2- ! + | j- 6! +...tooo. 

These results have been established for positive values of x only; 
out it is evident that sin x and its series both change sign with d, 
while cos x and its series do not change sign, so that the results are 
valid also for negative values of x. 


* We make use throughout this article of the fact that if y is increasing with x 
and is zero for x=0, then y (if continuous) must be positive for positive values 
of x ; this fact is intuitive, but can be proved by arithmetic reasoning. 
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The figure below will serve to shew the relation between sin# 
and the first two or three terms in the infinite series. 



Ex. Let us calculate cos (\tt) and sin 
We have -5708 very nearly. 

This gives \x- = 1 -2337, 5 dxw x7 = *0047, 

= -6460, 4 = -0009, 

A* 1 * *2537, injaV h 0 x ° — *0002, 

1 = '0797, ;TB 2 8 = *00003. 

^3° = *0209, 

Hence cos (fa) = 1 *2546 - 1-2546 =0, the error being less than -00003. 

Also sin (J 7 r) =1-6507 - 0-6507 =1, the error being less than -00003. 


60. Other methods of establishing the sine and cosine 
power-series. 

(1) Probably the most rapid method of recalling the series to memory is 
to assume that sin x and cos x may be represented by power-series. 

Thus if sin x=a 0 + a x x + a 2 x 2 + a z x 8 + ... 


we have 


cos x (sin x) =a 1 + 2a.pc + + ...» 


- sin x = (cos x) =1.2a a + 2.3. ajx + 3.4. a k x 2 + 


Further, a 0 =0, a x = 1, because sin a; is 0 and cos x is 1, for x =0. 


Hence we get 1.2 . a a = ~a 0 =0, 

2 .3. a s = -a x = - 1 , or a 3 = - g-,, 
3.4* - — *■ a, = 0, 

. ez 1 

4.5. a 8 = -a 8 , or a 6 = gj, 
and so on. 


But of course we have no a 'priori reason for supposing that sin x and cos x 
can be expressed as power-series; and therefore this method is not logically 
complete. 
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(2) We may start from the series, and call them, say, 8(x), G(x). Then 
multiplication of the series (by Art. 54) gives 

8(z)C(y)+S(y)C(x)=S(x + y), 

C(x)C(y)-S(x)8(y) = C(x + y). 

Hence in particular { C (a?)} 2 + {£(a)} 2 = C( 0) = 1 

and 8(2x) = 28(x)C(x), C(2x) ={<7(s)} 2 - {8(x)}\ 

From these formulae we can shew that 8(x) and C(x) satisfy the ordinary 
formulae of elementary trigonometry. 

Further, (7(0) = 1 and (7(2) is negative,* so that C(x) =0 has at least one 
root between 0 and 2. But 

fc{C(x)}= -S(x), 


and 8(x) is always positive! for any value of x between 0 and 2. Thus G(x) 

can have only one root between 0 and 2, because C(x) steadily decreases in 

that interval. 

Call this root then we have 

C(ol)=0, {£(a)} 2 = 1, 

and so 8(cl) = 1, since 8 (a.) mast be positive (0 < a < 2). 

Hence S (2a.) =2 8 (cl) C(cl) =0, 

C(2ol) ={(7(a.)} 2 -($(ol)} 2 == -1, 
and so S(x + 2ol) = - 8 (x), (7 (x + 2cl) = - G(x). 

Thus 8(x + 4ol) = +S(x), C(x + 4<x) = + G(x). 

On these formulae the whole of Analytical Trigonometry can be based; 
7 r being defined as equal to 2a. 

(3) It is not difficult to prove, by induction or by the methods given in 
Chap. IX. below, that 

sin nO =cos n 0 j nt - ————— t* + ...| > 

COS»0=CO8 B 0jl- <■ + „ _...}, 


where i=tan0, and both series terminate after £(?i+l) terms, when n is 
odd ; or after Jn or ^(n + 2) terms, when n is even. 

Thus we have, on putting nd—x. 


“—("**;) {i -(■ -Di 1 -i)(‘ 


where 


£=ntan(a;/tt). 


* Because <7(2) = 1 -2 + f - f?(l^(l - 
tBecause S(*) = x(l - + g(l -$)+••. • 


2 s \ 

11 . 12 / 
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To these expressions in brackets we can apply Tannery’s theorem of 
Art. 49, using as the comparison-series 

f 3 / 5 / 2 f 4 

+ + «d 1+2-J + 4.+ — 

where / 0 - | mtan(#/w)| |£|, m being an integer less than n, and chosen 
so that x lies between - \m tt and + ±mir . 

The argument is, in fact, almost identical with that employed in Art. 57 
for the exponential limit; and we deduce that 

.if. ( £ -(‘ -;)(* -I)si + •••) -■ - ?. + 6i - - “ *■ 

•zH'-DSt *-}-'-•»— 


Finally, 
and so 
and thus 


0 < 1 - cos =2 sin 2 0 -< 0 — 2 , 
n 2 n 2 w 2 ’ 


1 > cos 1 


i n ->(l 

n \ 


' 2nV 


> 1 - 


2n’ 


(Art. 38) 


lim cos n - =1. 


(4) Another instructive method is to apply the process of integration by 
parts to the two equations 

sin x—l cos {x-t)dt, cosa? = l - / sin {x-t)dt. 

»o *'o 

If we integrate twice by parts, we obtain 

r t 2 " 1 * f X £2 

sina;=: cos(a; -t) - ^, sin (a?- J)j - J ^rcos (x-t)dt 

f x t 2 

-x - / .-cos (x-t)dt 
Jo & ! 

r~ f2 —IX ,'x 

and cosa; = l - [^sin(a; -t) + ^cos (x -£)J + J ^jSin [x-t)dt 

x 2 f x t 2 . . . lt 

=1_ r! + j 0 2\*' n{x - t) ' u ' 

and so on. 

Thus we find that, in the notation of Art. 59, 

t 2 n 


rx 

«»(*)=(-1 )" j o p ^ y , c 08 (*-<)<«. 
<?„(*)=(-!)"{ jpr^iy. COB{x ~ t)dt 


Hence, as in that article, we find 

rul fin 


and 




|a;| ln + 1 
[2n)\ w “ — (2n + \)\ 

2n 




111 di^ X 


% ( 2 » - 1 ) 

M 


(2»)! 
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61. The general binomial theorem. 

We shall now discuss the general binomial series 

f(x)=l+vx+v(v—l)^+v{v— 1)(j/~ 2)|j+... to oo. 

We know from elementary algebra that if v is a positive integer 
this series terminates and represents (l+a;) 1 '. We proceed now 
to examine the corresponding theorem for other values of v. 

By Art. 12*2, the series is absolutely convergent if \x\ < 1 ; 
and so (Art. 50) the series is uniformly convergent in any interval 
(— k } +k) y where 0 < k < 1. 

Now 

l)x+(v— l)(v—:2)|,+... to CO ) —vg(x) say, 
where g(x) differs from f(x) by having (y —1) in place of v. 

Also (l+05)5(a:)=l+(i/-l)a;+(i/— 1)(k— 2)~+... 

+ z+ 2(„-i)|*+... 

or (l+a;)flf(a:)=l+i«+i/(i/-l)|- ! +...=/(a:), 

so that (1 +x)f'{x) —vf{x). 

Hence we see that ^{(1+^} = °’ 

or f(x)=A(\+x)\ 

where A is independent of x. But /(0)=1 ; and consequently, if 
we choose the positive value for (1 +xy> we have .4=1; that is, 

/(*)=( 1 +*)’. 

This result has, of course, been proved only for an interval 
( — k, +k) ; let us now see if it can be extended to include the 
points — 1 , +1. The quotient of the nth term in the series by 
the (n+l)th is 

— nf(n — v —1)#, if n> p+1, 

and so the series converges at x=—l if v is positive (Art. 12*2), 
and at cc=+l if v+l is positive (Art. 19). Thus by Abel’s 
theorem (Art. 51) the sum of the series at «=— 1 is 0, if v is 
positive; and at a?=+l the sum is 2 V if y+1 is positive. 
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Other methods. 

(1) The most rapid method for recalling the series to memory is to solve 
the differential equation 

(1 + x)f'{x)=vf(x) 9 

by assuming a series f(x) = 1 +a x x +a 2 x 2 + ... . 

On substitution, we find that 

(i\~ i', + 3cij + 2dj ~ i'® 2 > etc. 

Of course this investigation must be supplemented as above in order to 
complete the proof. 

(2) We can multiply together two series with different values of v (say 
vi and v a ) and verify (by Art. 54) that their product is a similar series in 
which the coefficient of x n jn ! is a polynomial of degree n in ^ and v 2 , the 
terms of highest degree being v x n and v 2 n . Now when v 19 v 2 are any integers 
greater than n, this coefficient is equal to 

(i'i + v 2 )(i'i + r 2 - 1) ••• (i'i + i' 2 -^ + l) 

by the elementary binomial theorem. Hence this expression represents the 
form of the coefficient generally. Thus the product is equal to f(x ), where 
v = v t + 1 / 2 ; compare Art. 9(>, below. Then we can apply the same argument 
as was used for the exponential series (Art. 58) to prove that f(x) must be 
the i/th power of its value for v =1. 

(3) The proof given in the example of Art. 36 may be regarded as one 
of the best of a purely algebraic type. 

(4) We have (1 +xf =1 +vj( (1 +x-t) v ~ l dt 

= 1 +vx + v(v -l)/ o (1 +x -ty~' 2 tdt, 

where we obtain the last line by integrating by parts. Continuing thus, 
we get 

(1 +x) v - |l + vx + v(v - 1) ~ + ... -f v(v -1)... (v - n + 1)-j- 

= v(j*-1) ... (v -n)j (1 +x -t) v ~ n - lt —dt. 


Now, if a; is positive, (1 +x -t) lies between 1 and (l +x), so that 

provided that n > v - 1. 

On the other hand, if a; is negative, we can only say that 

1 f*. t n I l-rin+i 

\J o (l+x-t)' if n > i'- 1. 
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Thus, in either case, if \x\ < 1, the difference 

(1 +x) v - |l +vx + ... +i/(v-l)(v-2)... 
tends to zero as n increases to infinity. 

When it is sometimes useful to replace (l+x) v by a 

selected number of terms from the binomial series (compare Art. 
116 below); and it is then necessary to make an estimate of the 
error introduced by this step. We can obtain such an estimate 
from the formulae just worked out by integrating by parts. The 
results are easily found to be : * 

If x > 1, and n> v, the error involved in using the first n terms of 
the series, in place of (1 +X) 1 ', is less than the next term of the series . 

But if x is negative and numerically greater than 1, the previous 
estimate must he multiplied by |l+a;| , '“ n . 

If x=— 1, it is interesting to note that we can sum the binomial 
series to a finite number of terms. Thus we have 
1 — v+\v(v— 1)=(1 — 0(1 

1— v+&{v— 1)— l)^— 2)=(1 — i/)(l —4*')(1 —4i')f 

and so on. 

Hence the sum to (n+1) terms is 

( i -v) (i *) (i ■ (i 4 

It is clear from Art. 39 that as n tends to oo this sum tends to 0 
if v is positive, and to oo if v is negative.f 

62. The logarithmic series. 

We take as our definition of the natural logarithm the equation 

log(l+z) = f . (See Appendix II.) 

JoJ+£ 

Now when |$| < 1, we can write 

(l+j)-i==l_*+*2_.*3 + _ t0 oo | 

the series converging uniformly from £=0 to t—x. Hence (by 
Art. 52 (2)) we obtain the series 

log(l+x)~x—%x 2 +$x z —ltf*+... to oo. 

•It should be noted that we have here written (n-1) for n in the actual 
formulae worked out under (4) above. 

t Because the series 1 + +... to oo is divergent. 
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However, it is not necessary to make use of uniform convergence 
in order to integrate term-by-term ; for we have 


Thus 


log(l -\-x) —x—%x 2 -\-$x s —... +(—l) n_1 -3 n 


If x is positive, the last integral is clearly less than 
C x x n+1 

t n dt==: 

Jo n+1 


which tends to zero as n tends to infinity, provided that 0 < x + 1. 
Thus the logarithmic series is valid * even for x=l. 

This result follows also from Abel’s theorem (Art. 51); and has 
been obtained previously in the form 

log 2==1(Art. 19) 
On the other hand, when x is negative, we can only say that 


is less than 


ll: 


o 1+i 


dt 


1+3 Jo *-(*+l)(l+*)’ 


and from this expression it would be expected that x — —l must be 
excluded from the region of convergence of the logarithmic series ; 
and, as a matter of fact, the series 


—(l+i+i+i+—) 

has been proved to be divergent (Art. 7, Ex. 2). 

It should be noted that even if x > 1, the difference between 
log ( 1 + 2 ?) and the first n terms of the series is less than the following 
term . 

The special case n=l leads to the results 

0 < 2 ?—log (1 +a?) < ^ 2 ? 2 , if 2 ? > 0. 

0 < 2 ;—log (1 + 2 ?) < ^ 2 ? 2 /(l + 2 ;), if — 1 < 2 ? < 0. 


♦That is, the operation of terra-by-term integration can here be extended 
beyond the region of uniform convergence of the integrated series (compare 
Art. 47 and Art. 52). 
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Another method . 

From the identity (1 + x)» = e v ), 

we see that (Arts. 58, 61) 

1 +yx +y(y -l)*i +y{y -l)(y -2)*, + ... 

=1 + j/log(l + x) + 2 j{yi°g(i +*)}’+ ^{jriogU +*)}’+ — • 

It is now neoessary to consider whether the first of these series can be 
re-arranged in powers of y without changing its value. By Art. 26, this 
derangement will be permissible if the series 

1 +r;^+7;(r;+l)|- ! + r)(r) + 1)(?/ + 2)|| + ... 
is convergent, where £=|a;|, ?/=|y|. 

But the last series is the expanded form of (1 - £) which is convergent 
if £< 1 ; that is, if |a?| < 1. Thus the derangement will not alter the sum. 

Hence we get (from the coefficients of y and y 2 ) the equations 

log(l +x)=x - \x* + - \x 4 + ... to 00 , 

i{log(l +*)}■=}*• -+1) +J**(1 +i + J) - +J +J +}) + ... to 00 . 

Similar (but less simple) series may be deduced for higher powers of 
log(l + x). [Compare Chrystal’s Algebra , Ch. XXVIII. §9.] 

63. For purposes of numerical computation of logarithms it is 
better to use the series 

log =2 (x+i x 3 +1 a?+} x 7 +...), 

which can be found from the previous series by writing —x for x 
and then subtracting; or directly, by integrating 1/(1—a:*). In 
either way the remainder after n terms is seen to be less than 

2a;*»+ 1 

(2»+l)(l —x a )' 

Then, by writing as=l/(2p+l), we deduce the formula 

l0g ) =2 W+1 + 3 (2^+l)» + 5 (2p+l) 6 ) + •"}’ 
which is a very convenient form for numerical work. 

Ex. The natural logarithms from log 2 to log 10. 

By writing p =2, 3, 4, we obtain three series, the first of which is 

The seoond and third give similar series for log $ and log J. 
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The details of calculation for log g may be arranged as follows : 


1 

5“ 

•20 00 00 00 


•20 00 00 00 

1 

5 8 “ 

80 00 00 

-r3 

26 66 67 

1 

5 6 " 

3 20 00 

—5 

64 00 

1 

5 7 “ 

12 80 

-r-7 

183 

1 

5® 

51 

H-9 

06 


■20 27 32 56 
2 


log | = -40 54 65 


The erro* involved in neglecting terms beyond the fifth 

2 i /|\» 

a = J32 \5 / 9 cann °t affect the eighth decimal. 

result is correct to the sixth decimal. 

Similarly, we get 


is less than 
Hence the 


logf =2{-14285714 + -00097182 + 00001190 + -00000017} 
= -287682 to six decimals, 


the error involved being again less than a unit in the eighth decimal. 
Also log } =2{-llllllll + 00045725 + 00000339 + 00000003} 

= -223144 to six decimals. 


From these results we find the natural logarithms of all integers from 2 to 
10 (with the exception of 7, which can be found similarly from log £). 

In particular, we have 

log 2= -693147, log 3 =1-098612, 
log 5 = 1 -609438, log 10 = 2 -302585. 

Of course other series than the above have been found, which converge 
more rapidly, and so enable the logarithms to be easily calculated to a great 
number of places. To illustrate, the reader may find formulae for log 2, 
log 3, log 6 in terms of the three series obtained by writing p = 15, 24 and 80 
in the general formula. 


64. The power-series for arc sin x and arc tan a?. 
If #=sin 0, we have 


d 3! + 5 f 


and so, by the principle of reversion of series (Art. 55), we can 
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express the numerically least value of 6 as a convergent power- 
series in x , the first two terms of which are seen to be 

0=z+£z 3 +.... 

However, it is not easy to obtain the general law of the coefficients 
in this manner; but we can overcome the difficulty by using the 
Calculus. 

We have in fact 


dx cos 0 ~ ^/(l '2 * +2.4^+2.4.6* + ’"’ 

where 0 is supposed to lie between —\i r and + \tt> so that cos 6 
is positive. 

d6 

The series for is obtained from the binomial series by writing 

v=—\ and — x 2 for +x ; it will therefore converge uniformly in 
any interval ( — k , + Jc) if 0 < k < 1. 

Hence we may integrate term-by-term and so obtain 
, 1 x 3 . 1 . 3 z 5 , 1 . 3 . 5 z 7 , 
arcsina ; =e= a! +2 3+274 5+27476 7+ 


which converges absolutely and uniformly in the interval (—1, +1), 
as may be seen from the test of Art. 12*2 (5). Thus, writing x=l j 
we have the formula 


1 

2 


TT=1 + 


_L i-3 1.3.5 

2.3 2.4.5 t 2.4.6.7 


+ ... 


but this series converges so slowly as to be quite unsuitable for 
numerical computation. 

Although we have not found * a series for tan x , we can easily 
find one for arc tan x. For, writing $=tan <p , we have 

d<t > 1 = 1 
dx sec 2 0 1+x 2 ’ 

* We can, of course, form such a series by dividing sin a; by cos# (compare 
Art. 64), but thero is no simple general law for the coefficients except in terms of 
Bernoulli’s numbers (Art. 100). The first three terms are 
tan# = # + ^# 3 + 1 \# B +..., 
and more coefficients are given in Art. 100 below. 

The method used in Art. 54 shews that this series will certainly be convergent 

in any interval for which ~ ~ -f ... < 1; and a short calculation will shew 

z: 4 ! o ! 

that this is satisfied in the interval (-1*3, +1 *3); but by means of a theorem 
given in Art. 89, we oan shew that the region of convergence is ( — Jw, + i?r). 
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Thus 1—**+** — -1)” 1 J0 3n " z +(—l) n ^~_ x . 

/|j2n—1 

or ^=x-^x 3 +lx r> -...+(— 



where 0 is supposed to lie between —\tt and + J 7 r. 

The integral last written is less, in numerical value, than 

C ixi |/v.|2n+l 

t^ dt= JIL ; 

Jo 2n+l 

and this tends to 0 as n tends to 00 , provided that \x\ ~ 1. 

Hence we have * Gregory’s series 

arc tan —... to 00 , 

where —l = ®=+li — == arc tan »~+^7r. 

In particular we have 

-i. 

The last series converges very slowly, but by the aid of Euler’s 
method given in Art. 24, the reader will find no great difficulty in 
calculating \tt to five decimals, from the first 13 or 14 terms. The 
result is Jx*=-78540. 

For the actual calculation of tt to a large number of places, it is necessary 
to use special devices to increase the convergence of the series; a well-known 
method is to write (JL =arc tan }. 

Then we find tan 2a = tan 4a = H 

Hence tan (4a - J7r) = ^ ^ 

or =4 (arc tan £) - (arc tan * J w ). 

For other series to calculate 7 r see Ex. A 42, p. 196. 

65. Various trigonometrical power-series. 

It. is clear from Art. 27 that the expansion of 

(1—2r cos 0+r 2 ) _1 =l-f(2r cos 6— r 2 )+(2r cos 6— r 2 ) 2 -f... to oo 
may be arranged in powers of r without altering its value, provided 
that f 0 < r=f. 

*Of course the term-by-term integration could also have been justified by 
making use of the uniform convergence of the series 1 - a^ + ar 4 - .... 

+ For |2rcos 0| -j-r 2 :S2|>’| +r ,<J ; and when r satisfies the condition above we 
have 2|r| +r 2 =f£ < 1. Thus \2r cos 0\ + ?’ 2 < 1, as required by Art. 27. 
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The sequence of coefficients is, however, more easily determined 
for the fraction (1 —r cos 0)/(l —2r cos 0+r 2 ). 

1 —r cos 0 


Write 


=l+A x r+A 2 r*+A z r*+... , 


1—2r cos 0+r 2 ~ 

where A v A 2 , A a , ... are of course functions of 0. Then we have 
the identity 

1 —r cos 0 —1 -{-A^t +A 2 r 2 +.4 3 r 3 +... 

—2r cos 0—2 A x r 2 cos d—2A 2 r 3 cos 0 —... 

+r 2 +,4 1 r 3 +..., 

and hence we get, using Art. 52 (5), 

Aj =cos 0, 

A 2 =2A x cos 0—1 =cos 20, 

A 8 =2A 2 cos 0 — A x =cos 30, 

A 4 =2 A 3 cos 0 —A 2 =cos 40, 

and so on. 

Thus we find the series 

f —2rcos 0+r 2 ==1 ~^~ r 008 ^+ r2cos 20+** 3 cos 30 + ... to oo . 

If we subtract 1 and divide by r, we deduce that 

C0S ^ r cos0+rcos20+r 2 cos30+r 3 cos40+... to oo . 


1—2rcos0+r 2 
Combining these two series, we get also 
1—r 2 


=1 +2r cos 0+2r 2 cos 20+2r 3 cos 30+... to oo . 
at gives the formula 
B x r +B 2 r 2 +J3 3 r 3 +... to oo, 


1— 2r cos 0+r 2 
An exactly similar argument gives the formula 
rsin0 


1—2 r cos 0+r 2 
where, on multiplication, we have 

B x =sin 0, B 2 =2jBj cos 0 =sin 20, 
B 8 =2jB 2 cos0— Bi^&inSO, etc. 
rsin 0 


Hence 


=r sin 0+r 2 sin 20+^ sin 30+.... 


1—2r cos 0+r 2 

By inspection we see that all these series converge when 
l+r+r 2 +r 3 +... converges, or when —1 <r<l. Thus we are 
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led to enquire whether the equations are not also true for the 
interval (—1, 1 ). Now we find, identically, 


1 —r cos ff 
1 — 2 r cos 0 +r 2 


1 -\-t cos 0 +r 2 cos 20 +...+r n ~ 1 cos (w—l) 0 + 22 n , 


where 


P _r w cosw 0 — r n+1 cos (n— 1)0 
Kn ~ T^Tcos 0 +r 2 ’ 


so that \R n \ Cp»(l+p)/{ 1-p) 2 , if 


Hence, as for the geometrical progression (Art. 6 ), we see that 
lim R n = 0 , if — 1 < r < 1 , and accordingly the first equation holds 
for the interval (— 1 , 1 ). And the other equations can be extended 
similarly. 

Again we have 


d 

dr 


log (1 — 2 r cos 0 +r 2 ) = — 


2 (cos 0 —r) 
1 — 2 r cos 0 +r 2 


= — 2 (cos 0 +r cos 20 +r 2 cos 30 + ...) 


by what has been proved. 
Hence, integrating,* we have 


log (1 —2 r cos 0 +r 2 ) = —2 (r cos 0 +£r 2 cos 20 +£r 3 cos 30+...), 

no constant being needed because both sides tend to zero as r-> 0 . 

It may be noted that the same result is found by integrating 
the sine-series with respect to 0 . 

Also we have 


f r sin 6 dt _ ( r sin 0 dt [' / 1— cos 0 \ r 

Jo 1—"2$cos 0+£ 2 "~" Jo (t— cos0) 2 +sin 2 0 L &rC an \ sin 0 /Jo 


—arc tan 


r—cos 0 ) sin 0 —( 0 —cos 0 ) sin 0 


l si 


1 ^ ^ rsm0 \ 

} =arc tan l z -- 5 ) 

/ \1—rcos0/ 


sin 2 0 +(r—cos 0 )(O - cos 0 ) 
Thus we find 


arc 


f rsin 0 \ f r si 
tan \1 —r cos 0 / Jo 1 — 2 $ 


sin 6 dt 


o i—cos 0 +J 2 
=1 dt (sin 0+£sin20+£ 2 sin30+...) 


■i 


=rsin 0+£r 2 sin 20+1^sin 30 + ... 


♦Term-by-term integration is permissible because, if |r| < 1, the series 

may be compared with 1 +k + k 1 +k i +..., and Weierstrass’s AT-test can be applied. 
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We have only established the equations above on the hypothesis 
that —1 < r < 1; but we know from Art. 22 that the two series 
cos 0+$ cos 20+$ cos 30+... 
sin 0+$ sin 2 0+$ sin 30+... 
are convergent, except the first for 0=0 or 2for. 

Thus, by Abel’s theorem (Art. 51), we have 
cos 0+| cos 20+|cos 30+... = lim { —$log (1 —2r cos 0+r a )} 

r-*-l 

= — $log(4sin a $0); 

and when 0 < 0 < 2 tt, this result can be written 

cos 0+| cos 20+$ cos 30+... = —log (2 sin $0). 

We find, similarly, 

cos 0—$ cos 20+$ cos 30—... = lim$ log(l+2r cos 0+r a ) 

r ->» 1 

=£ log (4 cos 2 £0); 

which can be written as log (2 cos £0), if — 7 r < 0 < 7r, 
although a fresh investigation is not necessary, because the last 
series can be deduced from the preceding by changing from 0 to 
7r -f- 0 . 

In like manner we find the result 

( r sin 0 \ 
l^-r^os0/ 

Now, from the figure it is evident that the angle in question is 
the angle <f>, which, according to the definition of the arc tan function, 



Fig. 18 . 


must lie between and +§ 7 r; so that lim 0=|(7r—0), when 
0 < 0 < 7r; and when tt ~0 < 2x, we readily find that the same 
formula applies, by drawing a fresh figure with 0 between 7 r and 27r. 
Thus sin 0+J sin 20+^ sin 30+...=£(7r—0), if 0 <0 <2x. 
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But if 0=0, or 27r, the value of the series is 0 because each term 
in it vanishes ; thus the series is discontinuous * at 0=0 and 27 t. 

If 0 lies between 2kir and 2(&+1)7 t, where k is an integer, positive 
or negative, we have 

sin 0+£sin 20+£ sin 30 + ... =4{7 t — (6— 2ifc7r)}==£{(2jfc+l)7r-- 6}. 

These results have all been obtained without the use of the complex variable; 
although, as a matter of fact, they could be established more quickly t by 
assuming certain results obtained in Ch. X. below. 

Thus, for instance, we have the equation 

T ^~ = 1 +& +a; 2 + 2 ? +... too© , 

1 -x 

provided that \x\ < 1. 

If now x =r (cos 6 +i sin 0), 

1 _ 1 - r cos O + trsmO 1 -r cos 0 + tr sin 6 

I -a;~(l -r cos 0) 2 +(rsin 0) a ~ 1-2r cos 0+r 2 

Thus, on taking the real and imaginary parts, we obtain the same series 

1 - r cos 6 , r si n 0 

1-2 r cos Q+r 2 an 1 - 2r cos 0 +r 2 
as were found in the previous work. 

Similarly, by taking for granted the logarithmic series (Art. 95), we can 
obtain the series for log (1 -2r cos 0 +r a ) and arc tan > hut it 

will be recognised that a complete discussion on the lines of Arts. 94-96 is 
at the bottom more troublesome than the direct discussion given here. 


EXAMPLES % A. 

Differentiation and Integration. 

1. Justify the equation 
1 1 1 

a a+b + a+2b a +36^"' Jo 1 +t b '' 

Thus the series can be found in finite terms if bla is rational. 


1 ri hi —l 

---st +... = / .—dt (a, b> 0). 

> a +36 Jo 1 +t b v 1 


[Gauss.] 


Deduce that 




1 !_JL 

6 + 8 11 + " 


-s(^ +toe 4 


> 


compare Ex. 5, 
Ch. IV. 


♦Hence these are points of non-uniform convergence for the series (Art. 45); 
a result proved directly in Art. 44*1. 

t The saving is more apparent than real, as at the bottom it depends only on 
rearranging the algebra On the other hand, it is probably easier to remember 
the results when expressed in terms of the complex variable. 

X In a number of these examples, the word expansion is used as equivalent to 
power-series ; and in some cases the words for sufficiently small values of x are implied. 
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2. Prove, as in Ex. 1, that 
1 


1 -S + 9-r3 + -=472 { ’ r+ 21 °8^ /2+1 )>- 


3. Shew that if k and n are positive integers 
k\ 


(a +nb)(a + rib +1) ...(a 4-nh 
(k \)x n 


-_=(V 

+ k) Jo 


[Math. Trip. 1896.] 


(1 -tfdl (a,b> 0). 


Deduce that 2; 


T (a+nb)...(a+nb +k) 

4. Prove, from Ex. 3, that 
1 


- r 

k) - Jo 1 - 


xt f> 


dt. 


1.2.3 + 3 4 5 + 5 6 8^ h* 

- ... =£(1 -log 2), 


1.2.3 3.4.55.6.7 
1 1 1 




2.3.4 4.5.66.7.8' 

[These results are readily deducible also by rearrangement from the known 
series for log 2 and fa r (Arts. 62, 64). Thus the third series is 

2 \2 3 + 4/ 2 \4 5 + 6/ + 2\6 7 + 8/ ,, *“2\2 2/'J 

5. Shew that if a. > 0, y - ol > 0, 

F(a., fi, y, *) = r(a ^g_- ) ( 1 f-‘(l -«r—'(I 
and deduce that if also y - a. - /J > 0, 

]?( a ^ y M _ r(y)r(y -a - ~~ ft) 

( > ^ y ’ ' r( y -ol) r ( y -py 

[The investigation of this result given in Ex. 16, Ch. VI., is better, how¬ 
ever ; because the only restriction required is y - «c - /3 > 0, which is necessary 
in order that the series F( a, /3, y, 1) may converge (Art. 12*2).] 

6. From Ex. 16, Oh. VI., prove that 

1 \*( y / 1.^.5 y __r(2) _4 
+ \2 ) V2.4/ \2 .4.6/ "\ 2 .4.6.8/ + "' - {r(t)} l ~V 

[Write cl= - /3 — -fa y = 1. Note that Ex. 5 will not apply here.] 

7. The complete elliptic integrals are 




0 <*< 1 . 


8. Prove that 


log [1/(1-*)j 
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VIXI.] 

9. Shew that, if |®| < 1 , 

1 nn , ,/i . vn 1® 1.3®* 1.3.5®* 

log[£U +\/(l + a? )}]-“2 2”274 4 + 274 .~6 6 

[Differentiate, and the result follows by integrating the series for (1 +®)~^.] 

10. Multiply the expansions of (1 -®) _1 and log(l-®), and deduce by 
integration that 

4 {log (1 -®)} 2 = J ® 2 + J (1 +1) ® 3 + ] (1 + J + J)®» +.... 

Prove that the result remains true for ® = - 1 . 

[Compare Art. 62 for another method; and also Art. 34, Ex. 2 .] 

11. Prove that, if |®| < 1 , 

1 / , X2 ® 2 /, 1\®4 /, 1 1 \ ®« 

2 (arc ten:e ) = 2 " i 1 + 3) 4 +V 1 + 3 + 6 / 6 " - * 

Shew that the result is true for ® = 1 . 

12. Prove that 

-log(l +: r).]og(l-*)=** + (l-^+|)^+(l-|+J-^+g) | + 

[By direct multiplication, or by expanding the differential coefficient 
(i -x)-nog (i +x) -(i + ®) —i log (i -®).] 

13. Prove that 

i ® 3 2 ® 6 2 .4 ® 7 

N /(l +a?*) log {x + v /(l +* s )} =* + 3 - 3 6 + 3-^5 y - ••• • 

Shew also that 

2X . ® 3 2®* 2.4 ® 7 

^(1 -*») arc sin * - 3 - 3 3 - 3 -g y - . 

Prove that both equations remain valid for ® = ± 1. 

[For the first result, use the equation (1 +® 2 ) ~ 1) =xu, and find a 

similar equation for the second.] ' ax ' 

14. If y = (1 +x)~ n log (1 +®), shew that 

(1 +x)^+ny=(l +*)-". 

Deduce the expansion 

y=x-»(» + l)(i + ^ 1 )|* +W (» + l)(»+ 2 )(U^+^)^-.... 

16. Prove that 

i (arc tan x )log ~ * =*• + (» ~ J + g) V + 0 “ S + S "7 + tf) T + ‘ 

[It is easy to see that 

(1 -» 4 )^=(l -**)(* +£**+$*• + ...) +(1 +X i )(x - \x> + ’** - ...) 

16. Verify that 

J(arc tan®). log (1 +® a )=# 8 j -S^+tfey - •••, 
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whore 

and deduoe that 
[Here 


'S 2 »=l+|+| + -+ 2 n ; 

(1 +a; a ) j||==a;(arc tana;) +£log (1 + x 2 ) 


lMath . Trip . 1897.] 


=S&*-(S A -£ a )a;* +(S 0 -S t )x* - ... . 
For the second part, use Abel’s theorem.] 


Derangement of Expansions. 

17. Verify the series in Exs. 8 , 9, above, as far as the first four terms. 

18. Determine the first three terms in the expansion of 

x*/{x - log (1 +x)}. 


19. Expand exp (arc tan x) up to the term which contains a: 5 . 

[Math. Trip . 1899.] 

[We can easily expand by direct algebra ; or we may note that the function 
satisfies the equation (1 +x 2 ) ~ = y, and so, if y = 1 4 - 'Za n x n ln !, 
we find that a x = 1 , a n+1 =a n - n(n - l)a n _ r 

This gives a % —l, a s = -1, a 4 = -7, .... 

The possibility of the expansion follows from Art. 36.] 
i 

20. Expand (1 +x)*=exp (1 -\x + \x 2 - Ja ; 3 + ...) 
up to and including the term in ar 1 . 

[The first three terms are e (1 - \x + H® 2 ) * f^e possibility of the expansion 
follows from Art. 36.] 

21. Shew that, if |a;| < 1 , 

a (1 + w «»]. .1 + , (*) ♦»-<£ s (J)‘ (;)Y... 

Trip. 1902.] 

Verify the result for p =3, p =4 by direct expansion. 

[As far as the terms in a;*, the result can be checked by noticing that 

For the general term, note that this is the expansion of (1 +y) p , where 
a?=4p(l +y) ; then use Lagrange’s series, as in Ex. B. 16.] 


22 . If v=a 0 +a 1 $+a a $ a +a 8 $ 3 + ..., 

prove that the first and second terms in the expansions of 

11,11 dt 

-—— and- r- 

v-a 0 a x t v-a Q t dv 

are respectively 
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23. Apply the first series of Ex. 22 to prove that if 

1 1 _■» /•/ 


n*)=-. 


<M*) -<M*) (*-<*)<*>'(«.) 


and /(«.)= lim /(*), 


then /(c) = - 2 -|V Bm /'<•) -g^’ 

where </>i=<£'(c), <£,=<*>"(«■). <£, =</>'" (c). 

Shew also that ^{/(c)}-Um/'(x) =|^ ~ 3 ^ 2 

and explain how this result follows from the second series of Ex. 22. 

[Write x=gl+*, t/ = <£(x).] 

24. Apply the last example to prove that if 

/ (x) = (sin x - sin a ) -1 - {(x - a.) cos ol}” 1 , and /(ol) = lim /(x), 

X—*OL 

then ^ {/(ol)} - lim /' (x) = sec 8 ol - sec ol. 

[ifaJ/i. Trip. 1896.] 

25. Prove that the coefficient of r n in the expansion of (1 -2 fir +r 2 )~^ is 

1.3.5... (2n -1) ( _ n{n - 1) 2 n(w - l)(n- 2)(n - 3) 4 _ \ 


'V 2(2?i~ 1)' 


2.4(2w — l)(2n-3) 


the number of terms being either J (w +1) or Jn +1. 

[This is Legendre's polynomial P n (/i).] 

26. Prove that the coefficient of x an in the expansion of (1 +2px - qx 2 )~ m is 
m(m + 1) ... {m+n -l)^ n . n(m+n) t n(n- l)(m +n)(m +n + 1 ) D2 , 1 

-^ 2 L 1 + ™~ 2 T~ r+ 4 ! ^ + 

where P =4p a /g. 

Shew that it is a multiple of the coefficient of t n in the expansion of 

1 . /~.~x P H . (n+m)(n+m + l) pH 2 

,r-ir < ” + ’” l ( r-rf + —it— 


= . !_ (i-2*LX 


[Set as an example in differentiation. Trip. 1898.] 

27. If [(1 -xy)(l -xy a )(l -x/y) (1 -x/y 2 )] -1 is expanded in powers of x, 
the part of the expansion which is independent of y is equal to 

(1 +x»)/(l -x 8 )(l -x a ) a . IMath . Trip . 1903.] 

[If we expand {(1 -xy)(l - x/y)} -1 , we obtain 

1 +x(y +l/y) +x a (y a +1 +1 /y a ) +x 8 (y a +y +l/y + l/y®) +... 

=(1 -x a ) -1 {l +x(y+ l/y) +x a (y a +l/y a ) +...}. 

It is then easy to piok out the specified terms in the form 
(l-x a )“ a (l+ 2 x 3 + 2 x 8 + ...).] 

* -».l. W. 

where P( ~m, -n, 1 , A) is a (terminated) hypergeometrio series, [Hardy.] 
b.i.s. n 
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and extend to any number of indices of summation. [Math. Ttip . 1903.] 

30. Shew that the following series are absolutely convergent, and by 
summing with respect to r first, deduce that their values are as stated: 


2 2 


1 


-2^(p+*) r P + 1* 


r S 2 .S( 2 *)'~ log2, 


1(4« - l) i; + l " 8 " 2 log 2 * .1, (4s - l) Vr i log 2 ' 


y y_i_ = 7 t. 

~ ]s =i(4s-2)» 8 


[Stern.*] 


31. If 


Special Series. 

f(x V) J_ U i 
>y> x y x +i+ 2 : 


y(y-D(y-2) l 


' 3+2 3! 3 + 3 ’ 

shew that the series f(x, y) converges if y +1 is positive; and if x is also 

positive, prove that the series is equal to f(y + 1 , 3 - 1 ). 

[If x > 0 and y > 0, we can prove by Art. 45 that f{x, y) is equal to 

I ^ -1 (1 - t) v dt ; and this can be extended to cover the case 0 > y > -1, by 
Jo 

Art. 175. Change the variable from t to 1 -t to get the final result.] 

32. If (1+&3+03 8 )“ 1 = l+p 1 3+p a 3 a +p 3 3 s + ..., 


then 


1 + U3 


i +P jx + pp +*§*• +... = (T 

[Math. Trip. 1900.] 


33. Shew that the sum of the squares of the coefficients in the binomial 
power-series is 

cr f i^v)r a * > -*• i Math - Tri p- 189 °o 

[Put «.=/? = -i/, y = l in Ex. lfi, Ch. VI.; Ex. 5 above will apply if v is 
negative.] 


34. Prove that 

l0g(l +3) =3(1 -3) + ^3 a (l -3 a ) + J3*(l -3 s ) + ... . 

Shew that this equation fails for x = 1. 


35. Shew that at r per cent., compound interest, a capital will increase 
to A times its original value in n years, approximately, where 


log A/, x x 2 \ r 

n ~~x V + 2l2 + "7’ x= m 


* See Dirichlet’s Vorlesungen liber bestimmte Integrate (ed. Meyer), § 117. 
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In particular, the capital will be doubled in the time given by the approxi¬ 


mation 


69*3 oe 
n = ~ - + *35, 
r 


and increased by half its original value when n = — + *20. 

36 . If ^^~-x n =f 3 (x)e\ 

0 

prove that f s (x) is a polynomial of degree s in x which satisfies the equation 

f s+l =(x+a)f s +x^. 

Shew that /, =x +a,f 2 =(x +a) 2 +x y f % —{x + a) 3 + 3a(jj +a) +x, and that if 
a is positive all the roots of f 8 (x) =0 are real and negative, and that they are 
separated by the roots of f s ^(x) =0. [Hardy ; and Math. Trip. 1902.] 

Trigonometrical Series. 

37. Prove that the series 

cos #. sin # + £ cos 2 #. sin2# + \ cos 3 #. sin 3# + ... 
is convergent and is equal to J7r - when # lies between 0 and 7 r. 

[Put r =cos # in Art. 65.] 

38. Shew that 2 sin ( 17 r) is approximately equal to £ v /3, the error being 
about Jth per cent. [See Ex. 6 (c), Ch. IX.] 

Deduce that the side of a regular heptagon inscribed in a circle is nearly 
equal to the height of an equilateral triangle whose side is equal to the radius. 

39 - If V where|A|<l. 

deduce from Art. 65 that 

y - x = A sin 2x + J A. 2 sin 4x + ) A 3 sin 6.r +... . 

40. By expansion in series (Art. 65) and term-by-term integration (Art. 45), 
obtain the following definite integrals : 

J o log (1 - 2r cos # + r 2 ) cos nO dO = - irr n /n, 

I' 4 . / rsin# \ 7 rr n 

/ arc tan ^^ 1 sin n# d9-^ 

Jo \l-rcos#/ 2 n 

f r cob nO 7 rr n {* sinw#sin# ^_ 7 r -n _ 1 

Jo i-2rcos#+r 2 ® f; “'l-r 3 ’ J 1 -2rcos # -hr 2 ^"2 * 

Here n is an integer and r lies between 0 and 1. 

41. Shew that, if |r| < 1 , 

_ a . — 0.1 . i . 1 1 _ l * + cos 0 +r a \ 


■ si n nQ sin 0 
l-2rcos0+r 2 2 ' 


r cob 0 + cos 30 +1 r 5 cos 50 + ... =* log (\ ~—1^1^ 

r sin 0 + Jr* sin 3^ + Jr’ sin 50 + ... =i arc tan 

• /i i « • n/i i - • ii /1 + 2r sin # + r 2 \ 

r sin # - Ir 3 sin 3# + !r» sm 5# -... = } log ( . -~ s ~ ) 

' •* ° \1 -2r sin 0+r 2 / 


r cos # - Jr 3 cos 3# + Jr* cos 5# - ... arc tan 
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42. Series for 7r. 

Since tt = arc tan * + arc tan J, 

4 2 3 

wefind 4 =( 2 _ 0 5 + 0 5 " - ") + (z~$7Z» + Z7&~ "') 

, TT 4 /, ,2 2 2.4/2V, 1 3 f, 2 1 2.4/1V ). 

and 4 — 10 ( 1 + 3 10 + 3.5 \10/ + "'} + 10 i 1 + 3 10 + 3.5 \10/ + "7’ 

both of these results are due to Euler. 

In writing these series down, we note that Ex. B. 2 below may be put 
in the form 

_ , m mn 2 m 2 2.4/ w 2 Y 1 

arc an n ~ 4 . + 3 m 2 + ^ + 3 . 5 \m 2 + n 2 / + | ’ 

Using the fact that arc tan * = arc tan | + arc tan *, Clausen gave the 
identity * 7 r = 2 arc tan ^ + arc tan *, which leads to Hutton’s series 


7T _ 6 f 

4 “10 \ 


_ 2 1 2.4/ 1\ 2 ) 14 f. 2 2 2.4/ 2 V 1 

1 + 310 + 3.5110/ + + 100\ 1 + 3l0d + 3.6\100,/ + ‘ 

1 13 

Again, from arc tan =2 arc tan ^ + arc tan Euler obtained the result 

1 r .1 „ . 3 

^tt = 5 arc mn - + 2 arc tan 

which leads to the highly convergent series 

7r 7 2/ 2 \ 2.4/ 2 V ) 7584/- 2/144N 2.4/144 V 1 

t _ 10\ 1+ 3\100/ + 3.5\10o/ + " I ^IO 3 \ 1+ 3\idv + 3.6\10V + /' 

43. The various transformations of the formulae in Ex. 42 are special 
cases of the identity given by the late Mr. C. L. Dodgson (Lewis Carroll), 


provided that 


arc tan - = arc tan + arc tan —~, 

p p+q p +r 

qr = 1 +p a . 


EXAMPLES B. 

Euler’s Transformation. 

1. Shew by the same method as in Art. 24, that 
a x x + + a^x 7 + ... =^/(l + y 2 ){a 1 y - (Da l )y i + (D s a l )y* - ...}, 

if x = y / v /(l + y'% or y = x/^l - x 1 ). 

Similarly, prove that 

ap-ajc* +a 3 ar»-a 4 a 7 + ...= x /(l + (I> 2 a 1 )y , + ...], 

if « = y/\/(l- V 2 )t or y=zl*J(l+&). [Euler.] 
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2. By taking a 1 =l, a, = J, a 3 = 1,... in Ex. 1, shew that if \y\ < l, 

^(lTpyiog^ + ^ +*■»=y- ^ + - - - 

1 2 2 4 

N /(Trp) arcsin 2' = 2' + 3» 34 -3;5» 5+ t EcLEB -] 

Prove that we may put y — 1 in the first series. 

3. Deduce from Ex. 2, that 



7T 

2 


21 2.41 £.4.6 1 

~ A 32 + 3.52*~3.6.72* + •’ 
21 2.41 2.4.61 

~ A + 32 + 3.52* + 3.5.72 J+ 


[Euler.] 


4. By integrating the formulae of Ex. 2 above, prove that if |y| <1, 


J (arc sin y) 1 


3.56 
2 . 


2y* 2^4y 5 
2 + 3 4 3.5 6 + 


Are these equations valid for y-l ? [Math. Trip. 1897 and 1905.] 

5. By a method similar to Ex. 1, shew that if 

f(x) = b 0 + b l x + bjx i + ... , 

df x 2 d 2 f 

then a 0 b„ + a,&,x + afi.ji 1 + ...=aj(x) - ( Da 0 )x£ + ( D\) ^^ - .... 

[Euler ] 

6. In particular, if a n =n 3 , we find 

a 0 =0, Da () -- 1, Z) 2 a 0 =6, D ] a {) = -6, D*a o =0, 
and for a n = n 4 , 

a () = 0, Da 0 = -1, D 2 a () = 14, D ! a 0 = - 36, D'a 0 = - 24, D’a () = 0. 

n3 

Thus, from Ex. 5, 2 —;£ n = (a; + 3a; 2 + x 3 ) e*. 

i&! 

Similarly, 2 ^ 3 n = (a; + 7a; 2 + 6a^ + a; 1 ) e r . 

[Compare also Ex. A. 36 above.] 

00 

7. if A=2-v 

is an integral multiple of e, and in particular 

B x =e, $ 2 =2e, /$f ;} =5e, /Sf 4 =15e, &.=52e, 

^=203^ # r =877e, S s = 4140e. [Wolstenholme.] 

[These results can be deduced as in Ex. 6 or Ex. A. 36. J 

8. From Ex. 5 above, prove that if 

£ n = l 8 + 2 3 + 3 8 + ...+n 3 , 

fa, ^ = J*e*(*» + 8** + 14* +4), 

! 74 H! 4 

00 2 n 
2(-l) w - 1 ^~=0. 


and that 


[ Math . Tri/). 1904.] 
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9. Shew, by taking f(x) = (1 - x)~*' in Ex. 5, that 
— , P(P + 1 K a ^ , p(p + l)(l> + 2)„, . 


px + 


3 a a: 3 +... 


= (1 _^ h - 8 {1 + ( 3 P + l)x+pV}. 

Obtain this result also by differentiating the series for (1 - x)~ p . 

10. Apply Euler’s method to prove that 

lx z* x 3 
m m+l + ra + 2 m + 3*“’ 

1 ( 1 /_*\ 1.2 / x y \ 

m(l+:r)[ + m + 1 \1 + x) + (m + l)(w + 2) Vl +x) + ) 


C r i £m—i dt ri im—i fa n 

This also follows from the identity / -= -- = / T - : -^ 

J J 0 1+xt Jo l+a?-a;(l -t) J 

11. Apply Euler’s method to prove that 

F(n., (3, y, x) =p-i a .j« &(»-> y - y» JTl). 
where .... [Oauss.] 


Miscellaneous. 

12. If y =2x/(l +a* 2 ) and \x\, \y\ are both less than 1, shew that 

„jy ,l2/ 8 ,1-3 y* .1.3.5y 7 
2 24 + 2.4 6 + 2.4.6 8 ' t '**'* 

[Use ar={l ~*J(l -y 2 )}/y ; or apply Lagrange’s series.] 

2 j 3 jjj 

13. If y =2xl(\-x 3 ) and z =a? + ^ +..., 


shew that 


zyl.hAt 

z ~2\r ~2 3 + 3.5 5 


£lf a? = fcanh \6, then y =sinh 6 ; and Ex. 2 above gives 

2 a 2^4 . _ 0 _0 

3^ *3.5^’" yV(l+V*) sinh0cosh0* 

If we multiply by dy =cosh Odd and integrate, the result follows on noting 
that 


cede cdx . /i+!c\ i 

iBW=i¥ l0 «(r^)-J 


14. From the expansion of (1 - v^)”- determine the value of */2 to 12 
decimal places. [1*414213562373.] 

Obtain in the same way the cube root of 2 from the expansion of 
(l+i?s)*- [L26992105.] [Euler.] 
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Lagrange's Series. 


15. If * =y(<* +y), prove that 

x x‘ 4 x* 6.6 x 1 (2n-2)! x n 

y ~a « , + 1.2tt' 1.2.3o 7 + '" + ^ 1 * n!(n-l)!o s » ::i + "" 

[Use Lagrange’s series ; or expand \ { - a + J{a 2 +4s)}.] 


16. Use Lagrange’s series to establish the equation 

a-*r=i-„< +i^ + .. 


2! 3! 

where t =s(l -x) and |t| < £. 

Similarly obtain the results of Exs. A. 9, 21, and B. 12. 


17. Prove that 


where 


. . 4 1* 6.7 t 5 8.9 . 10 V 

-I 3+1715-17^3-7+- 

t=x( 1+s 2 ) and \t\ 2 < 


18. Prove that the coefficient of x n ~ l in the expansion of [s/(e* - 1)] M is 

( - l) n_1 . [Wolstenholme ; and Math. Trip. 1904.] 

Prove that the coefficient of x n ~ l in the expansion of 
(1 +z) 2n - 1 (2+z)- n 

is \. [Math. Trip. 1906.] 

[Use Lagrange’s series (1) for y —e' - 1 ; and (2) for log (l - ?/), where 
y=x(2+x)l(l + s) 2 = l -1/(1 + s) 2 .] 

19. If / (a:) is a power-series in s, whose lowest term is x, shew that the 
coefficient of 1 /s in the expansion of [l//(s)] n , in ascending powers of x, is n 
times the coefficient of x n in the expansion of g (x), the function inverse to f(x). 

Determine the coefficient for the following forms of/(s ): 

(1) sins; (2) tans; (3) log(l+s); (4) 1 +s-^/(l +s 2 ); 

(5) sinh s ; (6) tanh s. [Wolstenholme.] 

[The results are: 

( l) o or ; (2) 0 or ( - iy-«« ; (3) I/(« -1)!; 

(4) in; (6) 0 or (-1)*—JJ; (6) 0 or 1. 

The values 0 occur when n is even.] 


20. Shew that 

2 n ~ 1 +n. 2"-* +- ( ^i^2"- s +... 


n(n + l)...(2n-2)_ 

(»-!)!- ' 


[Math. Trip. 1903.] 

[This is the coefficient of 1/s in the expansion of {s(l ~s)}- n (l -2s)- 1 , and 
is therefore equal to na n if 

^.a n y n = - i log (1 - 2s), where y-x (1 -s). 

Hence 2a^y n = - i log (1 - 4 y), or a n =4 "-'In.] 

An alternative way of stating the result is to say that the sum of the first n 
terms in t)ie binomial series far (1 -£)"”* is equal to the remainder . 
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21. Show that, if n is a positive integer, 

(i t +a) n =t n +na(t + b) 1 ^ 1 + ... + n/t (a - rby~ l (t + rb) n ~ r +... + a (a - n&) n ~ A , 
where n, is the ordinary binomial coefficient 

n (n -1) ... (n-r + l)/r! [Abel.] 

[Take the result of Ex. 4, Art. 55*1, multiply by e tr , and equate coefficients 
of x n ln !. 

Several authors have considered the validity of the equation, also due to 
Abel, 

<f>(t+a) =<£(<) +<*<£'(« +6) +^p^<£"(< + 26) + •••, 

but their results cannot be given here. We may remark, however, that the 
theorem fails if <f> (t) is log t or a negative power of t. The most recent results 
are due to Pincherle (Acta Math ., Bd. 28, 1904, p. 225).] 

22. Expand t m and log t in powers of x 9 where 

t-P -t-*-(a. - /3)x, 

and determine the interval of convergence. 

[Write ta-p = 1 +y and apply Lagrange’s series ; or otherwise.] 

28. Extend the method of Art. 55 to prove that if 
y -a^c 2 +a a x 3 +a 4 ar 4 + ..., 
there are two expansions for x of the form 

+b t y +b t y* +..., x,= -b^ +b t y -b&* +.... 

Shew also that if g(x) =c 0 + c x x + c& 2 + ..., 

g(x i) +g (x 2 ) =2c 0 +d x y + d& 2 +djy* +..., 
where nd n is the coefficient of 1/a? in the expansion of g'(x)ly n . 

24. As a particular case of the last example, shew that if 

y (1 +ax + bx 2 -hca 3 +...) = x 2 , 
then x 1 +x i =ay +(ab +c)y 2 +.... 

25. If y -x 2 (1 +x )~ m , we find x x +x % =2a n y n , 

where a x =ra, a a =m(2m -l)(2m-2)/3 !, 

a a =m(3m -l)(3m -2) (3m -3) (3m -4)/5!, etc. 

28. It is easy to write down the general forms for the expansion of x x x t 
in the following cases : 

y —x 2 +ax m ; y =x 2 e nx . 


Theorems of Abel and Frobenius. 
27. With the notation of Ex. 9, shew that 

*(«* ft y> X) _T(y)T(cL+(3 -y) 

™ (i 0- r(<x.)r(jgr ’ 


lim 

X— 


/3, y, *)_ F(a+/3) 

iog[i/(i -*)] -IWO?)’ 


if y < cL+ft, 

if 7 =ol +fi. [Gauss.] 
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28. If £wa n is convergent, so also is 2a„ (Ex. 2, Ch. III.), and if 

/(*) =!'«„*", then =lim { / (1 ) _/(*)}/(! _*). [Stolz.] 

*—>-1 

[Note that (l -x n )ln(l ~x) gives a decreasing sequence of factors, and 
apply Abel’s theorem.] 

29. If v n (x) decreases as n increases and lim v n (x) =1, extend Art. 51 to 

X —► 1 

prove that if 2a n is convergent or divergent (to + oo), 
lim la n v n {x) = or oo . 

x —*1 

Also shew that if AJB n tends to a definite limit l, 
lim {^a„v n (x)}l{^b n v n (x)} = l, 

Z —>1 

provided that B n is always positive and that B n tends to oo. 

30. If the coefficients a n9 b n satisfy the conditions of Ex. 29, and f n (x) 
decreases as n increases (but is always positive), prove that '2a n f n {x) will 
converge provided that ^b n f n (x) does, if lim B n f n =0. Deduce that when 
/ n (l) =0, and lim '£b n f n (x) -rr > 0, then lim la n f n (x) =crl. 

a -—>1 x —> 1 

[Apply the lemma of Art. 118.] 

31. If Dv n =v n - u n+1 , D 2 v n =v n - 2v n+1 +v n+2 , and lim (nv n ) =0, shew that 

v 0 = D 2 v 0 + 2 D 2 v 1 + 3D 2 i> a +.... 

Writing f n (x) ~D 2 v n in Ex. 30, shew that if D 2 v n is positive, and if 
lim n 2 D 2 v n =0, 

n —► x 

then the series D 2 v 0 + 2D z v 2 + 3 D z v A +... ,v 0 - 2v x + 3u a - 4i; s + ... converge and 
are equal. If further v n has the limit 1 as x tends to 1, then the last series 
has the limit of £ as x tends to 1. 

32. Use the method of Ex. 31 to shew that if D*v n is positive, and if 
lim nDv n =0 and lim u n = l, then lim (v 0 - v l +v 2 - v s -f...) = £. 

n —*—>1 x —^1 

[For another method see Ex. 3, Art. 24.] 

33. From Ex. 29, prove that 

oo fy.fl I 00 yfl/1 _O') 

34. Establish the asymptotic formulae (as x -> 1), 

" * n 1, / 1 \ , ”n(-x) n 1 1 

^n(l+a; n )~2 0g U-x) an ? l-a; 2n ~ il-x' 

[The difference between the two sides of the first is less than \; in the 
second, multiply by 1 -a; and use Ex. 30.] 

35. On the lines of Exs. 31-34 establish the following asymptotic formulae 

(as x-+l): , x x % & \ l , / i \ 




and 2 


( 

\1 -* 1 


X 2 iC* N 

i_ _1_ 

) ~rr x l °g 

1-X l+ 1 -X s > 

X 5 X* ' 

1 — 


1 -ar 1 

1 4 1 -a;* 


[Cksaro. 
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TRIGONOMETRICAL FORMULAE. 


66. Expressions for cos w0 and (sin n6 /sin 0) as polynomials 

in cos#. 

We have seen (Art. 65) that 

log(l—2r cos 0+r 2 ).= —2(r cos 0+|r 2 cos 20+^ r 3 cos 30+...). 
But (Art. 62) we have also 

log (1 —2r cos 0 +r 2 ) =—{(ry —r 2 )+| (ry—r 2 ) 2 +J (ry —r 2 ) 3 +...} 
where y=2cos0; and (by Art. 27) the latter series may be 
rearranged in powers of r, without alteration of value, provided that 

2 

0 < r ~ £. It is therefore evident that - cos n6 is the coefficient 
of r n in the expression 

I (ry-r 2 )»(ry -r 2 )”" 1 +... +(ry -r 2 ), 

because (ry—r 2 ) n+1 , (ry—r 2 ) n+2 , ... contain no terms in r n . 

Thus 

2 a y n (n-l)y"- 2 , 

- cos nd— £ - i “-K-- 

n n n —1 

■ / lv («-«)(w-s-l) - (n-2s+l) 

' (»—s).a! 7 

+••• > 

the number of terms being either £( w +l) or £(«+2). 

Hence 

2 cos nS =y" —wy" -2 + n ^L, — y n ~* — • • • 


+(-!)' 


,w(n—a—l)(n— s— 2)... («—2a+l) 
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Similarly, we have seen that 
r sin 6 


1—2r oos 6-\-r 2 ~ 


r sin 6 +r 2 sin 26 -K 3 sin 3 6 +• 


Hence we deduce that is the coefficient of r n ~ 1 in the series 


sin0 


Thus 
sin n6 


•- rT =='V n—1 - 

sin0 ^ 


l +( r y — ■ ri )+( r y ri ) 2 +( r y r *) 3 +• • • • 

(n—2) y w ~ 3 + —~ 4 ) . y«-5 


. + ( _1)« 1 ) ( n “1 S T 2 ) - ( W T 2S ) y«-2«—1 

5 ! 

+ ... , 

where the number of terms is either \n or £(n+l). We note that 
this formula can be deduced from the last by differentiation. 

It is therefore evident that both cos n6 and sin n6 /sin 6 are poly¬ 
nomials in cos0, of degrees n and (n — 1) respectively. But for 
some purposes it is more useful to express the functions of n6 in 
terms of sin 6. This we shall do in the following article. 


Before leaving the formulae above, it is worth while to notice that if we 
write y -t + l/t, instead of 2cos0, then 1 -ry +r 2 =(l -rt)( 1 -r/t). 

Hence log(l -ry + r 2 ) =log(l- rt) +log(l -r/t)= +r"), 

’ 71 

and so, from the foregoing argument, we get the algebraic identity 
i n +tr n =y n -ny n ~‘ l + ... as above. 

Similarly, [ !yr 1 i/l" 2r"((“-i _ "), 

and bo we find ~~~ = y" -1 - (w - 2) y"- s + ... as above. 

The reader mav find it instructive to contrast the former result with 

it 2 4 

Ex. A. 21, Ch. VIH., writing z= - ( ~ )t = —, . 


67. Forms for cos n0 and sin n6 in terms of sin 0. 

In the formulae of the last article change 0 to {\tt —0); then 
y=2 sin 0, and we find 

(—l ) m 2 cos 2md=y* m —2my im - t +... to (w+1) terms, 

^2«t0_ v 2 m- 2 _( 2 W j— 2)y am_4 . to w terms, 

v 1 2 sin 0 cos 0 y v ,r 

if n is even and equal to 2m. 
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But if »is odd and equal to (2m +1), we have 
(— l) m 2sin(2m+I)fl=y am+1 —(2m+l)y 2n '~ 1 +... to (m+1) terms, 

(-i)m ?g. 8 (^+ i)^ —yim _( 2m _i) y * m -2 + ... to («t+l) terms. 

However, these formulae take a more elegant shape when arranged 
according to ascending powers of sin 0 ; of course it is not difficult 
to rearrange the expressions algebraically, but it is instructive to 
obtain the results in another way. 

If y=cos n6 or sin n6 , we have 


If we write x=&ia 0, this equation becomes 


Now, if we consider the expression given above for cos 2m6, we 
see that when n is even , cos n6 can be expressed as a polynomial of 
degree n in x y containing only even powers ; thus we can write 
cos n6 =1 +Atfc 2 +A 4 x 4 +... +A n x n , 
the constant term being 1, because 0=0 gives #=0 and cos n6= 1. 

If we substitute this expression in the differential equation, we 
find 


0=1.2^4 2 +3. 4:A A x 2 +b . 6.4 fi a; 4 +.-.+(ft— \)nA n x n ~ 2 

— 2 2 A^x 2 — 4 2 A 4 x 4 —... —n 2 A n x n 

+n 2 +n 2 A& 2 -j -n 2 A 4 tf +... -\-n 2 A n x n . 

Thus 1.2. A 2 +n 2 = 0, 3.4. ^ 4 +(ft 2 -2V 2 =0, 

5.6.^l 6 +(w 2 -4 2 )^ 4 =0, ..., 


and so A 2 =, A 


n z (n 2 —2 2 ) , _ n 2 (n 2 —2 2 ) (ft 2 —4 2 ) A 
= 41 ’ -6l » etc# 


Hence cos nO =1 — ^ x 2 + n -- x 4 —... to \ (n +2) terms 

when n is even . 

Similarly, when n is odd , we find that sin nO is a polynomial of 
degree ft, which contains only odd powers of x ; thus we write 
sin n6 =nx +A S x z +A b x 6 +... +A n x n 9 
the first coefficient being determined by considering that for 0=0, 

®“°’ ir 1 * je {BhinS)==n - 
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Hence, on substitution, we find 

0=2 .3^4 8 a5+4. 5A b x a +6.7A 7 xP +... +{n—l)nA n x n ~ i 

—nx—S a A 3 x a — h a A b x? —... —n 2 A„x n 

+n a x+n a A 3 x a +n a A b x? +... +»M n aj n . 

Thus 2 .34 3 +(w 2 —l)w=0, 4.5^ 5 +(w 2 -3 a )^ 3 =0, .... 
giving 

.in 

to £(w+l) terms, 

n being odd. 

To verify the algebraic identity between these rosults and those of Art. 06, 
consider in particular n= 6. Then Art. 66 gives 
2 cos 66? = y° -6y 4 + 9y 2 -2 

or cos 60 = 32 cos 0 0 - 48 cos 4 0 +18 cos 2 0 -1. 

Change from 0 to (\ir - 0), and we get 

cos 60 = 1 -18 sin 2 0 +48 sin 4 0-32 sin 0 0 

. 6 2 . 9Z1 6 2 (6 2 - 2 2 ) . 1Z1 6 2 (6 2 -2 2 )(6 2 -4 2 ) . fl4l 

= 1- 2 ! sm 2 6? + -—-jr - sin 4 0 - v - — sm° 0, 

in agreement with the above formuia for cos nt). 

Again, take n=7 ; from Art. 66 we have 
.2 cos70 = y 7 -7y 5 + 14/*- 7y 

or cos 10 =64 cos 7 0 -112 cos*’ 0 +56 cos ! 0- 7 cos 0 . 

Hence, changing 0 to \tt - 0, we have 

sin 76? =7 sin 6? - 56 sin s 0 +112 sin'* 0 -64 sin 7 0 , 
and on writing n=7 in the above formula for sin nO, the results are found 
to agree. 

By differentiating the formulae just obtained for sin nO and 
cos n6, we find 

cos n6 , ft 2 —l 2 . 9/1 , (ft 2 -l 2 )(ft 2 -3 2 ) . 

— a=l— 0 . sin 2 0+----sin 4 0 —... 

cos 0 2! 4! 

to £(ft+l) terms, 

when n is odd ; and 

sinft0 . a n(n 2 — 2 2 ) . ft(ft 2 — 2 2 )(ft 2 — 4 a ) . 6a 

—jr =» sin 0 ——' sin 3 0 + ---- sm° 0—... 

cos 0 3! 5! 

to terms, 

when ft is even. 


The reader will find that these formulae lead to 

cos76?/oos 0 = 1 - 24sin 2 0 + 80sin 4 0 -64 sin 0 0 
and sin 60/cos 0 — 6 sin 0 - 32 sin 3 0 + 32 sin 0 0, 

and that these formulae agree with those of Art. 66 on writing - 0 for 0 and 
reversing the order of the terms. 
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68 . The expressions obtained in the last article are restricted by 
certain conditions on the value of n. Let us now see if these con¬ 
ditions can be removed in any way. 

Take for example the infinite series 


i n 2 
=1 2 !* ' 


n*(n 2 —2 a ) 4 
4! x ' 


(£=sin 0) 


which was proved to terminate and to represent cos when n is 
even . 

If n is an odd integer, or is not an integer, the series does not 
terminate. It is natural to consider whether it is convergent, and 
if so, to investigate its sum. 

The test (5) of Art. 12'2 shews at once that the series converges 
absolutely when |x|=l ; and so, as we have proved in Art. 50, 
the series converges absolutely and uniformly for |a;| ~ 1. 

Thus we can differentiate the series term-by-term, as in Art. 52 ; 
and on substituting in the differential equation 


it is easy to verify (as in Art. 67) that the series gives a solution of 
the equation. 

It follows from the general theory oi Art. 56-1 that this equation has a 
particular solution of the type y, which corresponds to th«, special values 
A 0 = l, A x =0. From the general theory, we can anticipate that the solution 
will converge if \x\ < 1, because the coefficients P, Q are multiples of 
(1 -x 2 )~* =1 -fx 2 + x l + ..., which converges for \x\ < 1. But it happens 
here that the series still converges for \x\ =1 as well as for smaller values. 


Thus y is again a solution of the differential equation in 0, 


<* 0 2 


+w 2 y=0. 


and is accordingly of the form 

y=A cos nd +J3 sin nd, 
where A, B are independent of 0. 


It is usual in elementary text-books to take this result for granted, on the 
ground that no solution of a second-order differential equation can contain 
more than two arbitrary constants. But it seems worth while to obtain a 
simple formal proof as follows: Write y=z cos nO, then using accents to 
indicate differentiation with respect to 6, we find 

y" -z" cos nd -2nz' cos nd. 
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Hence y " + n z y =0 

gives z'cos nO - 2nz' sin n$ =0, 

which can be integrated at once on multiplying by cos nQ. The result is 
z' cos 2 n0 = const. =n£, say, 
or z'=n.B sec* n0. 

Integrating again, we have 

z = A + -Btann0, 

or y=z cos nO = A cos rt0 + 5 sin t&0, 

where A, B are arbitrary constants. 

It is perhaps worth while to note that if we assume that y =y 0 , 

for 0=0, this process determines A, B in the course of the investigation: 
for (at 0=0) z' =y' =y lt and so B^y^fn, and (at 0=0) 2 —y =y 0 , and so 

A=2/ 0 - 

To find the values of A, B we note that 


Thus we also have 


' =1> l=° fora;=0 - 

,=l, <|=0 for 6=0, 


provided that 0 lies between — \tt and r.* 

Thus we find that A =1, B =0, and accordingly for any value of n, 


cos nd=l ~2] x2 + 


rfl n*(n 8 - 2*) 


where x =sin 6 , and —\tt ~9 ~ + \ir. 

In particular we have the elegant result 

, .. n 2 . n 2 (n 2 — 2 2 ) 

cos fn7r=l— - £ —... to oo . 

On differentiation with respect to x we find the result 


sin nO 


n(n 2 - 2 2 ) 3 , n(n 2 —2 2 )(n 2 —4 2 ) 


which, however, converges only for |x| <1 ; the series diverges 
for x—l, as might be anticipated from the fact that 
| sin n6 /cos 6 | ->oo as nr, 
unless n is an even integer. 


* When x = sin 0 is given, there is one and only one value of 0 between - and 
+ Jtt, because x steadily increases in this range of values of 0. Similarly, there is 
only one value of 0 between and £tt, because x steadily decreases in that range 
for 0 : and so on. 
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We prove on exactly similar lines that 

is another solution of the above differential equation ; and from 
the values j. 

z= 0, ~fa.— n > 0 

we deduce the result 

sin , 

where £=sin 8 and — \ir ~ 6 ^ +\ir. 

In particular we have 

n(w 2 -l 2 ) n(n 2 —l 2 )(n 2 —3 2 ) 


sm *W7r =n- 


3! 


5! 


By differentiating with respect to x, we have also 

cos«0_ 1 w 2 —l 2 2 , (ra 2 —1 2 )(» 2 —3 2 ) 4 

costf ~2T X + ” 4! * ‘ 


which converges only for |sc| < 1 ; as might be anticipated since 
|cos ndj cos 0 | -> oo as 0 -> |7r, unless n is an odd integer. 

If formulae are required for values of 0 between, say, \tt and 
f7r, it is only necessary to replace 0 by nr—6 in the above results ; 
and similarly for other ranges of values of 6 . 


681. Formulae for cos n9> sin nd derived from de Moivre’s 
theorem. 

The foregoing investigations have been carried out by means of 
formulae which are entirely independent of the complex variable ; 
and, as a matter of fact, these formulae are best established on the 
above lines. 

There are, however, certain other formulae (not independent of 
the previous results) which are most easily found by anticipating 
de Moivre’s theorem (Art. 74 below). 

Suppose in the first place that n is a positive integer ; then the 

formula CO s +i sin nd =(cos d +4 sin 0) n 

can be written as cos n 0 (1 +it) n , where t =tan 0. 
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Thus we find, on applying the binomial theorem and dividing into 
real and imaginary parts,* 

cos n6 =cos n 6 (1 — n 2 t 2 +n 4 t 4 + ...), 

sin n6 =cos n 6 (nt —n z t z +n 5 £ 5 — n 7 & +...), 
both expressions terminating; when n is even, the cosine-formula 
has £(ra+2) terms and the sine-formula has \n terms ; when n is 
odd,, each formula has \(n-{- 1) terms. 

To see the essential equivalence with Arts. 66, 67 we may consider the 
same values of n as before. Thus for n =6, the above formulae give 
cos 60 = cos 0 (9(1-15* 2 + 15** - fi), 
sin 60 = cos 0 0 (6 1 - 20 1 3 + 6^’). 

Now write s for sin 6 and then cos 0 0 = (1 - s-)'\ t 2 =5-/(1 - s 3 ), giving 
cos 60 = (1 - 8 2 Y -16®* (1 - s2 Y +16^(1 - s 2 ) - 5° 

= 1 -185 2 +485 4 -325°, 

and sin 60/cos 0 = 6a (1 - «*)* - 20s- 1 (1 - a 2 ) + 6s :> 

=65-3253 + 325°. 

Both of these agree with the formulae found in Art. 67. 

When n is not a positive integer, the same formulae will hold, 
provided that the conditions of Art. 96 below are satisfied. These 
conditions may be summed up as follows : 

It is necessary that t=tan 6 should be numerically less than unity , 
and that —< 9 < -\-\i r. 

From the point of view of differential equations, these series are found as 
solutions of the equation 

g + »^=0, or (1+*4{(1+<>)§} +»^ = 0. 

It is easily found that the indices of this equation are (\n, -\n) at 
t = 11 , and that infinity is an ordinary point. 

If we now write t/=zcos n 0=2(1 + t 2 )~ n !2 > it is clear that the indices for z 

become n, 0 at t = ±i, and -n, l -n at oo . 

Thus the differential equation for z is now seen to be (Art. 66*4, Ex. 7) 

(l + *»)g-2(»-l)t^ + »(»-1)«=0, 

and on substituting the series 

z = A 0 + A it + A g/ a + ... , 

we find that 4r±l, _ . 

A r _, r(r + 1) 

* Here n lf Wj, n st ... denote the binomial coefficients. 

B.I.S. 0 
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This leads to the form 

n t t‘ +...) + (nt - n a J» + ...) 

in agreement with the previous results. 

69. Various deductions from Art. 67. 

We have seen that 

^inlT =n+-4 2 sin 2 0+... +4„_ 1 sin n_1 0, (n odd) 

°r sin fl cos# ~ W +- B * sin20 +• • • +# n _ 2 sin n - 2 0, (n even) 

where the coefficients are the same as those worked out in Art. 67, 
but are not needed in an explicit form at present. 

Now the left-hand side vanishes for 

9 = ± ol, dt 2a, ± 3a, ... , where a =ir/n, 

so that the right-hand side (regarded as a polynomial in sin 0) must 
have roots 

sin0 = ±sina, ±sin2a, ±sin3a, .... 

When n is odd, there are (n— 1) of these roots which are all 
different; and these are given by 

sin 2 0=sin 2 a, sin 2 2a, , sin 2 |(n—l)a. 

But if n is even, there are (n— 2) different roots given by 
sin 2 0=sin 2 a, sin 2 2a, ... , sin 2 £(n-— 2)a. 

Thus we can factorise the formulae as follows : 

sin nd _ / sin 2 fl\/ sin 2 fl \ f sin 2 0 ) 

sinO \ sin 2 a/\ sin 2 2a/ * \ sin 2 £(n—l)aj * 

sin nd = sin 2 fl\ / sin 2 fl \ I sin 2 0^ ) 

sin 6 cos 6 n \ sin 2 a/\ sin 2 2a/ \ sin 2 £(w—2)aJ' 

where the first line refers to odd values of n and the second to even 
values. 


If we compare these with the explicit forms given in Art. 67, we can deduce 
various identities, such as 


n*-l 
6 s 
n* -4 


sin 2 a. + sin 2 2a. + “* + 


sin* a + shv*2a " r sin a J(n-2)a > 


■ + ... + -r- 


sin a i(n - l)a’ 

I 


(n odd) 


6 ftir»2 

which are deduoed by considering the coefficients of sin 2 0. 


(n even), 
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In a similar way we prove the identities 

cos nd (, sin 2 0\/, sin 2 0\ (’ sin 2 0 ) . . n 

cos(9 ~V sin 2 /3/V sin 2 3/v " l sin 2 (w—2)/3/’ 

a (, sin 2 0\ /, sin 2 0 \ /. sin 2 ^ ) , . 

cos n6 —(l s in* 3 ^J- p sin 2 (n-l)/?/’ ( * 

where / 8 = 7 r/ 2 n and only the odd multiples of (5 appear. 

On comparing these with the forms of Art. 67, from the terms in sin 2 0, we 
see that 

rc a -l 1 1 1 , ... 

\in*(n - 2W (n0dd) 


2 "‘sin 2 /5 sin 2 3/^ 

n* 1 1 

s + 


+ ... v- 


2 ~8m 2 /3 ^ sin 2 3/2 + + sin a (w -l)/?* 


(n even). 


Again, if we consider the formulae of Art. 66, it is evident that 
(cos nd —cos nw) may be expressed as a polynomial of degree n in 
cos 0, the term of highest degree being 2 n_1 cos n 0. But the expres¬ 
sion (cos nd — cos noo) is zero if 

nd = ±nw, 2i rdtttftj, ±i r±noo, ... . 

Thus the factors of the polynomial in question will be n different 
expressions of the form 

COS 0—COS ft), COS 0—COS(ft)=h2a), COS 0— C0S(ft):fc4(X.), ... , 
where, as before, ol denotes nr/n. 

It is easily seen that the n different factors can be taken as 
cos 0—cos <o, cos 0—cos(co+2cx.), cos 0—cos(a)+4a), ... 

cos 0—cos (w +2 (n —1 )a), 

because cos (« —2ra) =cos (w +2 (n —r)a). 

Hence we have the identity 

a -1 

cos nd— cos Wft)=2 n_1 II {cos 0—cos(ft>+2ra.)}. 

r-0 

If we write 0 =0 in this expression we have 

H — 1 

sin 2 £nft)=2 2w ~~ 2 II sin 2 (-|ft>+roc), 

r=0 

or, with a change of notation, 

H - i 

sin n0 = zfc2 n_1 II sin(0+ra). 

i=0 

But the ± sign is really +, because, if 0 < 0 < ot, all the factors 
are positive, and it is easily seen that both sides change sign together 
(when 0 passes through any multiple of a). 



212 TRIGONOMETRICAL FORMULAE [CH. IX. 

691. Equations with roots sin 2 (r7r/n), cos 2 (r7r/^), tan 2 (r7r/w), 
where r, n are positive integers. 

These equations are constructed immediately by writing 
sin nfl/sin 6 =0, 

which gives at once nd =± nr. 

Then, to obtain the actual equations required, we have only to 
express the function sin nd /sin 6 in terms of 
(i) sin 6 , as in Arc. 67, 
or (ii) cos d } as in Art. 66, 

or (iii) tan 6, as in Art. 681, 

to obtain the desired equations. 

The method is illustrated by taking n =5, which gives 
(i) 5 - 20a; a +16a^ =sin 50/sin 0 =0, 


when 

x= ±sin^7r, 

±sin§7r. 


(ii) y 4 -3y 2 + 1 =0, 


when 

y = ± 2 COB Jtt, 

± 2 cos §7r. 


(iii) 5 - l(k 2 +J 4 =0, 


when 

t - ± tan g7r, 

± tan f 7r. 


It will be readily found that any two of these equations can be derived 
from the third, as we should expect. The one which happens to be easiest 
to solve is (ii), giving 

y # =i(3±v/6), y=i(:W5±l). 

It is easy to see that this leads to the ordinary elementary results 
cos 36° = JU/5 + l), cos 72° =^6-1)- 

The general theory of the solution of equations for sin(r7r/n), etc., 
has led to many interesting investigations by Abel and Gauss, to 
mention only two prominent names; a few samples of Gauss’s 
results are given in Exs. 13-16 of Chap. X. But a more striking 
conclusion (though less easy to obtain by comparatively elementary 
means) is that for n=17 and 257 (and generally for n= 2 2 ™ +1 when 
this is a prime number), the final equations are soluble by quad¬ 
ratics ; and thus it is possible to construct 17-sided and 257-sided 
regular polygons by Euclidean constructions with ruler and compass 
only.* 


♦ These are the next in order to Euclid’s own oonstruotion for n=5. That the 
oase w=5 is capable of solution by quadratics has just been proved above. The 
theory for n=17 is indicated in Ex. 16 of Ch. X. below. 
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It is, however, quite certain that any practical draughtsman can 
construct a regular figure of any number of sides by various approxi 
mate methods * with far greater accuracy than would be obtained 
by applying Gauss's construction for the 17-sided polygon; but this 
fact has nothing to do with the theoretical beauty of Gauss's work. 


70. Expressions of sin 6 and cos 6 as infinite products. 
We have seen in article 69 that, if n is an odd integer, 

sin n<f> l*-- 1 )/ 


II (l 

r = 1 \ 


sin a 0 \ 
sin^a/ 


where oc ~irjn. 


ft sin <p 

Thus, if we write n<f> = 6 we have 
sin 6 y/j sin 2 (d/ft) j 
)~ ,=i 1 sin 2 (r7r/ftj J ’ 


ft sin(0/ft) 

To this equation we can apply the second theorem of Art. 49 ; 


sin 2 (6/n) 




we have, in fact,*)* 

|sin 2 (r7r/ft)| 

because r7r/ft is less than \ir. Now this expression is independent 
of ft, and the series 20 2 /4r 2 is convergent; consequently, the 
theorem applies. But we have 
lim ftsin(0/ft)=0, 


and 


.. sin a (0/») .. n 2 sin 2 (fl/n) _ fl 2 

n ^.„sin a (rTr/w) MH .°°n 2 sin 2 (nr/ro) "*- 9 ' 




zg-nhS). 


Consequently, 0 ~“iV M' 

The special value 6 leads at once to Wallis's Theorem : 

2 _jt(i 1\ ^ (2r-l)(2r+l) 1 3 3 5 5 7 
n r \ V 4r 2 / x 2r.2r 2 2 4 4 6 6'” 

x 2 2 4 4 6 6 . 

01 2 = 1 3 3 5 5 7 ” t0 °° ‘ 

The reader should find no difficulty in expressing cos0 as an 
infinite product by a similar method. 


* Such as Ex. A, 38 of Ch. VtU. 

t We see, by differentiation or from the graph of sin x , that sin xjx decreases 
as x increases from 0 to ic : thus 

1 > (Sin x)jx > 2/tt, if 0 < x < Jr. 

Consequently, n sin(nr/tt) > 2 r, if r < Jn. 

Also |n sin djn\ < |0|, for any value of 0 ; and so the inequality foUows. 
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We have in fact (Art. 69) 
cos a— xx | 
where n is even. 


, a V* i, sin 2 (#/n) \ 1 _ 

mh6 ^ 11 1 1 sin 2 (r7r/2n)|’ f _1 » 3 ’ 5 ’ » n-1 > 


Here the comparison-series is 20 2 /r 2 , and the result is 


Alternative methods are to write 

sin 20 / sin 0 


cos 0= 


20 


0 


and to appeal directly to the sine-product; or to write \tt— 0 for 
0 in that product and then rearrange the factors. 


It is perhaps worth while to refer briefly to an incomplete “ proof ” given 
in some of the older books. Since sin # vanishes for #=0 and for 0—±rir, 
and since sin 0/0 1 as 0 -* 0, it is urged that sin 0/0 must be of the form 

given above ; but exactly the same argument would apply equally to the 
function a*sin#, where a is any real number, so that this “proof” only 

suggests that II (j is probably of the form a 6 sin 0/0 ; we cannot 

prove that a is 1 on these lines. In this connexion, it may be noted that if 
we separate 1 - into factors ^1 - ^1 + and then take more positive 

than negative factors (say p positive to every q negative factors), the value 


of the product is 


/pW sin 6 \ 

\q) \ 0 /' 


This follows from Art. 41 by writing 


djf | —flij> — OffTT . 


We have already pointed out the danger of applying the theorem of Art. 49 
to cases when the AT-test does not hold good. An additional illustration of 
this risk may be given here. 

Since sin ( 7 r - </>) =sin <£, it follows that the values of sin (r^/n) when r ranges 
from +1) to (n - 1) are the same as those when r ranges from 1 to \ (n - 1), 
but in the reverse order. 


Hence 


*# 


-U sin *jm \ 

1 ( sin 2 (rTrjn )) ’ 


{n sin (#/n)} 2 ~\ A ii l 1 sin 2 (ttt/w) ) 
and if we apply the theorem here, we appear to get 
sin 2 # 0M 

# 2 


which contradicts the result obtained before. Of course the explanation is 
that the inequality (rv/n) < i?* “ no * on S er true » since rir l n ma y be 

greater than r; and it is, in fact, impossible to construct a convergent 
comparison-series l'Af r . 
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71. Weierstrass’s formula for the sine-product. 

It is sometimes useful to express the sine-product in a form in 
which there is only a single factor in each term ; and it is at first 
sight natural to write 

—a— = 11(1-), using it in place of r, 

U _oe \ 717T / 


where the accent implies that n=0 is omitted from the product. 

oo/ 0 \ 

This is, however, apt to lead to errors, because Ilf 1- J is diver¬ 

gent (see Art. 39); and we must either write 


sin 9 
9 



nir / 


or else modify the factors so as to ensure the convergence of the 
product. The simplest modification is due to Weierstrass, and is 
given by the formula * 
sin 9 


6 


’-“'H'-rJ}- 


In the first place the last product is absolutely convergent. 

For we have e r = 1 +x + .... (Art. 58) 

Thus 1 +x < e x < 1 +x +x 2 + ... , if 0 < x < 1. 

Hence 1 -x 1 < e x (l -x) < 1, if 0 < x < 1. 

But if x is negative and numerically less than 1, we see that 

1 +x < e x < 1 +x + %x* < 1 +# +x 2 . (Art. 19) 

Thus 1 - x 2 < e x (l - x) < 1 - x*. 

Hence, if \e e ' nir (l -6lmr)\ = |1 +w n |, it is clear that | u n | is less than 
6 2 ln 2 ir *. Thus ^u n is absolutely convergent, and so H( 1 +u n ) is also absolutely 
convergent. 


To evaluate the product we need only notice that, since it is con¬ 
vergent, its value is equal to 


lim il'IeWl--)). 

a* r -iv l V nir/J 


In this product the corresponding positive and negative terms 
can be taken together, and the result is 

sin 9 
9 ’ 


limn(l —1 2 ,)= 

A’-** 1 V W 2 7rV 

by our previous result. 


* II' is used to imply that n=0 is omitted from the product. 



216 


TRIGONOMETRICAL FORMULAE 


[OH. IX. 


The cosine-product may be expressed similarly as 
We have seen (Art. 42) that 

where C is Euler’s constant; it will be recognized now that this is, 
so to speak, half the Weierstrassian form of the sine-product. Chang¬ 
ing the sign of x, we have 


and so 


—-=«-«* n (i--W, 

—%) r=i \ nJ 

=n (i--~)= si 

n = l V »*/ 


r(i-x) 

i 


sm 7TX 
xx 


F(l-x)r(l +x)~ 

Thus, since r(l+x)=xr(x), we have one of Euler’s formulae 


sm 7rx 

In particular, Wallis’s product is equivalent to the result 

raw*. 

711. Formulae for cot 6 and allied results. 

If we take the formula (Art. 69) 

n -1 

sin n<f> = 2 n “ 1 II sin(0+ra), (a=x/n) 
o 

and differentiate logarithmically, we obtain the result 

n- 1 

(A) n cot cot(0+ra). 

0 

Differentiating again, we find similarly 

n -1 

(B) n 2 cosec 2 n0=]>j cosec 2 (0+ra). 

For our purpose it will be convenient to suppose n to be odd; 
and then write n=2m+l. We take then 

m n -1 

n cot n<f>= cot 0+^ cot (0+«*■)+2 cot(0-|-«x.). 

1 W4-1 

Now cot (0 +ra) =cot (<f> +tol — 7 r) =cot {0—(n—r)a}, 

na=7r, 


since 
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n -1 n-1 

so that 2 cot (0 + rot )=£ cot {</) ~{n—r) a} 

vt+1 m+1 

m 

=2 cot(^—nx). 

1 

Thus, finally, we have 

m 

(A x ) n cot n<f>= cot <f>+^ {cot( 0 +roc)+cot( 0 —roc)}, 

i 

and similarly 

m 

(I?i) w 2 cosec 2 =cosec 2 0 {cosec 2 (0 +roc) +cosec 2 ($ — roc)} 

i 

where w= 2 m+l. 

We shall now obtain corresponding formulae for cot 6 and cosec 2 0 
in the form of infinite series. 

We write n(f> =6, and then make n->oo in the previous formulae ; 
and the first step is to obtain comparison-series in accordance with 
Tannery’s theorem of Art. 49. 

Thus we write 

n {c0t ( *+™)+ cot • 

Now we have 

|wsin 2 <£| <2n(f>=26 , |wsin 0 | <n<j) = 6 9 

and | n sin roc| > 2 r (as in Art. 70). 

Thus, as soon as 2 r exceeds 6 , we see that 

1 26 
- I cot (<j> +ra) +cot (tp —ra)\ < 4 ^ 352 - 

It follows that, for values of r> \6 9 we can compare (A^) (after 
division by n) with the convergent series 

220/(4^-0 2 ). 

Hence Art. 49 applies ; and since 

lim - cot d> = lim ~ 

n-^n 7 ^ootan# 6 


lim - cot(#+roc) = lim 

n —>■00 % d>. a—> 


while lim - cot (0 —roc) = 

n—>*> 


.. _ 0+roc _ 1 

a->o(^“hr7r)tan(0-l-roc) fl+rTr 
1 

6 — nr 9 


we see that the result is 
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It is natural to write (A 2 ) in the simpler form ^1/(0— nr); but 

- co 

(see Art. 8) this form is not precise unless written either as 

(a.) 


~‘«^+S'( s =s+s)- 


Of these (A 4 ) corresponds to Weierstrass’s form of Art. 71 for 
the sine-product; and it is possible to obtain (A 2 )-(A a ) by differ¬ 
entiating the various product-formulae directly. But the final proof 
of uniform convergence is no easier than the investigation just given. 

To deal with the series (B x ) is now easy ; for it is at once evident 
that our previous inequalities give 

n* {coaec a (ft + ra ) +cosec 8 (0 —ra .)}= *** (7in^0^ sin^ra j 2 ~ 


J0-rx) 8 +(0+rx) ! 2(rV 2 +0 2 ) 

< " (4r 2 —0 2 ) 2 (4r 2 - 0 2 ) 2 

Thus Art. 49 can again be applied, because the last series is 
convergent. 

Then lim cosec 2 ^) = lim ( „. ^ 

I 4 ^. o \0 2 sin 2 <*/ 0* 


wuu 

lim {~ cosec 2 (</> -fra)} = lim (-r| = 7 - s _ r —w 

U 2 J i>,a-^o{(0+rir) 2 sm 2 ((/>+roL)f (d+rir) 2 

Thus our result is 

(B t ) cosec 2 0 =g- 4 +S {(0 +nr )*+(fl-rir) 2 }’ 


which can be written in the form 


cosec*0 =2 (flUnr) 2 ’ 


without introducing any further modifications, as in (A s ) or (.4 4 ). 

These formulae can be found by differentiating (A a ) ; the proof 
of uniform convergence will be found in Art. 71*2 below. 

In exactly the same way the identities (Art. 69), 
n 2 -1 hln-D 1 
6w 2 ? n % sin* (rir/n) 


1 "- 1 1 

1 = V_ __ 

2 Tn* sin 2 (rn*/2n) 


(r odd, n even) 
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give, on applying Tannery’s theorem of Art. 49, the two scries 

‘-V *_ ‘-V 4 _ 

6 'TrV’ 2~ , (2s -i)V s> 

1111, 5T> 

or l* + 2* + 3 ,+ 4 i + -6 

. 1 1 1 1 IT* 

and 1 -.+3.+6i+7. + - = 8 • 

Of course there is no difficulty in deducing the second of these from the 
first, because 

1111 _/ 1 1 1 . 1 W 1 . 1 1 \ 

1* + 3* + 5* + 7 # + -\ 1* + 2» + 3* + 4 2 + "* / \2 2 + 6 2 + “7 

= ( 1 “i)(r* + 2 1 « + 3> + 4 1 ' + -)’ 

the transformations being justified by Art. 26. [Compare Exs. 2, 3, Ch. IV. ] 

712. Alternative development of the theory. 

It is possible to develop the results of the previous articles by 
starting from the series +*> i 

^^"“2 {x—noo) 2 ' 

This series converges absolutely and uniformly in any closed regions 
from which the points x—nw are excluded ; this follows at once by 
using the M -test (Art. 44). Thus F(x) is a continuous function, and 
its integral may be calculated by term-by-term integration (Art. 45). 
Further 

so that F(x) is a periodic function, its period being &>. 

When \x\ is less than |o>|, we can write 

1 <% f 1 1 ) 

^)- x 2 +L \{nu~x) 2 ^(im+x) 2 )' 


and, since \x\ < |o>|, we have 


JL__2 / 3s» to 4 \ 

ro+x ) 2 n 2 co 2 \ n 2 w 2 n*u ) 4 


{nco—x ) 2 (ruo+x) 


so that * 


F(x)^—+c 0 +c^ 2 +c A x i +..., 

X* 


o oo -| fi°°l 10 00 1 

where ^2^- c ‘ = sSi»- etc - 


* This implies a reversal of order of summation in a repeated series; it is easy 
to verify that the condition of absolute convergence (Arts. 31, 33) is satisfied here. 
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Thus F(x) is an even function of x and tends to infinity like 1 /a; 2 , 
as a;-* 0 . 

Now consider the function G(x) derived by integrating F(x) ; to 
make this function definite we shall write * 

Then we have clearly G' (%)= —F(x), so that f 
G(x) =-+V' (——+—\ 

— QO 

and for values of |a;| < |o>|, we find the power-series 

Thus G(x ) is an odd function of x and tends to infinity like 1/a;, 
as a;-* 0 . 

Also G' (x+w) = —F (x +o>) = — F(x) =G'(x), 

so that G (x+to) —G(x) =const. 

To evaluate this constant we can write 

G(x)= lim {-+£'(——+—)} 

N-+ co lx ^ \x—nco nay/) 

=lim V —L_, 

o" X—YlOO 

and so G{x+w) —G(x) = lim { — ^ —rr -=0- 

V N-+a> [x+(N + l)w x—NwJ 

If we write x =— 40 ), and remember that G(x) is an odd function, 
it follows that G($<o) =0. 

Thus G(x) is an odd function , with period o>, and (?(|a>)= 0 . 

We now proceed to integrate again; $ but to remove the 

* Observe that we cannot write simply 

G(x)=-j*F(H)dZ, 
because F(()-> ao like l/£ a as 0. 
t S' implies that »=0 is to be omitted* from the summation. 

J Term-by-term integration is permissible because the series for Q(z) is uniformly 
convergent under the same conditions as the series for F(x) : see Art. 46 (2). 
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logarithms from the formulae, we shall introduce a function 
H(z), defined by 




so that H'(x)/H(x)=G(x). 

Thus we have 




»,*>-* hW 1 -*)}- 

Also, if \x\ < |m|, we have 

log | ^ ^| = lV C 2 a ' 4 —TlV^— ••• * 


Thus H(x) is also an odd function of x, and tends to zero as 
x ->0, in such a way that H(x)/x -* 1. 

H'(x+a>) H'(x) 

H(x+u) H{x) 
in virtue of the periodic property of G(x). Thus we find 

H (aj-f-fi)) 


Again we have 


H(x) 


=const. 


To determine the constant, let us write x=— which gives 

1 , 

because H (x) is an odd function of x. 

Thus, in general H (x +co) =*= — H (x), 

and so //(x+2<*>) = — H(x+o))==-\-H(x). 


Thus H(x) is an odd function of x, with period 2co and such that 
ff(x)/x-> 1 asx->0 , while H(x+go)=— H(x). 

Now H(x) is continuous * for all values of x , such that \x\ < |o>|; 
and thus, from the periodic character of H(x), it is clear that H(x) 
is continuous for all finite values of x. 

Assuming that these properties uniquely determine the sine- 
function,! we can write 

ff(*)=£sin(£?). 


* The series for log {H{z)/x}, being derived by integrating a uniformly convergent 
Beries, is itself uniformly convergent (Art. 45); and thuB the function is continuous. 

t It seems impossible to prove this without some reference to Theory of Functions. 
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and then the two other functions are 


firx\ 

, 0) / 


‘w-Sit-M’ 

F(x)=-G'(x)^J C osec*(™). 


Thus, the various series of the present article all agree with those 
obtained in Arts. 70-71*1. 

We are now able to obtain the coefficients Cq, c 2 , c 4 , ... in finite terms. 
Write for brevity w = 7 r, so that H(x) =sin x. 

Then,* by Art. 59, 




Iog( 

- x z 

x x 

x 8 

'6 + 120 

5040 

X * 

, ** 

X 6 


“6 

120 “ 

'5040 

+... 

1 / 

' xl 

a; 8 

. \ 

”2 ( 

, 36 “ 

“ 360 

H 

1 / 


a: # 

\ 



' 216 

+ ~) 

x a 

a; 4 

x 8 



-) 


6 180 2835 


Hence 

giving 


C °~3’ C, — 15’ °* ~ 189. 

y l __7r* * _ 7T« 

1 n* 6* 90* rn 8 l45’ M ’ 


(compare Art. 100 below). 

It is convenient to note also that these values (for c 0 , c 2 , c 4 ) lead to the 
expansions: 

F(x) =cosec*x=I +J +±x' +1 §g** +.... 


* The justification for these steps is contained in Art. 36; the present case 
corresponds to 6 0 =0, in the notation of that article. 
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EXAMPLES. 

Reference may also be made to Examples on Ch. XI. 

1. Shew that, if \x\ < 1, 

(I ~ x ) C ° S - - - cos 0+3 cos 3 0+z* cos 50 + ... +3 n cos (2n + l)0 + ..., 
I-2a? cos 20 +3 2 v 

and deduce that, if y =2 cos 20, 

^v =yl> ~ y " ~ 5yi +4yl +6y2 _3y_1 - 


2. From the formula (of Art. 68) 

sin (mO) =7nx-™—^ —-^3* +... to go , 

(where 0 =arc sin x and lies between - \ir and + \tt)> obtain the power-series for 
(arc sin x ) 8 : namely 

1, . 1 X s /I 1x1.3a? 6 /1 1 1X1.3. 5a; 7 . 

6 (arc sin x) g +( 1 » + 3 ») 2 .4 5 Hi* + 3 S + 5 a ) 2.4.6 7 + to ' 

Obtain similarly the formula of Ex. B. 4, Ch. VIII., for J(aro sin x) % . 


3. From formula (B) of Art. 71-1, prove that 

w cot (0 +roL) cosec 2 (0 + r«.) =n 8 cot nd cosec 2 nO . 

Deduce that, if (3 = Ja = 7r/4n, 

2n 3 =cot (3 cosec 2 f3 - cot 3 f3 cosec 2 3 f3 + cot 5f3 cosec 2 5(3 - ... to n terms. 

[Math Trip . 1901.] 

4. If n is odd and equal to 2m +1, shew that 

2 tan 4 (nr/n) = Jn (n -1) (n* + n - 3). [Math. Trip . 1903. ] 

r=l 

5. If n is odd, shew that 

2 cosec 2 (nr In) - J ( n 2 -1). 

r=l 

If n—abc ... k, where a, b, c, ..., k are primes, shew that the above sum, 
if extended only to values of r which are prime to n, is equal to 

J(a 2 -1)(6 2 -l)(c 2 -l)... (k* -1). [Math. Trip. 1902.] 

8. (a) Shew that the roots of the equation 

3 a +3 2 -23-l=0 

are 2cos(»7r), 2cos(f7r), 2cos(?7r). 

[Write x +2 =y a in the formula of Art. 66.] 

6. (b) Shew that the roots of the equation x z -x z + 1 =0 are given by 

x^Jl =2 sin (*7r), 2sin(47r), 2sin(S7r). 

[If y =2 sin 0, the formula of Art. 67 can be written 

y* = +Ji(y 2 - 1). 

To distinguish between the two sets of three roots note that 2 sin (3 tt), 2 sin (f 7 r) 
are both greater than 1, while 2 sin f tt lies between -1 and 0.] 
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6. (c) If sin a.=^3/4, shew that 

sin 7 ol=^3/256. 

Deduce that the side of a regular heptagon inscribed in a circle of radius r 
is nearly equal to the height of an equilateral triangle whose side is equal to r. 

[Ex. A. 38, Ch. VIII.] 

7. Prove that 

nJ i ** \_i «“*** *+« ttA , * \.-x/„_ sin ’ r ( :E + c ) 


A fi x% 1 i &m*Trx , x+c a; \ , s 

II 1-,-v*f=l- and - 11(1 +-) e- x/,t = - 

-oo l (n+c)*J sm a 7rc c \ n+cj 


[Euler. ] 


Determine the value of the limit of the product Ilf 14-) when 

ir at ,■« j. at § if i -M \ M + C/ 

M, N-+ oo so that N/M -> &. 


) sin 3a; 
Bin a; * 


8. Prove that nil-, = 

_od l (n7r+a;)*J sm x 

9. Shew that 

(1 -a;)(l +Ja;)(l - Ja;)(l + }a:)... =cos (} 7 ra;) -sin (Jra;). 
[Group the terms in pairs and apply Ex. 11, Ch. VI., obtaining 




or write out the produot form for sin (Jtt (1 - a;)}/sin (J-7r).] 

10. Shew directly from the products for sin x and cos x that 

sin (a: + fa) =oos x 9 cos (a; + fa) = - sin x, 
and deduce the periodic properties of the sine and cosine. 

11. Deduce the infinite produot for sin x from the equation 

r\rr 

sin fax) =2a?J cos (2 xt) at 

by means of the series for cos (2 xt) in powers of sin t (Art. 68). 

- 0 t f „ _(n+g 1 )(n+ o > ) ...fo+a *) 

11 +b t ) fa +*6 t ) ... (n +&*)’ 

where 2a=26 and none of b u b l9 ..., b k are zero, then 

TT ^ ain (ajir) sin (a a 7r)... sin (a k rr) p 
_* %n ~ sin (birr) sin (b 2 7r) ... sin (b k 7r) 

If 2b - 2a=8, shew that 


u 0 IT fa n e&l n ) =lim H u n =P, 


and that lim II u n = Zr* P, 

where L =lim (N/M). 

00 , 

Find the value of li'(u^P 1 ) when n =0 is excluded and some oib lt b i9 ..., b k9 


[Euler.] 


[Eui^er.] 


are zero. 
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13. Prove that Um {j^ 

where in the double summation all values m =n are excluded. 

[Math. Trip. 1895.] 

14. Shew that 

|(^i ~)-i 

® l 

7T a cot (irx) cosec \irx) = 2 

—ao \X — 71) 

7 r 4 |cosec 4 (7r:r) - ^cosec 2 (7ra;)| = 2 ^ [Euler.] 

15. Shew that 

n 1/1 1 N / 1 IN 

C086C ^ 9 ' [W^r + dTrrJ + [u -Sf + ff+») ' ’ 

sec (9 = - (fZ~ gT^.) + r " 0Vis) + 

[We can get the expansion for cosec 0 from the identity 
cosec 6 = cot (£0) - cot #.] 

Deduce that 

i(^i _1 ) = *M '3V^3 + 5 J a;M"7»j; , -7 + ' [ Euler -1 

16. Shew that 

7T __ A 7TZ 1 
2 


. 7TZ 1 / 1 1 \ / 1 1 \ 

cot 2 = - + (— 2 + J ^2 j + (jn + ^Ti) + - ’ 

7T. TTZ ( 1 1 \ / 1 I \ 

2 tan 2'“ V-I + Z + lJ \ Z - 3 + z + 3/ 

1 S,,/ 1 1) 7T COS TTX 

x-y I n + a; -f ( - 1 ) n_1 ?/ w J ~~ sin 7 ra; - sin 7r y 
7i — 0 being excluded from the summation. [Math. Trip. 1896.] 

17. Find the sum of the series 


~ _ 5n-2 
6n 3 - 5n 2 + n' 

the value n = 0 being excluded. 

[” Note that 

L 6w 8 -5n 2 + n- \7&-£ 7iJ \n n) J 

18. If the general term of a series can be divided into partial fractions 
in the form 

“« = ?n+~a- where ^ =0 ’ 
then V u n = 2d?r cot (a7r), 

- a> a 

where all the numbers a are supposed different from zero. 

B.I.S. p 
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19. If the general term u n of a series is expressed in the form 

C' 


A B C A' B' 

i "f" n_. « /«>„ i \® ”• 7 


(2»)» ' r (2m)* T 2ti T (2m-1)’ T (2m -1)’ + 2n-1’ 

«o 

prove that can be summed by means of these formulae, provided that 
A+1A'=0 and C + C'= 0. 

Apply to the particular example 

_48m a -36n+7 
U ”~ 8m a (2m-l) a ’ 


proving that the sum is equal to \ir 2 . 

20. We have seen (Ch. VI., Ex. 17) that if 

_ rr(i)r(<n* /r<2)iw. r miw , 

1 ~ l T(i +t) f + \T(2+<) / + 1 i\3 + o ) + ••• ’ 
then S t+l =- t (2t-l)S t -~, ifi>i- 

1 1 OQ 

Now S l -^7r 2 by Art. 711 so that S 2 ~^(7r 2 -9), S 3 - 7r 2 - j-- 



2 + 


2 

4. 


V1.2.3J 

! *+■ \ 

I2.3.4J 

1 T 1 

^3.4.6/ 
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COMPLEX SERIES AND PRODUCTS. 


72. The algebra of complex numbers. 

We assume that the reader has already become acquainted with 
the leading features of the algebra of complex numbers. The 
fundamental laws of operation are as follows : 

If x=g+tt), x'=g'+it)\ 

then x+x' =£+£' +i(y+n'), 

x-x'=g-g'+i{ri-ti'), 
xx' =££' - fin '+1 (£?' 

, in'-i'n 

n2 ~r‘ 


(addition) 

(. subtraction) 
(multiplication) 


« -fi+y-r.-jc^r, («•«»)• 

It is easily seen that these laws include those of real numbers as 
a special case; and that these four operations can be carried out 
without exception (excluding division by zero). Further, these 
laws are consistent with the relations with which we are familiar 
for real numbers, such as 

x(y+z)=xy+xz, 
xy=yx, x(yz)=(xy)z. 

Thus any of the ordinary algebraic identities, which are estab¬ 
lished in the first instance for real numbers, are still true if the 
letters are supposed to represent complex numbers. 

It is natural to ask whether other assumptions might not be made which 
would be equally satisfactory. Thus the analogy for addition might suggest 
for multiplication ^ + ^ 

But this is inconsistent with the relation x + x = 2x, since z' = 2 would 

2x = 2£ + i(0) = 2£, 

x + x = £ + f +1 (7/ + ij) = 2 £ + 2 u/. 
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whereas 
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Since the assumption t a = -1 together with the ordinary associative, com¬ 
mutative and distributive laws are sufficient to fix the law of multiplication, 
we might try to find some other law of multiplication, by assuming that 
i 2 =a. + i/3, where cl, /3 are some fixed real numbers. It can then be shewn 
(see Stolz, Allgemeine Arithmetik, Bd. II., pp. 8-12) that we are either led 
back to the assumptions made above, or else we are forced to admit the 
existence of numbers x v x x such that the product x x x % is zero without either 
x x or x % being zero. Thus the assumption ** = -1 corresponds to the only 
simple natural extension of the laws of algebra as formulated for real numbers. 

73. Argand’s diagram. 

The reader is doubtless also familiar with the usual representation 
of the complex number * x=£+trj 

by a point with rectangular coordinates (£ tj). 



Nevertheless it may be convenient to give a brief summary of the 
method. 

If we introduce polar coordinates r, 6 , we can write 
£=r(cos0+*sin 0). 

We shall call r==(^ 2 +^ 2 )^ the absolute value of x (it is sometimes 
also called the modulus of x ); and we shall denote it by the 
symbol |g|. This, of course, is quite consistent with the notation 
used previously; for if x is real , \x\ will be either +x or —x, 
according as x is positive or negative. 

We call 6 the argument of x : it is sometimes called the phase or 
amplitude of x. 

From the diagram the meaning of x+x', x—x' is now evident. 

If we draw through A, AB , GA equal and parallel to 0A' y then 
B, C are respectively x+x' and x—x'. The fact that x+x' =x' +x 

* Probably the reader will be more accustomed to the notation z—x-\-ty for a 
complex number and its “ real and imaginary ” parts, In the present account 
x has been deliberately adopted to represent a complex number, so as to bring 
out as strongly as possible the points of similarity between power-series of the 
real and of the complex variable. 
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is represented by the geometrical theorem that A'B is equal and 
parallel to OA (Euclid I. 33). 

Since OB < OA -\-AB or OB <OA+OA', 
we have the relation \x-\-x' I < l*l+l*'l> 
and similarly, I*-*'! <1*1+1*'!• 



Again, supposing OA' < OA, we have 

OB+AB>OA or OB>OA-OA\ 


Thus, 

and so also 


liii >!:!=£!}■ «m>m. 


It is easy to prove similarly that 

l*fy+z+H < l*l+M+M+M> 

and generally, that 12 a; | < 21 x |. 


These facts can also be proved algebraically; for example, consider the 
first inequality and write 

R = \x+x'\, so that R* =(£ +£') 2 +(?; +??')*• 

Then we have R 2 = r* + r' a + 2 (££' + 7;?;'). 

Hence (r +r')* - R 2 =2 (rr' - ££' - 7, v ') f 

and this is certainly positive if ££' + ipf is zero or negative. But if ££'+ 7 / 7 / 
is positive, we have 

(rry-&'+ VV y=($ V '-£'r 1 )', 
so that rr' g ^'+ 777 /', 

the sign of equality occurring only if £ 7 /' - £'77 = 0 . 

Thus in all cases (r +r') a - i2 a fg 0 

or r+r'-jR^O, 

an,d the sign of equality can appear only if £ 7/'-£'77 =0 and ££' +rjr)'> 0 ; 
which is represented geometrically by supposing that OA' falls along OA. 
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74. Multiplication;, de Moivre’s theorem. 

If we multiply together the two numbers 

*=r(cos d+i sin 6), %' =r'(cos 6'+i sin 6'), 
the product is found to be 

xx' =rr'(cos 6 cos O'—sin 6 sin 0')+‘^'(co8 6 sin d'+sin 6 cos O') 
=rr'{cos(d+d')+t sin (d+d')}- 
Thus the absolute value of xx' is rr '; or 
\xx'\—\x\. \x'\, 

and the argument of xx' is 9+6', the sum of the arguments of x 
and x'. 

In particular, if r'=l, the product a: (cos d'+tsind') is equal to 
r {cos (d+d')+i sm(d+d')}- 



It is therefore clear that if f =cos 6+i sin d, t 2 is equal to 
cos 2d+t sin 2d ; t 3 to cos 3 9+i sin 3d ; t~ 1 to cos(—d)+t sin(—d); 
and so on, as indicated in the diagram. 



Hence if »is any whole number, positive or negative, we have 
(cos 9+< sin d) B =t n =cos nd+i sin »d. 

To interpret t mln , where m and n are whole numbers, we agree 
that the law of indices (t m/n ) n =t m is still true. 

Hence if t m,n =p(coa <p+i sin <p), 

we have p n ( cos n<f >+«sin n<f>) =cos md +i sin md; 

thus, p n =l, and n<p =m6+2kv, 

where h is any whole number. 
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nri , . m6+2k7r . mQ+Zkir . 

That is, t m ' n ~cos- 1 - \-i sin- - -; 

n n 

thus t rnln has n different values, given by taking &= 0, 1, ..., n—1. 
The case &=0 constitutes de Moivre’s theorem. 

A large number of elegant geometrical applications have been given by 
Morley, some of which will be found in Harkness and Morley’s In'roduction 
to the Theory of Analytic Functions , chapter II. We note a few examples : 

1. The triangles x, y, z and x', y', z' are directly similar if 

!/, - = 0 - 
y\ 

1 , 1 , 1 

2. If the triangles x, y, z and x', y', z' are directly similar, any three points 
dividing xx' y yy\ zz* in the same ratio form a third similar triangle. 

3. The conditions 

x , y, z =0 and yz+xw, zx+yw, xy + iw =0 
a, A 7 , fi , y i 

1, 1, 1 1 , 1 , 1 1 

(where cl, /?, y are real numbers) are respectively the conditions that x, y, z 
should be collinear, and that x, y, z, w should be concyclic. 

For other applications, see Exs. IS at the end of this chapter. 

75. General principle of convergence for complex sequences. 

If S n —X n +iY n , we say that the sequence (S n ) converges, when 
both ( X n ) and ( Y n ) are convergent; and if X n X , and Y n -» Y, 
we write S n ->X+iY. 

The necessary and sufficient test for the convergence of the sequence 
( S n ) is that, corresponding to any real positive number e, however 
small, we can find an index m such that 

|S«-SJ<e> it n> m. 

To prove this statement, we observe that 

={X n - XJ*+(Y n -Y m )\ 

so that \8 n — zk. i-^n — X m \ +| Y n — Y m \ 

and \S n -S m \^\X n -X m \, \S n -S m \^\Y n -Y m \. 

Now, if {S n ) converges, (X n ) and ( Y n ) are also convergent, so that we can 
find m to satisfy 

\X n — X m \ < €, \Y n -Y m \<e, iin>m, 
and consequently \8 n - 8 m \ < 2e , if n > m ; 

so that the condition is necessary . 
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On the other hand, when this inequality is satisfied, we have also 
\X n -X m \<€, \Y n -Y m \<t, iin>m, 
and therefore the sequences (X n ), ( Y n ) are convergent. 

Thus (S n ) converges ; and therefore the condition is sufficient 

As an application of this principle we consider the interpretation 
of t a , where £=cos 0+* sin 0 and a is irrational . We note as a 
preliminary that * 

|(cos (f>+t sin 0)—(cos 0*+/ sin 001 

0—cos 0) 2 +(sin 0—sin 0) 2 }=\/{2—2 cos(0—0)} 
=2 jsin < \</>~^\. 

Now, if (a n ) is any sequence of rational numbers which has a as 
its limit, we can find m so that 

|cx. n —oc m | < e, if n > m. 

Thus 

|{cos(oc n 0)+* sin(a n 0)}-{cos(oc m 0)+ 4 sin(a w 0)}| <e \6\ 
if n> m\ and so the sequence £ a,l =cos(a n 0)+f sin(a n 0) is con¬ 
vergent. It is therefore natural to define t a as lim f n ; but it is of 
course to be remembered that all the limits f 
lim{cos ot n (0-f-2&7r)+f sin a. n {Q+2hir)} (i=±l, ±2, ±3, to oo ) 
may equally well be regarded as included in the symbol f. Thus 
special care must be taken to specify the meaning to be attached 
to t a ; for most purposes it is sufficient to retain only the value 
which reduces to 1 when 6 is zero (that is, the value given by Jc= 0). 

Convergence and divergence of a series of complex terms. 

If a n =£ n +^n, we have 

a x +a 2 + ...+a n ==(^ 1 +f2 + *--+^r? N +d^l+^2 + **-+^n) :::::= -X’n+^n- 

Then if X n , Y n are separately con\ crgent to the limits s, t respec¬ 
tively as n tends to oo , we say that 

a 1 +a 2 +... to oo 
converges to the sum s+it. 

But if eithei X n or Y n diverges so that |X n +*r n |=|2a n | 
diverges, we shall say that 2a n diverges ; and generally, we shall 
call a series divergent if \X n 4-iY n \ diverges. 

* The geometrical interpretation of this inequality is that a chord of a circle is 
less than the arc. 

f All these values are unequal, because no integer k makes ka equal to an integer; 
of ooune k must not vary with n. 
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It is easy to see from this definition and the foregoing discussion 
for sequences that the necessary and sufficient condition for conver¬ 
gence is simply that, corresponding to any real positive number e, 
we can find m such that 

no matter how great p may be. 

It is not very easy to frame a definition of oscillatory series of complex 
numbers, which shall be consistent with the definition adopted for series of 
real terms in Art. 6. It is clear that in the first place there are nine possible 
types for the behaviour of a complex number X n +1 Y n , as n tends to infinity ; 
for each part X n , Y n may converge ((7), diverge (D), or oscillate (0). Of these 
nine types, one has been defined as convergent (represented by C, G)> and 
five as divergent (represented by C, D; 0, D; D, D ; D, C; D, 0 ). The 
remaining three are represented by C, 0 ; 0, 0; 0, C; and may fairly be 
called oscillatory. 

On the other hand, if the limits of oscillation of either part are - oo to + oo , 
then the absolute value |X n +i7 n | may tend to +qo as a limit.* 

However, to avoid minute discussions of so many possible types in dealing 
with actual series, it seems to be simplest to agree to call all series divergent 
for which \X n + iF n | -+ +co , even though this agreement will now class 
some series as divergent, which might be called oscillatory with more accuracy, f 

We can formulate a similar definition for the convergence of an 
infinite product of complex factors ; but as a rule we need only 
absolutely convergent products, which will be discussed in the next 
article. 

76. Absolute convergence of a series of complex terms. 

If 0 n =£ n +^n an( l if 2|a n | is convergent, we shall say that 2<z n 
is absolutely convergent. It is evident in this case, from Art. 18, 

* It would not do so if, say, 

X„=»{l+2cos(^)j, Y n = l. 

For then X n ->+oo if n = 6m, 6m+ 1, or 6m+5, 

X n ~> - oo if n — 6m + 3, 

X n =0 if n = 6m + 2 or 6m+ 4. 

Thus |X n + t7 n |->oo except for n=6m +2 or 6m + 4, 

but | X n +1 Y n | = 1 for these values. 

f For example, X n = (-1 ) n n f Y n = l/n 

gives \X n + iY n \= *J(n* + l/n 2 ) -* x . 

On the other hand, the series 

*n = (~l ) H n> Y n =0 

(which consists purely of real terms) would be classed as divergent by this definition ; 
and as oscillatory by the definition of Art. 6. 
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that the separate series 2£ n , 2»/ n are both absolutely convergent, 
because |£,|^k| and \t, n \±\a n \. 

It follows therefore that 2a n is convergent in virtue of our 
definition (Art. 75); and by Art. 26 the sums 2£ n , are indepen¬ 
dent of the order of the terms. Hence also, the sum of an absolutely 
convergent series is independent of the order of arrangement . 

It is probably obvious from what has been said as to series of 
real terms, that absolute convergence is not necessary for conver¬ 
gence. An example of a series of complex terms which converges, 
although not absolutely, is 

i+iw+u <mw 4 +... 

— — (i.—x+v—•••)+*(!"” + •••)• 

For both real and imaginary parts converge, by Art. 19, and the 
sum is —£ log 2+£7n, by Arts. 62, 64; but the series of absolute 
values is l+*+m+-, 

which diverges by Art. 7 (Ex. 2) or Art. 11. 

It is evident from Arts. 25, 28 that the sum of a non-absolutely 
convergent series may be altered by derangement. 


Absolute convergence of an infinite product of complex 
factors. 

The infinite product II(l + a n ) is said to be absolutely convergent 
if the product II(l + |«nl) is convergent. It follows at once that 
if 2a n is absolutely convergent , so also is 11(1 +a n ), and conversely . 

For we know that 2|a n | converges : and so by Art. 39 the two 
products II(l + |a n |) and 11(1 — |a n |) are convergent. Similarly, 
if either of these two products is convergent, so also is 2|a n |. 

However, it is not quite obvious that if 2|a n | converges, then 
II(l + a n ) must also converge, in the sense that we can find m, so 


that 


m+p 

i£=H(l+«„) 

w+l 


is as close to unity as we please, however large p may be. 
To establish this property, we observe that if 


a := n(i+K|), 

m +1 

then every term in (i2^—1) has a corresponding term in (A„— 1); 
but in the latter^ every term is positive . Hence 

IK-11=^-1. 
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But 

4L< fi {1+| a n |}< 1/(1-i? m ), 

(by Art. 38) 


Wi-fl 

00 


where 

7)1 + 1 


Thus we have 




and since rj m ->0 as m->oo (because 2|a w | is convergent), we can 
find m to make R? m as close to unity as we please. 

The proof of Art. 40 needs only a few verbal alterations to shew 
that if is absolutely convergent the value of 11(1+a n ) is unaltered 
by changing the order of the factors . 

77. Extension of Maclaurin’s integral test. 

It can be proved that* if f(x) tends steadily to zero, as x tends 
to infinity, and if <f>(x) tends steadily to infinity while </>'(x) tends 
steadily to zero, in such a way that the integral 

| f(x)<j>'(x)dx 

is convergent, then the two series 

2/(n)cos{</>(w)}, 2/(n) sin{0(n)} 

converge or diverge with the integrals 

| f(x)cos{<j>{x)}dx, | f{x) sm{<p(x)}dx 

respectively. 

Without going into the proof of this general theorem, we shall 
investigate the most useful special case—namely the seriesf 
where /x=a + z/3, (a>0). 

Now let us write 

TT — JL — f n+1 — 

J n 

.id the.} 

* See Bromwich, Proc. Lond. Math. Soc. (2), vol. 6, 1908, p. 327; and G. H. 
Hardy, ibid., vol. 9, 1910, p. 126. 

| In the notation of the general theorem, this series is given by taking 
f{x) = x~*, <p{x) = l 3 logs. 

See Arts. 93, 96; and note that the conditions laid down for the general theorem 
are verified here. 

I We assume that the ordinary rules for differentiation and integration remain 
formally unaltered when complex indices are used. This assumption can be 
justified quite easily as soon as the definition of complex powers has been fully 
cleared up : for instance, on the lines adopted in Arts. 93, 96 below. 
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Thus, if we write 
we have 


I/*I=n/(«. 2 +/3 2 )==/>. say. 
r i <r +1 ^r^ 


we have |U B | <fe£|S 

because |£»* +1 |=£ a+1 J or 

Now a > 0, by hypothesis; and in the last integral x lies between 
n and n+1, so that 

1 1 <1 1 

n a xf l ~n a (n+l)“ 

Substituting, we find that 

Thus, summing to n terms, we find that 

l^il+l^sl+-+l^»l=^{l-(^iy:}=£. since a>0. 

And thus, by Art. 2, the series 2|Z7„| is convergent; or 2?7 n is 
absolutely convergent, and its sum is less than p/a in absolute value. 

Thus,* on writing out the sum of 2Z7 n to («—1) terms, we see 
that ,11 If n dx 

tends to a definite limit as n tends to infinity. 

But 

and so, if a>l, this integral tends to the limit l/(yu — 1) as 
n oo ; and so the series is then convergent. 

On the other hand, if 0<a<l, the integral behaves like 
n 1-/x /(l —ytx) as n —> oo (because the absolute value of this expression 
also tends to infinity); and accordingly the same holds for the sum 
of 2 nr*. Or, in symbols, 


14- JL 


if 0 <a< 1. 


If we adopt the convention of Art. 75, the series 2would be 
called divergent, if 0 < cl < 1; because its absolute value tends 


♦Note that |n~^| =»“*, and so tends to zero as n tends to infinity, because 
a >0. 
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to infinity, although both real and imaginary parts oscillate between 
— oo and + 00 • 

The only case remaining for discussion is given by a=l; and 
then rt 1_ " M /(l — fx) oscillates between finite limits, so that the same 
is true for the series* All that we can then assert is that 

the range of oscillation is equal to 2//3 for both real and imaginary 
parts of the sum. 

Hence, finally, we sum up our results as follows: 

The series (where fi — cL+ifi) is convergent if a>l; 

divergent (in the sense of Art. 75) if a < 1, cmd the sum to n terms 
is represented asymptotically by the formula 

n'-»/(l-p). 

When a=l (and f3 is not zero), the series oscillates finitely ; and 
the range of oscillation is equal to 2//3, both for the real and for the 
imaginary parts of the sum. 


78. Ratio-Tests for absolute convergence. 

Since the series to be tested is 2|a n |, which consists solely of 
positive terms, it is evident that we can apply at once any suitable 
test from Chap. II.; but nearly every series of importance is covered 
by a natural extension of the ratio-test (5) of Art. 12*2. Thus it 
seems worth while to formulate this extension in a form specially 
convenient for application to series of complex terms ; similar 
extensions for other tests will be given in the small type below. 

We suppose then that the quotient u n /« n +i can be expressed in 
the form a u _/l\ Cp = oL+if3 


*n+1 


■ 1+ s + 0 {: 


X>1 


where in most ordinary series the index X is 2. 

Then, to test for absolute convergence, we form the quotient of 
absolute values |a„| _ fi , n /l \| 

K+xi 1 + n + vwr 

This expression is clearly equal to 

V [{ 1+ 5+°(i)} + {s +°(W\- V { I +T+ 0 ©}' 

where k is the smaller of the indices X and 2. 


* Note that the range ot oscillation is the same for the series as for the integral: 
although the aotual limits of oscillation are not the same. This is due to the fact 
that the difference tends to a definite limit. 
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Thus we have 




and so the results of (5), Art. 12 - 2, can be immediately applied, 
shewing that 2|a n | converges if a> 1, and diverges if 
Thus the rule now applicable to series of complex terms is : 

If the quotient a„/a n+x can be expressed in the form 

g n _1 | /* | of 1 } I/«=«.+<£ 

a n+1 ~ L+ n + W’ { X>1 

then the series 2a n is absolutely convergent , provided that ol> 1; out 
cannot converge absolutely, if a. ~1* 

Pringsheim’s tests for absolute convergence of a complex series, t 

Since Kl =V(£ n a + Vn)> ft 

it is evident that the square-root complicates some of the tests given in Chap. II. 
for series of positive terms. 

Of course the tests of Art. 9 can be at once changed to 
Bin G n % . |a n | 8 < oo, (convergence) 

UmD n ».K|’ > 0, (divergence) ; 

but the same transformation cannot, as a rule, be applied to the ratio-tests 
of Arts. 12*1 and 12-2. 

Thus, the condition 

feW£r-«4 >o 

is by no means sufficient to ensure the convergence of 2|a n |; because 
whenever lim D n = ao (which is usually the case), the above condition does 
not exclude the possibility 

lim | D„ | 1 - D n+l } =0, 

and this may occur with a divergent series. 

For instance, with l/a n =n log n and D n -n (n > 2), we find 

DJ I P- If,. > 2(» + l)/log ». 




but yet 2)|a n | diverges, as we have proved in Art. 11 (2); and in fact it will 
be found that i \ a \ 1 

-M=°- 


* It may still converge; but the condition of absolute convergence is broken 
when a^l. This rule is contained in one given by Weierstrass (see below, 
Art. 79). 

t Archivflir Math, u . Phys . (3), Bd. 4, 1902, pp. 1-19. 
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Pringsheim therefore has introduced the conditions 


lim { D„ I —— - ^—1 > 0, (convergence) 
l I a n + l D n J 

lim f D n I — I - D ^ ±l \ < 0, (divergence) 
l l®«+il D n ) 


which are substantially equivalent to the conditions of Art. 12*1. 
For if the first condition is satisfied, we can find p and m so that 

Z>„ I - -fp~p >0, if » > m. 

a n + \ I 


\p >0, if n > m. 


•thu., 

Now in all cases of practical interest,* it is possible to assign a fixed upper 
limit to I —^ and —i- 1 , say l ; then D n a " - D n+1 pi 21, and so the 

I a n+1 D n a n+l 

first condition of Art. 12*1 is justified, proving convergence. 

But if the second condition holds, we can find m so that 

f n a n \ T\ ) I I a n , ^n+t \ ^ n if -w m 

so that the first factor must be negative, leading to divergence as in Art. 12*1. 

It is easy to transform Pringsheim’s conditions by writing D n ~f(n) as 
in Art. 12*2, and then we find 

lim K n > 0, convergence ; lim K n < 0, divergence , 

where I 1 =1 + 2 ^Jf 1 } + • 

kn+il /(») /(») 

The only fresh condition to establish is that {f'(ri)Ylf(ri) -> 0. 


lim^ 


lim = lim 

*—►» J \X) X—+CO 


in virtue of L’Hospital’s rule (Appendix I., Art. 147); now we assumed that 
f"(x) -> 0, and so {f'(x)} 2 If (x) also tends to zero. 

In particular, let us take 

(1) f(n) = 1, (2) f(n) -n, (3) f(n) =n log n. 

We obtain, after a few transformations, the following conditions: f 
m y— a^ 2 >l, ( convergence) 

' ' — «»+1 < (divergence). 


* Pringsheim admits slightly more general conditions, 
t The inequalities lim P ^ j 

are here used as equivalent to the two lim P > 1 , lim P < 1 . 
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79. Ratio-tests for non-absolute convergence. 

Again supposing that the quotient aja n+1 can be reduced to the 
special form given at the beginning of Art. 78, let us consider what 
information can be obtained when a. ^ 1. 

In the first place we observe that (when n > 1), Art. 96 below* 

g ives (n +If 


nr 


= 1 + 


n +0 (^)’ 


and accordingly we have 

where, as before, k denotes the smaller of the indices X and 2. Thus 
if b n =rira n , it is easy to see that the quotient 

&n+l/&n = l +0(“) 


is the typical factor of an absolutely convergent product (since 
#c > I) by Art. 76. 

Thus b n tends to a definite limit as n -> oo ; and so we can write 

a n =0(n^) y 

and K| =0(n" a ), 

because a is the real part of //. 

It follows that if oc^O, \a n \ does not tend to zero as w->oo ; 
and accordingly the series 1:1a n cannot converge at all unless 
ol> 0 . 

When 0<a<l, it is clear that |a n |-+0, and thus a n also 
tends to zero, so that convergence may occur. We can now appeal 
to Art. 77, which proves that 2n‘* diverges (in the sense explained 
in Art. 75); and so 2a n also diverges in the same sense. 


* Although it is convenient to place the present results here (for the purpose of 
grouping together aU rules on ratio-tests for convergence), yet we make no use 
of the present rules in establishing the convergence of the binomial power-series 
for values of x such that { x | < 1; these rules are, however, used in the discussion 
of (1 +x) v at points on the circle of convergence | x | =1. Here the expansion of 
(1+1 jn)^ has been assumed for the special value x~\ln <1; but the same result 
can be deduced from the relation 
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It will be convenient to sum up the results of these considerations 
in a single rule : * 


>_ = l + ? +0 i 
a-., n \n\ 


( 1 ) //*=«■ 
W’ \X>1 


«■+(ft 


(i) if cl> 1, is absolutely convergent; 

(ii) if <x = l, and 3 is not zero, Sa„ oscillates finitely ; 

(iii) if 0 <a< 1 , 2a n diverges (in the sense of Art. 75, so that 

|2& n | ->oo), although the individual terms a n still tend 

to zero ; 

(iv) if (x. ~ 0, the terms a n do not tend to zero , and convergence is 

accordingly impossible. 

It will be noticed that for series of the present type, non-absolute conver¬ 
gence cannot occur. But although the present series include almost all those 
which are commonly wanted in analysis, yet it is easy to construct non- 
absolutely convergent series, such as the series given in Art. 76. 

It will be convenient to establish here the further result that: 

When a n /a n+1 is of the form given above , the series 2(a n — a n+l ) is 
absolutely convergent , provided that a. > O.f 

In fact we have 

a n [ n \n K J) w [ \n K ~ l J) 

and accordingly ~=£{ 1+ 0} ' 


and accordingly 
But 

and accordingly 
Thus 21 a n —a n 


\ a n\ —0(n~ a ), 

a n — o B+1 1 =0 {«r ,I+a) }, since k > 1. 
converges (provided that a. > 0) in virtue of 


Art. 11 (1); and so the result stated is established. 

Ex. As a special example we may take the hvpergeometric series F(fjt.,/3 f y, 1) 
considered in Art. 12*2, for which 

g>n = ( tt + l)(n + y) 
a n+ 1 (n+cL)(n+pY 
so that n~l+y -(ol+P). 


♦ First given in its general form by Weierstrass (Oes. Werke, vol. 1, p. 186). 
This includes Gauss’s rule (Art. 12*2) as a special case. 

fit will be noticed that 2(a n -a n+1 ) is obviously convergent, because a n -> 0 
when a > 0; it is not obvious, however, that the convergence is absolute , 
tf.i.s. Q 
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Then we see that, if the real part of (y - cl-/3) is positive, the hypergeo¬ 
metric series F(ol, /J, y, 1) converges absolutely ; and that if this real part is 
not positive, the series cannot converge. 

80. Abel's Lemma (for complex series). 

The preliminary transformation of Art. 20 remains unchanged; 
but, if the letters denote complex numbers, we cannot make any 
advance beyond equation (A) without bringing in some condition 
with reference to the series of differences, 

K-v 2 )> (v 2 -v 3 ), ..., (v*-tv)- 
The simplest general hypothesis appears to be the assumption that 
the series of differences ^(v n ~v n+1 ) is absolutely convergent .* 

Since the sum of this series to (n— 1) terms is equal to 
it follows that v n has a definite limit (say l) as n tends to infinity ; 
and if we now take the absolute value of equation (A) of Art. 20, we 
obtain the inequality 

| a n v„ | ^ H {| t> a -i v 2 \ +h-*> 3 | + ■ • •+K-r -v P \+Kl >, 

where H is any number not less than the upper limit to J« x |, 
|f 2 |> ••• |*p|. If the expression in { } brackets is called V p , it is 
easy to see that 

Vp+i Vp~\vp Vp+i | +1 v p+1 | IVpI 
Thus the sequence (7 n ) is an increasing sequence of positive 
numbers ; and so tends to a limit V given by the equations 

V-\ =\v 1 -v 2 \ + \v 2 -v 3 l+... to oo =2 | v n —v n+1 1 
where X=lim|t; n |. 

n—> oo 

Hence the new form of AbeVs lemma is f 

\±a n v n S HV , 

I i 

where H is not less than the upper limit of |« x |, |s 2 |, ... \s p \ 9 and V is 
defined by the last pair of equations. 

* In Art. 20 we assumed these differences to be all positive ; so that then the 
condition of absolute convergence follows at once, 
t In Art. 20 V -X- v t ) + (v 8 - v a ) + ... to oo 

=v 1 -X, 

V=v v 


and so 
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81. Further tests for convergence. 

The reader will find no difficulty in modifying the proof of Art. 18 
to establish the theorem : 

(1) If 2a n is absolutely convergent , so also is 2a n t; n , provided 
that |v w | never exceeds a fixed number K. 

(2) Abel’s test for complex series. 

If the series 2a n is convergent , and if the series 2(v n —v n+1 ) is 
absolutely convergent , then '£a n v n is convergent * 

Let us apply Abel’s Lemma (Art. 80) to the remainder in 
2< a n v ni namely 

m+p 

^ flrfln ~ a m+l^m+l~\~ a m+2^7n^-2 ~t~ • • • n+pVm+p* 

m-f 1 


where H m is not less than the upper limit of 

|^m+l|» I^+1+^+21> •••> | a w+l+^m+24--••+^m+pl» 
and F m -\=|v m+1 -v rof2 |+|v m+2 -v m+s |+... to go , 
while X=lim|t; n |. 

Now clearly F W ^F 1 =7 (in the notation of Art. 80), and since 
2a n converges, we can find m so that H m ^ 6, however small e may 
be ; and then m+ P 

2 a^n <eF, 

?/H-l 

so that 2 a n v n satisfies the fundamental condition of convergence 
(Art. 75). 

(3) Dirichlet’s test for complex series. 

If the series 2a n oscillates between finite limits , and the series 
2(v n —v n+ i) is absolutely convergent , and if further , lim v n =0, then 
2 a n v n is convergent . 

In fact we need only note that here H m remains less than a fixed 
number K, and that K can be taken independent of m (although it 
naturally depends on the limits of oscillation of 2 a n ); also X =0, 
and m can accordingly be chosen so that 

F m <e. 

* As a rule 2a n wiU not be absolutely convergent or we could apply the first 
test above. 


We see that 


< H mV 

Wi + 1 I 
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Then we have 


m+p 


<eK, 


I W + l I 

and accordingly the fundamental test for convergence is again 
satisfied (Art. 75). 


Ex. The series 


* + ‘i* a +i* s +l* 4 + •••, where t =cos $+1 sin 0, so that |J|=1, 
converges except for * = 1, that is, (9=0. 

1.1 *»+j> 

*or 2 « w =e tw+1 (i -p)/(i -o, 

m+1 

an 4 so 

»n+i ; 

and if tf n = l/w, . 2(v n -v n+1 ) is a convergent series of positive terms. 

It is evident that this series is not absolutely convergent; because the 
series of moduli is 21/n, which diverges. 


82. Double series of complex terms. 

The reader should have little difficulty in modifying the definitions 
and theorems given in Chap. V., so as to apply to double series with 
complex terms. 

In practical work we usually deal with absolutely convergent 
double series only ; and with reference to such series we have the 
general theorem (Arts. 31, 33): 

If a double series has been proved to be absolutely convergent for any 
mode of summation , it will be absolutely convergent for all modes of 
summation , and the sum of the series is independent of the mode of 
summation . 

As an example we shall consider the series 

Sfr-nr. 

(m, n) 

where f2=mm+nco / , and x, c*>, a/ are complex (but such that the 
quotient w'/oo is not real). 

In the first place we note that we can write 

\x -Q,\ 2 = am* + 2bmn + cn 1 + 2/m + 2gn + k , 

where o> =a+i/?, + a=-a a +/? a , &=o.a/ + /3/3', c=a' a +/3' 2 , 

and/, g , k depend on £, tj, where £ + irj = x. 

Now ac-b* =(cl/3! - a//?)*, which is always positive because w'/to is not real, 
so that cl/3' - cl' /3 is not zero. 

Thus, as in Ex. 3, Art. 32, we can write 

A*(m+n)* > am* + 2bmn+cn 2 > J5 a (m+n) a , 
where A* is the greatest of a, c, and we can take B 2 =(ac -b*)/(a + c — 26). 
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Now the discussion of the convergence depends on large values of m and 
n; and consequently we can find positive values of A, /a, such that 

A(m+n 4* A) 2 > am 2 + 2bmn + cn 2 + 2 fin + 2 gn + k > B(m + n - /a) 2 , 
provided that m and n are sufficiently great. 

Thus we have 

A{m +n + A) > \x -12| > B{m +n -/a), 
or A~ p (m +n+\)-* t < la-ill-’'' < Br p [m +w-/x)“ /y , 

assuming that p is positive. 

Hence, applying the test (2) of Art. 33, we see that 2|x— Q|“ JI 
converges or diverges according as converges or diverges; 

thus 2|as—fil”* 1 converges if p > 2, and diverges if p~2 ; and 
accordingly 2 (&—is absolutely convergent only if p > 2. 

It has been tacitly assumed that x is not equal to Q for any value 
of m, n ; but if x should be equal to some value of f2, it will be 
necessary simply to omit one term from the series. The remaining 
terms of the series will still converge absolutely (if p > 2). 

It has also been assumed that in the double series m and n are 
restricted to be positive (as in Chap. V.); but in most applications 
m and n are allowed to take negative integral values as well as 
positive. When this is done, the conclusion is easily seen to be 
unaltered, although the result is proved most quickly by super¬ 
posing four separate series in which m and n are restricted to be 
positive (the signs of w' being reversed as necessary). 

We conclude that: 

The series E(x—f2)“ p , in which f2=ma>+W, and m, n vary 
independently from — oo to +oo, is absolutely convergent , if p> 2, 
and only under this condition ; so that the sum of the series is inde¬ 
pendent of the mode of summation , provided that p > 2. 

In particular this result holds for p=3, which is the most interest¬ 
ing special case (Art. 103). 

Ex. 1. Prove that 0, 3'f2“ 5 =0, 2'12“ 7 =0, etc., 

where the accent implies that the term m =0, n =0 is omitted. 


Ex. 2. Prove that 

v'/_i_LI W —I i 1 .. x \ 

*\(x-il) 2 12 2 r w \*-S2 + 12 + i2V 
are absolutely convergent. 


83. Uniform convergence. 

After what has been explained in Chapter VII., there will be no 
difficulty in appreciating the idea of uniform convergence for a 
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series 2 / n (cc), when x is complex; the only essential point of 
novelty being that now any region of uniform convergence usually 
consists of an area in the (£ *]) plane (if #=£+<> 7 ) Instead of an 
interval (or segment) of the axis of x. It is also sometimes con¬ 
venient to use the idea of uniform convergence along a curve, which 
should present no fresh difficulty to the reader. Just as in Chapter 
VII., an area of uniform convergence is always closed, so that the 
boundary must be included in the area. 

(1) Weierstrass’s M-test for uniform convergence remains almost 
unaltered, thus: 

If for all points within a certain area A, the function 

f n (x) has the property that 

\M*)\=M n , 

where M n is a positive constant, and if the series 2M n converges, then 
2f n (x) converges absolutely and uniformly at all points within A. For 
brevity we may call such series normally convergent, in agreement 
with Art. 44. 

Abel’s and Dirichlet’s tests for uniform convergence (for a com¬ 
plex series) are obtained at once from the analysis of Art. 81. 

(2) Abel’s test for uniform convergence. 

If the series 2a w (x) is uniformly convergent, and if the sum 
21 v n —v n+l \ and lim |i; n | are both less than a constant K for all points 
x within an area A, then the series Ha n (x)v n (x) is uniformly con¬ 
vergent for all points within the area A . 

In fact, for all such points, we have 

V — A < K, X < K, and so V < 2 K, 

m+p 

using the notation of Art. 81; thus the remainder ^ a n( x ) v n( x ) 

m -1-1 

is numerically less than 2 eK for any point within the area A, proving 
uniform convergence. 

(3) Dirichlet’s test for uniform convergence. 

If the series 2a n (x) oscillates between finite limits for all points x 
within a certain region,A, and if 2(v n — v n+1 ) is normally convergent 
while v n (x) tends to zero uniformly at all points x within the area A, 
then ^a n (x)v n (x) is uniformly convergent within the area A. 

In fact, here H m < 2 K, where K depends on the limits of oscilla¬ 
tion of Ha n (x), but is independent of x, in accordance with the 
hypothesis as to the limits of oscillation of 2 a„(x). 
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Further, \=0, and by means of the comparison series of positive 
constants for 2 | v n — v n+1 1 we can find m so that V m < e, and then 

m-f-p 1 

X «»(*)«*(*) < 1eK 

m-H I 

for all points within the region A. Thus the proof of uniform 
convergence is completed. 

In the applications which we have in view, a n will depend on the 
variable x while v n is independent of x. 

The proof of Art. 45 (1) can be modified at once to shew that 
2/ n (a;) is a continuous function of x within any region of uniform 
convergence , provided that the separate functions f n (x) are continuous 
in the same region. 

The discussion of differentiation and integration with respect to 
the complex variable x falls outside the scope of this book ; but it 
is not out of place to mention that (once the fundamental notions 
have been made clear) the results of Arts. 45-47 remain practically 
unaltered. 

It is evident also that Art. 48 remains valid, when x is a complex 
variable ; and that the two theorems of Art. 49 remain valid, when 
the functions v r (n) are complex. 

It is often necessary to integrate a complex function with respect 
to a real variable ; in particular it is useful to consider : The mean 
value of a continuous function f(x) along a circle \x\—r, which is 
defined by the equation 

30 { lf(x)—^- f f(x)d6 , where #=r(cos Q+i sin 0). 

2iir J 0 

The existence of a definite mean value is inferred at once from 
the continuity of / (x), just as in Art. 161 of Appendix II.; and 
the following conclusions are immediate consequences of the 
definition: 

(i) 9J lf{x)=a, if f(x) is equal to a constant a , 

(ii) | s J07/(x)| < M, if \f(x)\ < M on the circle, 

(iii) 307^=0, 9Ji2r fc =0, if k is an integer (not zero), 
because a^r^cos kO+i sin k6) and 

[ cos(&0)d0=O, f sin(k6)d6—0. 

J 0 Jo 
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Further, from Art. 45 (2), we deduce that if the series 2/ n (x) 
converges uniformly to the sum F(x)for all points on the circle \x\ —r, 

then WlF(x)=2 {mf n (x)}. 

We can define the mean value without using the Integral Calculus, by 
supposing the circumference divided into v equal parts at x l9 x 2 , and 
writing , 

Mf(*) = lim - {/(*i) +/(*a) + ••• +f(*u)}. 

CO 1 

This method leads to the results (i)-(iii) just proved; and thus Cauc'w’s 
inequalities (p. 249) can be established without the Calculus. 

84. Circle of convergence of a power-series 2a n a? n . 

From Art. 10 it is evident that the series is absolutely con¬ 
vergent if _ i 

lim \a n x n \ n < 1, 

and the series certainly cannot converge if 

_ i 

lim | a n x n \ n > 1, 

because then a n x n cannot tend to zero as a limit. 

Hence, if we write, as in Art. 50, 

_ i 

lim |a n | H =l/Z 

(where, of course, l is real and positive), the power-series con¬ 
verges absolutely if \x\ < l ; and cannot converge if \x\ > l. 

To interpret this geometrically, let a circle of radius l be drawn 
in Argand’s diagram; then the series is absolutely convergent at 



Fig. 23. 

any point within the circle, and cannot converge at any point 
outside the circle. The circle is called the circle of convergence ; 
and it will be seen that, when a n is real, the interval of convergence 
(— Z, +Z) obtained in Art. 50 is a diameter of the circle. 
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For most series of practical importance in analysis, the quotient 
\ a n\l\ a n+i\ has a definite limit Z, when n tends to infinity; and 
then l is equal to the radius of convergence as just defined 
(Art. 149). 

Of course we know nothing at present with respect to points on 
the circle of convergence; but when Z=1 (a case to which every 
other can be reduced, excepting Z=0 and oo ) we can usually obtain 
information by means of Weierstrass’s rule given in Art. 85 below. 

When Sa n is absolutely convergent and l—l, the region of uniform 
convergence is the whole of the circle \x\=l 9 including the circum¬ 
ference ; this is evident from Weierstrass’s M-test. 

When 2|a n | diverges and Z—1, in general we can say only that 
the series converges uniformly within and on any circle \x\ =k, 
where k lies between 0 and 1. We shall, however, consider this 
point more fully in Arts. 85 and 86. 

The reader will find little difficulty in seeing that the theorems 
of Arts. 52-56 hold for complex power-series, certain small verbal 
alterations being made ; some extensions of these results, such as 
Art. 52 (4), depend on Cauchy’s inequalities below. 

Since a power-series converges uniformly on every circle \x\—r, 
for which * r < l, we can readily obtain its mean-value along the 
circle by integrating term-by-term. 

00 

Thus, if f(x)=^a n x n 9 we have 
o 

=«0 =/(°)» 

0 

so that the mean-value of a power-series along a circle |x| —r{ < l) 
is equal to its value at the centre. 

Similarly, we see that 

%)l{f(x)/x n }=a n . 

Thus, if M is the maximum value of \f(x)\ on the circle \x\ =r, 
we have 

|«o|^a»|/(*)I<« and \a n \^m\f(x)lx»\<M/r n , 
from which we deduce Cauchy’s inequalities. 

\a 0 \<M, |«»| < M/r n . 

* If the circle |a;|=J belongs to the region of uniform convergence, we may 
of course take r—l. 
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Again, since the series 

x . c c 2 , , 

- --=1-}-f- c < T, 

X—C X X 2 11 

converges uniformly on the circle \x\ =r , we find 

SR =i>”2R^=| >„C« =f(e), if H < r. 

X C X <> 


Similarly, we find 

JL„_(VL‘ + ?? + ...), aK^-0, if 

x—c \c c 2 c 3 / x—c 


c > r. 


We are now in a position to obtain the extension of Art. 52 (4), 
that if the first term (a 0 ) of a power-series f(x) is not zero , there is no 
root of f(x) =0 within a certain circle whose centre is the origin . 


For, writing |a;| = p < r, we have 
| a x x + a 2 x 2 + ...| < M 


c 


P P 
+ S, + br + 


-•)- 


Mp 


Hence \f{x )| > \a 0 1 - Mp/(r - />), 

or if |a 0 | =A, |/(x)| > 0, provided that p < Ar/(A + M). 

Thus there is no root within the circle 

\x\ =Ar/(A+M). 


It follows, as in Art. 52 (5), that if a power-series can he proved 
to vanish at all points within a circle whose centre is the origin , then 
the series is identically zero. 


85. Behaviour of a power-series on the circle of conver¬ 
gence. 

We assume that the circle is reduced, if necessary, to the special 
circle |x|=l; and that Sa n is not absolutely convergent. 

Then we can often apply Dirichlet’s tests * of Arts. 81, 83, to 
prove that the series converges on the circle ; and further, to estab¬ 
lish an arc of uniform convergence for points on the circle. We 
assume that a n is such that 2(a n —a n+1 ) is absolutely convergent and 
that a n tends to zero * 

Then consider the value of 

x m+ 1 +x m+2 +... +x m+I > =x m+1 (1 —^)/(l —x), 
where |x| =1, but x is not equal to 1. 


* Note that a n now plays the part taken by v n in the articles quoted ; and that 
x n corresponds to what was there called a n {z). 
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It is evident that 

| aT. +1 +x m + 2 +... +x m + p | = J1 —x v | /11 — x |, 
which oscillates between 0 and 2/11 — x\. 

It follows that, under the above conditions, '£a n x n converges at 
all points of the circumference |g|=l, except for $=1 ; and the 
convergence is uniform along any arc of the circle for which 
|1 — x\^-c, leading to an arc such as PBQ in Fig. 24, where 
AP=AQ=c. 



Fig. 24 


Two important special classes of such series are given by the 
following: 

(i) When ( a n ) is a sequence of real numbers steadily decreasing to 
zero as a limit . 

For example, a n —l/n , 1/n log n } log n/n. 

(ii) When ( a n ) is such that 


=1 + 


n + °(n^)’ ( 


y. =a+ 1/3 
\> 1 


and 0 < ol = 1.* 

For then, as we have seen (Art. 79), 2(a n —a n+1 ) is absolutely 
convergent, and \a n \ tends to zero, as n tends to infinity. Also 
\x\ =1 is the circle of convergence (Art. 84). 

It should be noticed that if 0 in case (ii), the series Ha n x n cannot 
converge at any'point on the circle |a?| =1 ; because |a n x n |=|a n | 
does not tend to zero as n tends to infinity (Art. 79). 

We see from Art. 79 that in case (ii) the series cannot converge 
for x=l unless 2|a n | is convergent ; and then the whole of the 
circumference |x| —1 is included in the region of uniform convergence . 

For examples of this type, see Exs. 38, 39 at the end of this 
chapter. 


Weierstrass, Oes, Werke, vol. 1, p. 185. 
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To shew that series exist which converge , but not absolutely , at all points of 
the circle of convergerice, Pringsheim has given the following example: 

Let the series l'a n be given by 2a n — b l -b } ~b A + b A + b C} + b a + b ; - ..., 
where 6 1= =1, 6 2 = A, and thereafter 6 n = l/(n log n), and the signs alternate in 
groups of 1, 2, 4, 8,... terms. 

Then clearly 2|a n |=2fe n is divergent. 

Further, it will be seen that ~<z n is convergent by noting that this series 
of terms can be arranged in groups of positive and negative terms; and 
the terms in the mth group (c m ) are numerically equal to from n = 2 m_ * 1 
to 2 m -1. Thus, as in Art. 11, 


0<c m 

Now this integral is 


,*2»« 

/ 2 m-l 


dx ^ 1 

x log x < 2 rn ~ 1 log2 Tn ~ i ' 


r d A 

Jrn -1 £ 



if 


g- lo g* 

5 log y 


and so we find that 


Thus 


, / m \ . (m +1 \ 1 

c m > lo 8 ( m _lJ» c m+i < lo 8 ( m -) + 2 m m log 2 * 

, / m 2 \ 1 1 1 0 

c rn C m +1 > 1 °g\ vm 2 _ 1 ; 2 w m log 2 > m 2 2 w mlog2 > 


Thus c m steadily decreases ; and since 

it follows that c m -► 0, as m -► qo . 

Hence 2a n converges by Art. 19. 
Further, we have 


2 I«n “ a n+l I = (&1 + ^ 2 ) + (&2 “ ^ 3 ) + (&3 + \) + (&4 ” fy>) + ••• 

= 6j + 2^2 + 26 4 + 2&y + ... 

< 1 + J + ! + 8 + —, 

and this is clearly convergent. 

Thus 'Za n x n converges at all points of the circle \x\ =1 ; for we have just 
proved that the series converges for x = 1 (that is, that 2a n is convergent); 
and Dirichlet’s test (Art. 81) enables us to assert that the series converges 
at all other points of the circle. 

That the convergence on |x| =1 is not absolute convergence follows from 
the fact that 2|a n s n | =2|a n |, which is a divergent series. 


86. Abel’s theorem and allied theorems. 

Let us suppose next that the series 'La n x n converges, but not 
absolutely * for eeme point x=x 0 . 


* When absolute convergence can be asserted, we can appeal to the Jf-test and 
deduce at once normal convergence (as in Art 83); the whole discussion is then 
much easier. 
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Now we have seen (Art. 84) that any power-series converges 
absolutely at all points within the circle of convergence, and that 
it Will not converge at any external point; thus x—x Q must lie on 
the circumference of the circle of convergence. 

If we write in the first place x=Jcx 0 , and treat h as a real variable 
varying from 0 to 1, we shall be considering points on the radius 
joining the origin to the point x Q ; and the series to be discussed is 
then equal to 2 ( a n x 0 n ) h n . 

It follows at once * from Art. 50 (the original Abel’s theorem) that 

lim 2(a n x 0 n )Jc n ='2a n x 0 n . 
i 

Or, returning to the original notation, we may write 
lim 2a n £ n =2a n :r 0 n 

when the point x travels up to the point x 0 along the radius of the circle 
of convergence, assuming that the series on the left converges . 

In like manner, if 2a n x 0 n diverges (in the sense of Art. 75), we 
see that the modulus of 'La n x n tends to infinity, when x tends to x 0 , 
along the radius. 

The results, so far, are substantially due to Abel in his classical 
memoir on the binomial series. The next generalisation is due to 
Picard, t who proved that by a slight modification in Abel’s analysis 
it is possible to allow x to tend to x 0 along any curve which does not 
touch the circle of convergence at x Q . But instead of giving the proof 
of this generalisation, we shall now proceed to establish uniform 
convergence within an area which is attached to the circle at the 
point x=x 0 . 

By taking x/x 0 as a new variable, we see at once that there is no 
loss of generality in supposing that the special point x 0 coincides 
with x—l; and in the remainder of the article we shall assume that 
2a n is convergent (but not absolutely), so that the circle of con¬ 
vergence is now \x\=l, and we shall discuss the uniformity of 
convergence in the neighbourhood of x—l. 

If we take v n =x n in Art. 80, we find that A=lim |v n |=0, and 

K.-»*hI=|i-*| • 1*1". 

80 that y=2K-v n+1 |=|l-*|/{l-M}=l. 

* Strictly speaking, the real and imaginary parts of the series 2 a n x Q n should be 
considered separately ; but the result follows immediately. 

t Traite d* Analyse, t. 2, 1893, p. 73. 
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We can now use Abel’s test for uniform convergence (Art. 83), 
because the series 2a n is convergent. Thus the series 2a n a? n will 
converge uniformly in any area for which 

where K is any assigned constant greater than 1, and of course 
\x\ < 1. 

To interpret this inequality we observe that it may be written 
P ^K(l-r) or (K-pf^Kh 2 , 
where 1 —x=p( cos sin 0), (see fig. 25). 

Thus K 2 -2Kp+p* = K 2 (l-2p cos 0+p 2 ) 

or (K 2 -l)p ^ 2(Z 2 cos 0 - K ). 

In this condition, <j> lies between ± and the equation 
(K 2 —l)p =2 (K 2 cos 0-Jf), (-J 7 r < </> < r), 

gives the inner loop of a lima<jon, which has a node at p=0 ; this 
curve is indicated roughly in figure 25 for the case K=3* 



Fig, 25. 


It is easy to see that the arc of the limaqon approaches the more 
nearly to the circle \x\ =1, the larger K is taken. 

Thus the region of uniform convergence of 2a n cc n may be taken as 
the inner bop and the contained area of any one of these limagons.'f 
If any regular curve is drawn from a point inside the circle to 
the point cc=l, then, provided the curve cuts the circle at a finite 
angle, we can draw one of these limacjons to enclose the whole of 
the curve: that is, the series will converge uniformly along the 
curve. Hence lim 2a n cc n =2a n , where x approaches 1 along any 

* At a; = l this argument does not hold ; but here 2(v n -v n+1 )=0 and \=1, so 
that the point can be included in the area of uniform convergence. 

t Stolz and Omeiner (Einleitung in die Funktionentheorie, 1905, p. 287) use a 
lima^on whioh in the present notation would be represented by />=2 cos <f>-2/K. 
This lima^n lies within the loop used above, 
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regular curve which cuts the circle at a finite angle . This is Picard’s 
extension of Abel’s theorem to complex variables. 

The theorems in Art. 51 relating to the divergence of 2a n cannot 
be extended so as to hold for complex variables quite so easily, 
because the lemma of Art. 80 gives less precise information than 
the lemma of Art. 20, and it is necessary to assume that the series 

a n x n possesses some further property in addition to the divergence 
of 2a w . For as a matter of fact, even if a n is real and positive, 
Pringsheim has shewn that the divergence of 2a w does not ensure 

lim \^.a n x n \ --oo 

for all paths defined as above. (See below.) 

The condition introduced by Pringsheim is that of uniform 
divergence , which implies that 

\la n x n \lla n \x\ n ^:cr> 0 , 

where a n > 0 and the point x lies within the lima<;on. 

It then follows, as in Art. 51, that lim [£a n x n \ —ao . 

The reader will find no great difficulty in modifying the proofs 
given in Art. 51 so as to apply for complex variables when Prings- 
heim’s condition is satisfied. 

It is easy to verify that Pringsheim’s condition is satisfied by 
most elementary series of analysis, such as those used in the 
examples of Art. 51. 


To obtain Pringsheim’s extension of the comparison theorem of two divergent 
series, we find that the choice of m, as in Art. 51, leads at once to the inequality 

I 2 &»*"! < « KK -*■<>. 

I m*f-l I 0 

or I £ b n x n < (e/<r) I 2 <*„*"!. 

| wi+1 | 0 I 

on applying Pringsheim’s condition. 

The remainder of the argument proceeds exactly on the former lines. 
For examples, see Art. 51 and Exs. 41*45 at the end of this chapter. 

To see the necessity of the condition of uniform divergence, Pringsheim 


has given the example 


'Za n x n = exp {(1 - x)~ *}. 


It is easy to see that a n is positive; and further 2a n must diverge, because 
when x -► 1 (by real values) the exponential function tends to infinity. Thus 
2a w cannot converge (by using Abel’s theorem). 

Now (1 - x )~ 2 = p~ 2 (cos 2(f> - l sin 2<f>), 

and so if fa < <j> < Jxr, the real part tends to - x as p -> 0; and so the 
exponential function will then tend to zero (not infinity). 
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861 Converse of Abel’s Theorem. 

If lim (2a n x n ) exists and is equal to a finite number A, it is not 
possible to infer the convergence of 2a n without some further 
restriction on the coefficients. In two simple cases we can make 
this inference : 

(i) When the coefficients a n are all positive after a certain stage. 

[Pringsheim.] 

(ii) When lim na n = 0, and x approaches 1 by any path within the 

limagon of Art. 86.* [Tauber.] 


Since in case (i) x can approach 1 by real values, we can infer from the 
existence of lim ~a n x n that 2a n cannot diverge; further, 2a n cannot oscillate. 
Hence, in case (i) 2a n converges, and is therefore equal to A, by Abel’s theorem. 
In case (ii), write n\a n \ ~c n ; then we find 


!2«„(!-*») <|i-*|2«w 


because | (1 - x 11 ) /(I - x) | = 11 + x + x 2 + ... + ^ n; 

also, if H v is the upper limit to c„, c„ +1 ,... to oo , we have 

| £<*„*» |< H^(\ + 1*1 + |*|* + ...) < 

Take then a; as a point on the given path such that \x\—\ -\jv \ we 


have, as in Art. 86, 


|1 -x\ < K/v, 


and so 


2 a n - Jfl/ < (K/v) 2 c n +H v . 
0 0 o 


As v -> oo, each of the terms on the right tends to 0 (the first in virtue 
of Art. 149); and so „_i 

lim liui 2a n z n = A. 

v —*>» 0 x—>1 0 

But if na n has no definite limit, we can infer the convergence of 2a n from 
the existence of lim 2a n x n (for some path within the limagon), and from the 
condition 

limi («! + 2a a + 3a a + ... +na n )= 0. 

TV 


These conditions are both necessary for the convergence of 2 a n , and, taken 
together, they are sufficient. 

Again, if 1a n x n tends to a finite limit as x comes up (along the radius) to every 
point t on the circle of convergence, yet we cannot infer that 2a n t n converges 
for any single point on that cirole. 


* Tauber, Monatshefte f. Math . u. Phys ., vol. 8, 1897, p. 273; Pringsheim, 
MiincJvener Sitzungsberichte , vol. 30, 1900, p. 37, and vol. 31, 1901, p. 507. See 
also Landau, Monatshefte f. Math, u. Phys ., vol. 18, 1907, p. 19 ; Littlewood, Proc. 
Land. Math . Soc. (2), vol. 9, p. 434, and Hardy and Littlewood, ibid, vol. 11,1913, 
p. 411. 
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For consider Pringsheim’s example 

'Za n x n =exp {(x -1) -1 } 

(which tends to 0 as x -> 1 along the radius). 

Here, if x =e“£, 

exp {(a; -l)“" 1 }=e ^{cos^J cot ^ -1 sin ^cot^|, 

so that the real and imaginary part‘d of this function have an infinite number 
of maxima and minima in the neighbourhood of <£=0. But if the series 
2a n $ n were convergent these functions would be continuous; thus 
cannot converge. 


87. Poisson's integral. 

We shall now consider the question : Gan a power-series be deter¬ 
mined so as to have given values along a definite circle , say |sc| =1 ? 

Let us write the coefficients a n in the form fx. w +*/3 n where oc n , /3 n 
are real; and put '£<* n x n =f 1 (x) i ^i/3 n x n =f 2 (x ), so that 
f(x) =2,a n x n =/ x (x) +/ 2 (x). 

Now suppose that when x=cos 0+i sin 6 , we have 

fi(v)= u i+i v i> / 2 (z)=w 2 +iv 2 and /(x)=w+zv, 
where u l9 v l9 etc., are all real functions of 6 such that 


u^u x -\-u 2y v=v 1 +v 2 . 

Then, if |c| <1, we find as in Art. 84 (assuming uniform conver¬ 
gence of 2 oi n x n on the circle |a?| =1) 

, 1 f 27r / , x a M n 1 f 27r / , v x dO 

= 2^rJo ( U i+‘ V ^c d6 ’ 0= 2^rJo 


MM 


x-(l/c) 

In the second integral put l/x for x : this will change Wj+jVj to 
u x — lv x (because the coefficients <x n are real), and so we have 


1 ( 2n 

0 = kJ„ 


c 

c—x 


dd. 


If we subtract the last result from the formula for /^c), we obtain 
Similarly, by addition we get 

In the same way we can find integrals for f 2 (c) in terms of u 2 , v 2 : 
the only essential change in the argument being that when x is 
changed to l/x, u 2 +iv 2 becomes —u 2 +iv 2 . This, however, does not 
alter the final formulae ; and so by addition we see that these 


B.I.S. 
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formulae remain true when suffixes are omitted throughout . Thus f(c) 
is completely determined (save for a constant) by a knowledge of 
either u or v. But, given an arbitrary continuous function for u 
(or v) 9 we do not yet know that it is actually possible to determine 
f(c) so that its real (or imaginary) part does assume the given 
values on the circle. 

We ^proceed to find the limiting values of these integrals. 

For example, suppose that v is an arbitrary real continuous 
function; then the second formula gives a value for /(c) which 
can be expanded as a power-series in c, convergent if |c| < 1. 
We shall now prove that if this function is denoted by U+iV, 
then V tends to v as c moves up to any point on the circle; so that 
we have determined a 'power-series whose imaginary part has an 
assigned continuous value v along the circle |c|=l. 

Clearly it is sufficient to establish the result for any point on the 
circle ; and we shall calculate the limit of V as c moves up to 1. 

It will be seen that 


x+ c__l — r 2 +2ir sin (6—w) 
x—c~ 1 —2 r cos (d—co)+r 2 * 

=cos co+i sin (o and c =r(cos 0+i sin 6), 


r =}~ P 


v(l—r 2 )dco 


where now x 

so that r 27 tJ 0 1—2rcos(0—a))+r 2 ’ 

This integral V is known as Poissons integral; and it is clearly 
a solution of Laplace’s equation (in two dimensions), because it is 
the imaginary part of a function of the complex variable x. We 
shall see now that V -> v as r -»1; so that V solves Dirichlet’s 
potential problem for the interior of the circle r=1. 

From Art. 65, 

-bjD 1 -*» -> + •••]*■ ->■ 

and, since the subject of integration is positive, the value of the integral taken 
over any smaller range must be less than 1. 

Thus, if v 0 is the value of v for i» =0, we find that 

(v -fl 0 )(l -r a )da) 

-2r cos(6^ -<o) + r 2 ' 
and, since v is a continuous function of w, we can determine a so that 
\v -v 0 | < c, if |o>| < 2a.. 


Thus 


itinui 

ir(l 


\ “~^o l (f- - r 2 ) da) 

) 1 - 2r cos(@^oj) + 


< €. 



POISSON’S INTEGRAL 


259 


We have next to consider the integral from w=2 ol to w=27r -2«.; here, 
provided that \ 0\ < a, cos(0-w) is not greater than cos a, and so 

1 - 2r cos(0 - w ) + r a ^ 1 - 2r cos a + r 2 =sin a <jl + (cos a. - r) 2 ^ sin 2 a. 
while l-r 2 <2(l-r). 

Thus, if H is the upper limit to the values of |v| on the circle, we have 

I («- Up) (!-*•*) I ^ (j-jzr) if 1/91 <- 

ll-ijrcos^-toj + r*^ sin*<x. ’ ' ' 

Consequently 

1_ [*-*• \v-Vq\( 1 -r*)du> 4ff( l-r) 

27 r.4 a I — 2r cos(# — a>) + r 2 sinVx 9 I I (X * 

It is therefore possible to find first a and then 8, so that 
\V-Vq\ < 2 €, if. \6\ < (L, and 1—r < d, 
that is to say, V approaches the limit v 0 as the point (r, 0) mooes up 
towards the point 1 by any path. 

If v is continuous except at <o=0 and is there discontinuous, the integral 
still gives a power-series for /(c), and the preceding work is valid as c 
approaches any point on the circle except 1. To deal with the point c = l, 
suppose that v has the limit l, when <o -> 0 through positive values ; and tho 
limit m when <o -> 0 through negative values. Then, if we write 

, l - m 1 . 
v -v- 2-smmo, 

7 t n 

it is evident from Art. 65 that v' becomes continuous at to =0, if we assign 
to v' the value +ra) for to =0. 


Further, 


l~m r n . l-m . 

-2 sm nO-V- -(i>, 

7 T n 77 ^ 


where </> represents the same angle as is indicated in Fig. 25. 

Now from the theorem just established we have 

lim V' = lim v' = £ (£ + ra), 

O', d) («) 

so that lim V = \ (l + ra) + (l - ra) , 

0,0) v 

where <£ 0 is the limiting value of </> as (r, 0) approaches 1. 

In the particular case when v is given in the form 2a n sin r&to, wo shall 
have ra = -l, and then the result is 

lim 2a n r n sin n# =2Z</> 0 /7r. 

(r, 0) 

It will be noted that in this case the series ^ a n cannot be convergent; 
for if it were convergent we should have 

lim* la n r n (cos nO +1 sin nO) =2o n 

(r,0) 

in virtue of the extension of Abel’s theorem (Art. 86); that is, 

lim 2a n r n sin nO =0, 

0 , 0 ) 

which is not true. Thus 2a n cannot converge. 
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88. Taylor’s theorem for a power-series. 

We have seen that a power-series 2a n # n represents a continuous 
function of x 9 say f(x), within its circle of convergence \x\ —R ; 



let us now attempt to express f(x-\-h) as a power-series in h. Draw 
the circle of convergence, and mark a point x inside it, such that 
|sc|=r; draw a second circle (of radius R—r), with centre x 3 to 
touch the first, and mark a point x+h within the second circle. 

We shall now see that f(x+h) can be expressed as a power-series 
in h. 

In fact/(#+ h) is the sum, by columns, of the double series 

&<)+%#+ <h x2, + a z x * +••• 

+aji+2a 2 xh+3a z x 2 h +... 

+ a 2 h 2 +3 a 3 xh 2 -\~... 

+ a 3 +••• 

+ ... . 

But this series is absolutely convergent, because, if we replace 
each term by its absolute value, we get the series 

|aol + KI(»'+p) + |a2l(» - +/>) 2 +l«3l(»‘+p) 3 +- > 
where p=\h\. Now this series is convergent, because r+p < R 
by the construction; and therefore the double series converges 
absolutely. That is, we can sum the double series by rows, without 
altering its value (Arts. 33 and 82). 

h? A 3 

Hence f(x+h)=f{x)+hf 1 (x)+^f a {x)+^f 3 (x)+..., 

where / 1 (x)=a I +2o 2 a:+3a 8 a: 2 +..., 

fs(x)= 1.2^+2.3osX+3.4o 4 x 2 +... , 
y s (a;)=l . 2. 3o 3 +2 .3.4o 4 x+3.4.5o s x 2 +... , etc., 
so that these series may be obtained from f(x) by simply applying 
the formal rules for successive differentiation, without paying any 
attention to the meaning of the process. 

The series in h may be called Taylor's series. 
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It may bo useful to remark that the circle of convergence for the now 

series often reaches beyond the circle \x\— It; we know that it must reach 

as far as this circle, but there is no evidence that it may not extend further. 

For instance, it is easy to see that if we write 

f(x) = 1 +x + x 2 + x 3 + ... , 

.. 1 h h 2 

then f(li +h)- j —+ (T - i7 y 2 - + (1 - iT) -, + •••> 

which converges if | h \ < 11 - | 

or if |^|<Jv^5. 



Fio. 27. 

Thus the Taylor’s series converges in the shaded area outside the original 
circle of convergence. We have thus a new power-series which continues tlio 
function f{x) beyond the area of its original definition. Some examples of 
this process of continuation will be found in Exs. 30, 31, Chap. XL 

The idea of continuation is fundamental in Woicrstrass’s theory of Func¬ 
tions, but further details lie outside our province. The reader may consult 
Harkness and Morley’s Introduction to the Theory of Analytic Functions for 
a good account of this theory. 

It will be seen that in the last example that for any point P on 
the upper half of the circle \x\ =1, a further Taylor-series can be 
obtained within a circle, centre P, which at least reaches up to the 
dotted circle ; and in fact the circle of convergence usually reaches 
further. But as a matter of fact no such Taylor-series can be 
found for the special point x=l\ and accordingly the point x—1 
is called a singular point fo* the function defined by 
f(x)=l+x+x 2 +a?+... . 

This is, of course, evident from the fact that 

f(x) =1/(1 -x), when |#| < 1. 

But, in general, a function defined by a power-series will not be expressible 
irf terms of known elementary functions; and then we can sometimes recog¬ 
nise the existence of a singular point by the following theorem: 
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If the coefficients of a power-series Za„x u are all positive (at ang 
rale after a certain stage), the series has a singular point at the point 
x=R, if R is the radius of convergence. [Vivanti and Pringsheim.] 

Suppose, if possible, that, for some value of r between 0 and B, the series 

2/ n (r) — has a larger radius of convergence than R-r; we can then 

choose a real number p(> R), such that the last series converges for x=p. 
Now this series can be arranged as a double series, which contains here only 
positive terms; it will therefore remain convergent when summed as 
~ a ni r + (p~ r )) n - That is, ^a n x n will converge for x~p, contrary to the 
original hypothesis; and so x — R must be a singular point for the given 
power-series. 

It must not be assumed (as might perhaps be expected from the 
previous example) that the power-series is divergent at a singular 
point. In fact the general theorem of Vivanti just established 
shews that the convergence of Ha n R n will not affect the fact that 
x—R is a singular point for the power-series; although naturally 
x—R will certainly be a singular point if Ha n R n diverges. 

Ex. 1. The point a: = l is a singular point for the following scries: 

X 2 X 3 X* 

*.+ 22+32+42+••• 

although the series converges to the sum ^ 7 r 2 for x —- 1, and consequently 
Abel’s theorem (Art. 86) may be applied to shew that the function is con¬ 
tinuous within a lima^on joining up to the point x = 1. 

Ex. 2. Similarly x = 1 is a singular point for the series 

X X 2 X s 

172 + 2.3 + 3.4 + 

This fact can be confirmed by noting that this series can be written in the 
form 

K4H-(K‘+44 «<■ 

" '4 ‘ 4 ‘ ( 44 ) 4 - 1 4 1 -*> 44 ) ■ 

(Art. 95.) 

Thus the point x -1 is clearly a singular point for this series; but yet 
as x -» 1 (from the interior of the circle), the sum tends to 1, in agreement 
with Abel’s theorem, because 

111 7 

_ 1 _ 4 - - - . 4 - ... 1 . 

1.2^2.3 3.4 

In all the examples given so far, the series has only one singular 
point; but it is easy to construct examples with more singularities. 
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Ex. 3- * - Lr 5 + l** - $ . (Art. 95.) 

Write here x = 4 - ty; then the series becomes 

±*(y+Jy* + Jj/‘ + }y 7 + •••)• 

Hence, by Vivanti’s theorem, the y-series has a singular point at y = 1; 
and consequently the x-series has two singular points given by x — ± 1 . 

«i_ . 1*’ 1.3* 1 

Ex. 4. * + 23 + 2T4 6 + "- (Art 96>) 

It is easy to prove similarly that the points x = d-1 are both singularities 
of the ^-series; although as a matter of fact the series converges absolutely 
at all points of the circle |x| = 1. (Art. 12*2.) 

We have seen that the radius of convergence R of 'Za n x n may 
often be determined from 

i?=lim |a„|/|a n+1 |. 

Fabry * has proved that if lim(a n /a B+1 ) is determinate, and equal 
to l (so that R--\l\), then the point x—l is a singular point of 
the series. 

This theorem will give at once Exs. 1, 2, but it does not give Exs. 
3, 4 (because a n /a n+l oscillates between 0 and oo ); thus in some 
respects it is less effective than the theorem of Vivanti. 

89. Extensions of Cauchy’s inequalities. 

If we apply the mean-value method to any circle (with centre ar 0 ) 
which falls entirely within the circle of convergence \x\ =R, it 
follows from Art. 88 that 

f(x 0 )=Wlf(x), for \x-x 0 \ —s < R—r 0l 

which is the analogue of Gauss’s mean-value theorem in Potential- 
theory. 

Thus we see that \f(x 0 )\ is less than the maximum of |/(x)| on 
any circle \x— z 0 |=$ which falls within the circle of convergence. 

It is therefore evident that if we consider the values of \f(x)\ 
corresponding to points within or on a circle \x\ =r < R, the 
greatest value of \f(x)\ must occur on the circle . Or if, as in Art. 84, 
M denotes the maximum of \f(x)[ on the circle \x\ =r, then 
| f(x) | < M at all internal points. 

Suppose next that the exact radius of convergence of f(x) is not 
known, but that \x\—r is known to be within the circle of con- 

* See Hadamard, La Serie de Taylor , pp. 19-25 ; and for various extensions see 
Van Vleck, Trane. Amer. Math. Soc. vol. 1, 1900, p. 293. 
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vergence ; and further that for all points on the circle \x\ =r, the 

A-series for f(x + A) converges uniformly on |A|=s. Then, if M 

is the maximum of \f(x-\-h)\ for all points such that |sc|=r, 

|A|=s, we have by applying Cauchy’s inequality to the A-series 

f n (x)l\ M ,,, 

< -- —M , say. 
n\ s n J 

Applying the same inequality to the series for f n (x) we see that 
(m-\-ri){m+n— 1)... (m+1). . M!_ M 

Thus . in the expanded form of (r+s) Tn+n |a m+n | every term is less 
than M ; and therefore 

{r + s) m +*\a m + n \ < { m +n+l)M . 

It follows that the radius of convergence of 'La n x n is at least equal 
to (r+s). 

This leads at once to the theorem that there is at least one singular 
point on the circle of convergence of a power-series ; that is, a point 
in the neighbourhood of which Taylor’s series cannot be applied. 

In fact, if we assume that the Taylor’s series is valid for all points on the 
circle |a;| -R, there will be a lower limit (say S) to the radii of convergence 
of the Taylor’s series (for points on the circle \x\ =R). 

Thus, if 0 < s < S, we can apply the foregoing argument to shew that 
the radius of convergence would be at least equal to R -M, which would be 
greater than R. 

Thus S must be zero; and accordingly there is at least one point on the 
circle of convergence for which the Taylor’s series does not converge. 

From this inequality* we can shew that the circle of convergence 
of the reciprocal of a power-series is not less than that of the primary 
series , unless the loiter has a zero within its circle ; and then the 
circle of the reciprocal reaches up to the ~ero of the primary series 
which is nearest to the origin . 

In fact the argument of Art. 64 shews that if L is the maximum value of 
1/0*01 on an y circle \x\=R'< R, then the power-series for {/(a;)} -1 will 
converge if ^ < ARj(A + L)> i{ | 0# | = A 

Now, if l denotes the minimum of \f(x)\ within and on the circle \x\ = R', 
it is evident that 

ja 0 |, or 1<A; and so 1/(1 + L) < A/(A + L), 

* H. F. Baker, Proc. Lond. Math. Soc. (1), vol. 34, 1902, p. 296 ; the discussion 
given there is for series in two variables, and of course can be extended to any 
number. 
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and accordingly the series for {/(a?)}" 1 will certainly converge if 

\x\ zSIR'ftl + L). 

By transferring now to a point x v such that \x l \=r 1 =lR'/(l +L), we can 
infer that (/(a?)}" -1 expressed as a series in (x~x x ) will certainly converge if 

R' - r, — l + L‘ 

Thus, by means of the result established above we see that the radius of 
convergence of {/(a)} -1 is at least equal to r a , where 
r* = r 1 + (2J'-r 1 )Z/(i + L), 

so that R'-r 2 = (R'- r x )LI(l + L) = R'{L/(l + L)} a . 

Continuing the process, the radius is seen to be not less than r n , where 
R'-r n = R'{LI(l + L)}», 

and consequently, so long as l is not zero, the radius of convergence cannot 
be less than R'; and so must be at least equal to R. 

90. Lagrange’s series. 

The discussion in Arts. 55, 55’ 1 is not affected substantially by 
treating x as a complex variable; but we can now indicate a method 
of estimating the radius of convergence of Lagrange’s series. Sup¬ 
pose that the series for reversion is given by 

y=a x x +a 2 x 2 +... =/(«), 
the term a 0 being here zero. 

Then, as proved in Art. 55*1, the expansion of g(x) in powers of 
y is equal to ^b n y n , where nb n is the coefficient of 1/x in the expansion 
of g' (x)/y n in ascending powers of x. 

Thus, applying the mean-value process, 

nb„=Wtxg'(x)l{f(x)} n , for \x\=r. 

Thus, if l is the minimum of \f(x)\ and M is the maximum of 
\g ' (ce)| for |cc| = r , we have 

n\b n \ <Mrll n . 

Hence 2 b n y n certainly converges if \y\ < l. 

Now l will usually depend on r, and, provided that r is less than 
the radii of convergence of g(x) and f(x), we can adjust r so as to 
obtain the largest value available for l . 

To illustrate the method, consider the examples of Art. 55*1. 

Ex. 1. Here Z=r-Ar 2 , if A = \a\, and the greatest value of l is given 
Ar = h l=l/4A. 

Thus the ^-series converges if A\y\<^ (as obtained directly in Art. 55*1). 
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Ex. 2. Similarly l —r- Ar mU , and the greatest value of l is found to be 

m m +1 {A(m + l } rl 

Ex. 3. Here l =r (1 - r) m , r < i, 

and the largest value is m ™ 

(m + l) w + 1 * 

Ex. 4. Here l =rer n % if B = | b \, 

and the largest value of l is given by Br = 1; and this is 1 /(Be)—in agreement 
with the result previously found. 

It may be proved by less elementary considerations, that the best 
value of r is given by the root x=x l of f'(x)= 0 which is nearest to 
the origin; and that the largest value of l is equal to the value 

of |/(*t)|. 

The method adopted in the present article is substantially the 
same as one used by Goursat.* 

91. Weierstrass’s double-series theorem.t 

Suppose that the series 

f m (x) = 2 a™..,*" (m =0, 1, 2 , ... oo ) 

n -0 

are aU convergent for |a:| < R, and further that the series 

*(■)-!/«(*) 

m=0 

converges uniformly along every circle whose radius is less than R. Then 

00 

(1) the series 2 «m,« converges for every value of n ; 

m-0 

( 2 ) if 2 <*»,»> thon F(x) = £ A n x n f \x\ < R . 

w»=0 m=0 

^ ^ cb m % n = 2 9ft {/ w (*)/**}, 

m=0 m—0 

the mean -being taken along any circle |o;|=r 1 <J?. Now on this circle 
F(x) = ^f m {x) is uniformly convergent, and so the series 2tt WlW must be 
convergent and equal to 9)^{J(a;)/a; n }. 

Again, if fx is any integer and 

Q (*) = £ /*»(*)» = 2 <*»*. *, 

m~fh 

we have similarly J? n = 2)J{G ( (a;)/ic”}, and so | J5„| < M l /r i n 

if ifj is the maximum of $(#) on the circle \x\ =r t . 

* Cours d'Analyse Math. vol. 2, p. 131 : for other methods see Schlomilch, 
Kompendium der hoheren Analysis, vol. 2, p. 100 ; and H. M. Macdonald, Proc. 
Loud. Math. Soc. (1), vol. 29, p. 676. 
t Weierstrass, Qes. Werke , vol. II. p. 206. 
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Hence, if |:r| —r(< r,), we have 

j i B n xA< ±M l (rlr t r=M l r l Hr 1 -r), 

|n=0 I n —0 

and by Art. 89, |(?(x)| < M lt so that 

|G(a:)- £ B n x n \< M 1 (2r 1 -r)l(r 1 -r), if |*|=r. 

I n =0 I * 

Now, we have identically 

F(x)-G(x)= Z(A n -B n )x n , 

»»=-o 

because this equation contains only a finite number (fi) of series: and so 
we find , rjc 

F(x)~ A n x n \< M 1 (2r 1 -r)/(r 1 -r), if \x\ =r. 

I ii-0 I 

But, since F(x) converges uniformly on the circle |o?| = r, we can make 
M 1 as small as we please by proper choice of /x. Thus, since F(x) and 2A n x n 

are independent of //, we must have F(x) — V A n x n . 


EXAMPLES. 

Geometrical applications of Complex Numbers. 

1. If the triangles AOB, BOC are directly similar, and if 0 bisects BK, 
prove that the triangle AKC is directly similar to the first pair. 

[This follows at once from the algebraic identities 

a = b = a +k == a ~ k .~\ 

b c b+c c-k J 

2. If x and y are complex, prove that 

\x + y\ 2 + \x -y| 2 = 2 {|z | 2 + |y| 2 }, 
and interpret this equation in Argand’s diagram. Deduce that 

I* +y\ +1* - y I = I* + - y 1 ) I +I* - V(* ! - y*)|- 

[EIarkness and Morlky.] 

3. If A, B are the points in Argand’s diagram which represent the roots 
of ax 2 + 26a; + c =0, and A\ B' represent the roots of a'x 2 + 2b'x + c' = 0 , 
shew that the condition ac' + a'c - 2 bb' =0 is equivalent to the conditions 

OA 2 = OA '. OB', A 'OA =AOB', 

where 0 is the mid point of AB. [Math. Trip. 1901.] 

[Transfer to 0 as origin, which gives 6 = 0.] 

4. Shew in a diagram the roots of the equation 32^ — {x + 1) 5 , and prove 
that they are concyclic. 

5. If the equation ^ + 4^3 + &»,** + 4 a,x + a, 0 

has real coefficients, and if its roots in Argand’s diagram are concyclic (two 
being real and two complex), then 

a 0 a ga 4 + 2 a 1 a t a s - a % a z 2 - - a , 8 = 0 . 
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6 . If t represents a complex number such that |£| = 1, shew that as l 

varies, the point . , 

r at + o 

x =- 

t-c 

describes a circle, unless |c| = 1 , when the locus is a straight line. 

[Morley.] 

7. If t varies so that \t\ =1, shew that the point 

2 x=at + b/t 

in general describes an ellipse whose axes are \a\ + |&| and \a<-\b\ 9 and 
whose fooi are given by x 2 ~ab. 

If |aj = | 6 |, prove that the point x traces out the portion of a straight 
line which is terminated by the two points x 2 =ab. 

8 . If t varies so that |$| = 1 , prove that the point 

x=at 2 + 2bt + c 

in general describes a limagon, whose focus is c - b 2 ja . Find the node; and 
if |a = |6|, shew that the limagon reduces to a cardioid. [Morley.] 

9. Constructions for trisecting an angle. 

If a = cos cl + i sin cl, the determination of A a is equivalent to the 
solution of the equation in t, t*=a 

To effect this geometrically we use the intersections of a conic with the 
circle | 6 | = 1 ; the form of the conic is largely arbitrary, but we shall give 
three typical constructions, the first and second of which, at any rate, were 
known to the later Greek geometers (e.g. Pappus). 

(i) A rectangular hyperbola. 

If we write our equation in the form 

t 2 =a/t, 

and then put t = £ + t?/, 1 ft — £ - 177 , we find that the points trisecting the 
angle are given by three of the intersections with the circle £ 2 + r] 2 ~l of 
the two rectangular hyperbolas 

£ a — r) 2 — (£ cos cl 4- 7} sin cl) = 0, 2£r; — £ sin cl + t) cos ol = 0. 

The fourth intersection of the hyperbolas is at the origin and so of course 
is not on the circle. 

Either of these hyperbolas solves the problem, but the second is the easier 
to construct; its asymptotes are parallel to the axes (the one axis being an 
arm of the angle to be trisected), its centre is the point (-£ cosol, Jsino.), 
and it passes through the centre of the circle (that is, the vertex of the angle 
to be trisected). Since a hyperbola is determined by its asymptotes and a 
point on the curve, we can now construct the hyperbola. 

(ii) A hyperbola of eccentricity 2. 

The first hyperbola in (i) cuts the circle £ 2 + r / 2 = 1 in the same points as 
the hyperbola - 3q* - 2(£ cos a + t/ sin a) + 1 = 0 . 
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X.] 

This hyperbola has eccentricity 2, and one focus at (cos ol, sin a), and r) =0 
is the corresponding directrix; (cosa, -sina) is the vertex on the other 
branch of the curve. From the present point of view, this hyperbola pre¬ 
sents itself less naturally than those given in (i); but the reverse is the 
case if we use geometrical properties of conics, and this was of course the 
method used by the Greeks. 

(iii) A parabola . 

Again, we find that the first hyperbola of (i) cuts the circle £ 2 + ?/* = l in 
the same points as the parabola 

2tj 2 + £ cos a. + 7} sin (jl -1 = 0. 

This parabola has its axis parallel to // =0, passes through the points 
(cosa., Jsina), (cosol, - sin ul), 

and touches the line £ cos ol + r/ sin <l - 1 =0 at the point (sec cl, 0). 

Results connected with functions of 2 tt/&. 

rt-i 

10. If x = exp (2,771 /a) and X = 2 shew that 

H —0 

(i) a-1 gives X-l s /1, (ii) a = ll, X = i N /ll, and (iii) o = 13, X = yfl3. 
[Taking case (i), we find at once that X = 1 + 2 S, where 
S-x + x^ + x-, 8' = xP + ar* + jc 5 . 
the sequence of indices in S being given by 

l 2 , 2 2 , 3 2 = 2 +7. 

It is easily proved that 8 f 8' = -1, since (x : -l)/(a;-1) = 0, and 
SS' = 3 + 8 + 8' = 2. 

Thus S is a root of 8 2 + S + 2 = 0, which gives 

X 2 = -7, or X=±iyjl. 

It is easily proved that the sign must be + by considering 
sin(27r/7) + sin(87r/7) + sin(47r/7); 

compare Ex. 6, Ch. IX. 

In like manner we deal with case (ii). 

In case (iii) we write again X = 1 + 28, where now 

8 =x -fa; 4 +3° -far* +x 12 + a; 10 , 8' =x 1 + ar s +x> + a^ +x u -fa; 7 , 
the sequence of indices in 8 being given by 

l 2 , 2 a , 3 2 , 4 a = 3 -f 13, 5 a = 12 -f 13, 6 2 = 10 + 26. 

Here again 8 + 8'=-l, but SS'=3(S +8') = -3. 

Thus 8 2 + 8 = 3 and X 2 = 13. That 8 (and therefore X) must be positive 
is obvious by considering that 

£8 =cos(27r/13) + cos(8:r/13) + cos(67r/13), 

in which the only negative term is the second, and that term is less than the 
first (in numerical value).] 
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11. With the same notation as in the last example, shew that 
(i) a=4 gives X = (l + i)2, (ii) a=8, X = (l +1)2^2, 
(iii) a = 12, X = (1 + 1) 2^3. 

[In the first case we have x = t. 

In the second case, we have a; 2 =i, # = (1 + 1 ) / x /2. 

In the third case, x? = t, x = £(^3 +i).] 


12. The value of the more general sum y=% x ’ m \ where 6 is an integer 

n=0 

prime to a, can now be inferred in these special cases. We find, in fact, that 

y=X (in the cases of Ex. 10) if 6 =h 2 -Ma, where' k, M are integers. Thus, 

for instance, n , ., , , . 

(i) a =7, f y=+i v /7, if 6 = 1, 4, 2, 

[or == —1^/7, if 6=6, 3, 5, 

with similar formulae for (ii), (iii). 

In Ex. 11, if 

a-8, f y~( 1 + «.)2 n / 2, if 6 = 1, or 
[or (-1-02^2, if 6=5, or 


(- 


•1+ 1)2^2, if 6=3, 
(1-02^2, if 6=7. 

13. It will be seen from a consideration of the special cases discussed in 
Exs. 10,11, that the set of values xr n * may, or may not, be equivalent to the 
set x n \ In the former case, a is of the form 4& + 1, where k is an integer; 
and the sum 8 consists of k pairs of terms, whose indices are complementary 
(that is, of the form v, a - v). On multiplying 88' out, it is easily seen to 
be the same as k(8 + 8'). 

Thuswefind 8 2 + S-k~0 or X 2 =4Jfc + l=u. 

Similarly, if a is of the form 4fc + 3, we find that the terms x~~ n ' 1 belong to 
S', and then we find S8'={2k + l) + k(S + S')=k + l. 


Thus 8 Z + S + k + l=Q or X 2 = ~ (4fc +3) = -a. 

[Math, Trip. 1895.] 

A general determination of the sign of X (and indeed a complete discussion 
of the distribution of indices between 8 and 8') belongs to the problem of 
quadratic residues in the Theory of Numbers.* 

When a is an even integer a = 2 k, where h is odd, we note that 
x {n+k ^ = - x n * , so that X is identically zero. 

When a=4 k, the results of Ex. 11 suggest that X =(1 + i ) s /a, but a com¬ 
plete proof of this requires some further discussion, f 

14. Deduce from Ex. 10 that 


o_ o 

tan~ + 4sin^ = v /ll. 


[Math. Trip . 1895.] 


* For example, see Gauss, Disq. Arithm., Art. 356 ; Werke, vol. 1, p. 441; Werke, 
vol. 2, p. 11; G. B. Mathews, Theory of Numbers, pt. 1, pp. 200-212 ; H. Weber, 
Algebra, vol. 1, § 179 ; Dirichlet, Zahlmtheorie , §§ 111-117. 
t Gauss, Werke, vol. 2, pp. 34-45. 
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[In fact, 


l tan 


37r __ ar 3 -1 _ x l - ar w 

11 ~x*Tl-T+& 


= x 3 - a^’ + a; 9 - 


a; -l- a; 1 - a; 7 4- a; 10 - a? 2 + a; 5 - ar s , 


since a; 11 = 1. Thus, in the notation of Ex. 13,- 


l tan ~ = $-#'-2(a;-a; 10 ).] 

15. The results of Ex. 10 lead to an easy geometrical construction for 
the regular heptagon inscribed in a circle. In fact, we see at once that 
x 9 x *, x 1 are the roots of the cubic t 3 - St 2 + S't -1 = 0, or of 

* 8 - Wbs/l -1) -iW7 +1) -1 =0, 
so that 1, x, x 2 , x [ are roots of 

If we write t -f + it), lit - ir/, we find from the last equation 
2(£ 2 ->/ 2 )-£ + W7-l=0, 

which represents a rectangular hyperbola passing through the vertices 1, a;, 
x 2 , x* of a regular heptagon inscribed in the circle £ a + if — 1. 

Another construction is given by either of the parabolas 

4£ a - £ + V \/7 - 3 = 0, V + £-77 V '7-l= 0. 

[i Oxford Sen. Schol ., 1904.J 

18. Let £ - exp(27ri/17), and arrange the various powers of x according 
to the sequence of indices formed by taking powers of 3; thus write * 

S — x + x° + a; 13 + x 15 + x w + a^ + a; 4 + x 1 = -1), 

S' = a; 3 + x lu + ar* + a? 11 + a; 14 + x 1 + a; 12 + x { \ 


Then S + S' = - 1, SS' = - 4, leading to S-S'— + ^17, because it is easy 
to see that S is positive when expressed in terms of four cosines. 

Next take p - x + x u + a; 16 + a 4 , {? = ar 3 + a? + a; 14 + x 12 , 

p' = x° + x ]5 + a? +x 2 , q' =x 10 + x u +x~* +XK 

Then p+p'=S f pp'= - 1, P-_P' = \/(£ a +4), 

<l + q' = S', qq'=~l, q~q'= s/(S ' 2 + 4), 

each square-root being found to be positive as before. 

Finally, put r=x + x 10 , r' -x u + a; 4 , 

and then r + r' = p, rr' -q, r-r' = yj(p 2 - 4 q), 

this square-root being also positive. 

It follows that cos(27r/17) can be found from the solution of four 
quadratics; and accordingly a regular 17-sided figure can be constructed by 
Euclidean methods. [Gauss.] 


* We note that 3® = 10 +17, 3 4 = 13 + 68, etc.; but m writing down the sequence 
of indices, multiples of 17 may be rejected. Thus the sixth index is derived from 
3 x 13 =5 + 34, and the seventh from 3x5 = 15, etc. 
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17. If p is an odd integer and q is any integer prime to p, shew that 

$(!>-!) 

2 Bm(2A»0)cot(»0)=Jp- A, 

1 

where 0-wqIp, and A is any integer from 1 to p-l (both included). 
Determine the value of the sum when A is greater than p. 

[Eisenstein and Math. Trip. 1897.] 

£ Write t=e 2l6 9 then from the theory of partial fractions 

©ajA—1 1 P—1 inx 

v x _ = y J if 1 A © 

x p ~\ x-\ ) x-t n ’ — — 

Take the limit of both sides as x ->• 1, and we get 

J(p + 1)-A = 5> A /(* n -1) (n = 1, 2,... p -1). 

Also - 1 = if we now suppose A < p 9 

p-i t n 4- 1 “1 

so that A = J 2 

18. Prove similarly that, with the same notation as in the last example, 

^ cos ]c(ol + nd) . sin k (ol + nO) 

o sin(a. + n0) * r V sm(«. + n0) 

where k is odd and not greater than 2p - 1, but p need not be odd. 

[Royal Univ. of Ireland , 1900.] 

[Write A = \(k +1), x =e~ 2la in the partial fractions used in Ex. 17.] 


Convergence of Complex Sequences. 

19. If an infinite set of points is taken within a square, the set has at 

least one limiting point (that is, a point in whose neighbourhood there is an 
infinity of points of the set). [Bolzano and Weierstrass.] 

[For if the square is subdivided into four by bisecting the sides, at least 
one of the four contains an infinity of points of the set; repeating this argu¬ 
ment, there is an infinity within at least one square whose side is a/2 n , where 
a is the side of the original square, and n is any integer. It is then not difficult 
to see that we can select a sequence of squares, each within the preceding, 
and each containing an infinity of points of the set; the centres of these 
squares then define a sequence of points which can be proved to have a 
limiting point. Finally, we can shew that within any square whose centre 
is at this limiting point, there is an infinity of points of the set.] 

20. Suppose that S n (x) =/,,(#) +f x (x) +f 2 (x) + ... +f n (x), and let the roots 
of S n (x) =0 be marked in Argand’s diagram for all values of n: if these roots 
have x=a. as a limiting point, the series 

/o(z) +/l(z) +/»(*) + — 


has x=(jl as a zero, provided that the series converges uniformly within an 
area including x =ol. [Hurwitz.] 


F(x,n ^~x(x + l)Z.(x + ny 


the series '£a n F(x, n) converges absolutely, provided that does so, 

where £ is the real part of x. Thus, in particular, if ~<z n £ n has a radius of 



EXAMPLES 


273 


x.] 


convergence greater than 1, 2a n F(r, n) is absolutely convergent for all values 
of x (other than real negative integers). But if the radius of convergence is 
less than 1, Ya n F (x, n) cannot converge. 

Finally, if the radius of convergence is equal to 1, suppose that 

Ui+^+ w », 

I a n+\ n n A 

where A. > 1 and | co w | < A : then ^a n F(x, n) is absolutely convergent if 
£ > 1 - a. [Kluyvkk, see also Nielsen, Gammafunktion, §§93,94.] 

[Note that F (x, n) ~ V (x) nr*. ] 


22. Shew that, with the notation of the last example, the two series 

(a n /n x ), 2a n F(x, n) converge for the same values of x. [Landau.] 

[Apply Abel’s Lemma, taking v n = n r F(x f n ); the series ~ {v n -t> n+1 ) and 
-( l/v n - l/v n+ i) are then easily proved to be absolutely convergent.] 

23. Shew that in the notation of Ex. 21, 

F(x- 1, n) - F(x- 1, n + l)=F(x, n ), 

and deduce that 2 :F(x,n) converges only when £ > 1; so that ''2F(x,n) 
can only converge absolutely. Shew also that 2)( - l) n F{x, n) converges 
if £ > 0 ; and apply Ex. 22 to deduce the corresponding results for ^n~ z , 
2(~1 ) n n~*. 


24. The series (see Ex. 15, Ch. I.) 


represents the function xj( 1 - x ), if \x\ < 1, and 1/(1 -r), if \x\ >1. 

[J. Tannery.] 

25. Shew that the series 


- 


[Va + n + ^logfl + 1 V-ll 

00 

, 2 

"4--kg( 

. * —)i 

L\ 2/ ®\ x + nj J 

0 

-X + n \ 

x + n/J 


are both conveigent for all values of x , except 0, -1, -2, -3, .... 

[For applications, see Nielsen, Gamma fun ktion, §§33,34.] 


26. If (c n ) is a sequence of complex numbers such that | c n | tends steadily 
to oo, shew that the series 

x n 

^°SW lc n) 

converges absolutely for all values of x, except for c 1( c c , c 3 , .... The 
series converges uniformly within the area bounded externally by the circle 
|x| = jR, and internally by those circles | x-c n \-r 9 which are contained 
within the circle |a?| —R, the number r being taken small enough to prevent 
any overlapping of the circles. 

27. The series of the last example can be simplified in case the points c n 
lie along a straight line, and are such that | c M+1 ~c n \~k >0, where k is 

II. i. s. s 
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a constant; under these circumstances we can make similar statements with 
respect to , / * 

2r*?rv Z^rr.. n(l-i).-\ 


cJLx- 


vn\"-~ c n)’ **( x ~ c n) 2 

28. Again, if the points c n , although not distributed along a straight 
line, arc such that no two of them are at a less distance apart than a 
constant k , similar statements can be made with respect to 


x l 


w 


vhr 11 (■-«;) e '"‘ 




A simple example of a set of tliis type occurs in the theory of elliptic 
functions, the points c n being the vertices of a network of parallelograms. 

[Here we note that not more than one point c n can fall within a square 
of side i k ; thus, if we draw squares, with centre at the origin, of sides \k, 
%k f S k ,..., not more than 8m points can lie between the two squares (m - h)k , 
(m + \)k. Hence 2|cJ~ 3 < 28m/(m - ^) 3 fc 3 , and so 2|c n |~ 3 converges.] 


29. If (Af n ) is a sequence of real numbers which tends steadily to oo , and 
if a is a complex number whose real part is positive, the series 

is convergent. 

[For, if x = £ + a) and (M n JM n+l )^ = A n , the ratio of the general term of 
the given series to that of the convergent series 

Now, x 1 f +lTj/ ^= A„{cob(k0) + Lsin(K60}, if k = V£» 0 = logA n , 
so that tf n *={l -2A n cos(K0) + A n 2 }/(1 - A n ) 2 . 

Thus i*„^(l + A n )/(l-A n ), 

and so if A n ~ we see that R n ~ (1 + £)/(! - i) 3. 

On the other hand, if A n > we can write (Art. 154) 

(-log A w )/(1 -A n )< 1/A n < 2, 
which leads to the result R n < *J(\ + 4k*), because 

In either case there is a finite upper limit H to R n , and so the given series 
converges because the comparison-series is convergent.] 


20. If 2a n is convergent, the series 'Za n M~ z is convergent if the real part 
of x is positive. Thus, in general the region of convergence of '2a n M~ x is 
hounded by a line parallel to the imaginary axis . 

Further, in case 2a n is convergent, the series converges uniformly in a 
sector of the plane bounded by the lines y=± k£, where k is any assigned 
number. [Cahen.] 

[For then we can use Abel’s theorem (Arts. 81, 83) in virtue of the last 
example.] 
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Power-series. 

31. If R, R' are the radii of convergence of '2a n x n and ^Lb n x n respectively, 
then: 

(1) The radius of convergence of ^La n b n x n is not less than RR\ 

(2) If R is less than R\ R is the radius of convergence of H'(& u + b n ) x 11 ; 

but if R~R' the radius is at least equal to R and may be greater. 

[Apply the method of Art. 84.] 

32. If a power-series is zero at all points of a set which has the origin as 

a limiting point, then the series is identically zero. [Compare Art. 52. 

33. A power-series cannot be purely real (or purely imaginary) at all points 
within a circle whose centre is the origin. 

[Use the last example. 1 

x n 

34. If 'Za n x n converges within the circle \x\ = R(>0), shew that ' , 

converges for all values of x ; and examine the relation between the regions 
of convergence of ^a n a; n /w ,,f and 'Sa n x n . 

35. If f(x) = ^a n x n converges for |a?|< R , then (see Art. 84) 

| f{x) |' 2 = 21 a n 1V 2n , where | x \ = r < R. 

Deduce Cauchy’s inequalities. [Gutzmkr. ] 

[For we have 3 Hxr n f(x) = a n , 

and if a n ' is the conjugate to a n , 

2 a n 'r 2n lx n -f 1 (r 1 lx) is the conjugate to f(x). 

Thus \f(*)\ M =A*)fi(r*l*) 

and m | f(x) | 2 = la n 'r zn mx~ n f(x) (Art. 82) 

= 1' a n a n 'r 2n = 2 |a n | 2 r 2n .J 


36. If f(x) = ~a n x n converges for \x\ < R, then 
I I = l/'(0) | ^LJD/r, 

where D is the maximum of \f{x) -/( - ar)| on the circle |o?, - r < R. 

[Landau and Tokputz.] 

[In fact, a x = "Mx~ 1 f(x) f -a x - Si -x), 

so that 2 a t = Wl [ar 1 {f(x) -/(~ x )}} 9 

which gives the desired result. ] 


37. Shew that if p is' the radius of convergence of 'Sa n x tl , the series 
'2a n x ,u will converge absolutely, provided that the argument of x is greater 
than log(l/p). 


38. Examine the convergence of the power-series 


v l_.3...(2»-l)/ 1 

w 2.4 ...2n~ V 2 


4 


+ ^a ,2n , when \x' = 1. 
n) 1 1 


[Apply Weierstrass’s rule, Art. 79.] 
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[Oil. 


39. Discusb the convergence of the power-series 

T n x n / 1 1\ a;” 

~(n + a) s9 ~ nlogn’ 2 njn + l 

[In the third, the coefficient of x n steadily decreases; 


for \x\ = 1. 


see Ex. 2, Art. 34. ] 


40. Discuss the convergence of 


and of 


2 ‘ 

j (n n + n)n 


Abel’s Theorem. 

41. Deduce from Art. 86 the extensions of Exs. 2, 3, 4, Art. 51, to the 
complex variable; and in particular extend Frobenius’s theorem so as to 
apply to any path of approach lying within the lima^on of Art. 86. Prove 
also the following result: 

If Op+ fli+... + a n - log n, then, as x -> 1, 

~ iog (rrj^) • 

A further extension is quoted in Art. 51, above. 

42. Consider the application of Frobenius’s theorem to the series 

1 -xt + xH*-x 9 t* + ... , 

where t is a complex number of absolute value 1, but is not equal to -1, 
and x is real. It is easily proved that 

o l-* 2 1 + P , 

5 0 —1, 8 l — S 2 — — j -j- ^ , 5 4 — 5 - — ... — S s — j ~ 9 etc., 

and generally s n = {1 - ( - *)■)/( 1 + 1), if (v - l) 2 -- n < v 2 . 

Hence the arithmetic mean is found to be 1 /(I + t), 
and thus lim (1 -xt + xtt 2 - xH 3 +...) = 1 /(I + 1 ), 

X —1 

or lim(l - a; cos 0 + is 4 cos 20-a? cos 30 + ...) = £, 

T —> 1 

h*m (a; sin 0-a 4 sin 20 + a? sin 30 - ...) = £tan(J0). 

x—>i 

43. Apply Frobenius’s theorem to the series 

/, - (/i +/,)* + CA +/, +fs )* 2 ~ (/, +/, +/. +AW + ..., 

where f n is positive and decreases steadily to zero, but 2/ n diverges. 

The limit is equal to 1 , f ^ * . v 

iC/i “/4+ ■••) 

=lim{/, -(/, +/ 8 )*+ (/, +f«+fzW- ...} 

X-*>] 

= lim {(1 - a; + a; 2 - +/ 3 » 2 - •••)}• 

I— 


[Hardy. 1 
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x.] 

fWe have, in fact, 

*! = A, *•>„-!=/, 'rf“, h "■ «,„ = (/„+/, + ... H/_J, 

and so the arithmetic mean of * lf s.,, ... , s, n is 

(t 2 + t i + ... + t 2n )/2n, where £, n =/ t -/> +/ 3 - ... -/ 2n . 

Apply Stolz’s theorem (Art. 147), and we find that the limit of the 
arithmetic mean is equal to J lim t, n . Again, from Stolz’s theorem we 
see that lim (s>>n+\l n ) “ = 0, and so the arithmetic mean of 

8 l9 s 2 , ... , s> n+1 tends to the same limit as that of s ]9 s 2i ... , s 2n .] 

44. Illustrations of the last example are given by taking 

lim {I - (1 + \)x + (I + J + l)xK..} = h log 2, 

lim {a: log 2 - a; 2 log 3 +x* log4 -...} = ^ log(^7r). 

r—vl 

[In the second we use Wallis’s product (Art. 70) : it is instructive to notice 
also that, to the base 10, £ log(^Tr) = 098060 to 6 decimal places, which verifies 
Euler’s calculation given for series (5), Art. 104.] 

45. It follows from Art. 11 that 

( 1 + 5 + - + i)- log * 

steadily decreases, and that its limit is Euler’s constant O. 

Thus the series £ (- l)”' -1 + 

is convergent and, from the last example, its sum is seen to be 

£ log 2 - \C + £log (£71-) = £(log 7r - C) — *28376. [Hardy.] 

[The value of the sum can be deduced from Wallis’s product by observing 
that the sum to 2 n terms is 

( log f -i) + ( l0g 3~I) + - + ( l0g in 1 1 ~L) ] 
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92. The exponential power-series. 

There is no difficulty in modifying the proof of Art. 57 to shew 
that r 2 

^Um(l+^=H-a:+2- ! +3- ! +...=^(*), 

where lim (vg)=x, 

and j- is real, although £ and x are complex. 

By multiplication of series, or by an argument similar to that of 
Art. 58, we deduce that 

E(x)xE(y)=E(x+y), 

which is the fundamental equation of the exponential power-series. 

As a kind of converse theorem, we shall now obtain the most 
general power-series, 

/p2 

f{x) =fl 0 -f ffllZ+O-2 2! +®3 3j+• • • > 

which converges within some circle \x\ =R, say, and satisfies the 
equation f{x+y)=f(x)f(y), 

provided that \x\, \y\, \x+y\ are all less than R (which cer¬ 
tainly holds good if |*|. and \y\ are less than \R). Since this 
condition requires the equation to hold for real values of x, y in 
the interval {—\R, +^R), we shall consider these values first.* 

In the first place put y=0 ; then 
_ /( x ) X/(0) =/(*) or /(0)=1. 

* We restrict x, y to be real so as to avoid the difficulty of differentiating with 
respect to a complex independent variable. The fact that the coefficients in /(a?) 
may be complex does not affect the application of Art. 52 (3), because we can 
differentiate the real and imaginary parts separately 

278 
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Hence a 0 =l, and so 

x s 

/(»)=! • 

Again, 

fi *+i4^(»)_ /(!t) /@- 1 =/w ( 0i+ ^ + M ! + ...), 

and if we take the limit of both sides as y tends to zero, we get at 
once f(x)~aj(x). 

Or, applying Art. 52 (3), we have 

®i+®2®+«31|+•• • =«i (l +«!a;+ag |y+ • ••••)> 

and since this equation must hold for all values of x in the interval 
(— \R, -f £22), we must have 

« 2 =« 1 a , a 8 =o 1 a s , a 4 =a 1 a 3 , .... See Art. 52 (5). 

That is, a^—a ^, o 3 =^i 8 , & 4 =: &i 4 >..., a n =a 1 n , ..., 

and so /(«)=1 +a i a;+a 1 2 |^+ai 3 ^+...=£'(a 1 x). 

We do not know from this argument that /(x) satisfies all the 
conditions of the problem ; but we see that if there is such a power- 
series, it can be no other than E(a ] x). Now E(a l x) does satisfy 
the relation E(a x x)xE(a l y)=E{a l (x+y)} 

for any real or complex values of x, y. 

Consequently our problem has been solved ; * and 
f(x)=E(a l x) ) 

where a x is the coefficient of x in the power-series for f(x). 

It is usual, and in many respects convenient, to write e x for E(x) 
even when x is complex. But it must be remembered that this is 
merely a convention; and that in an equation such as e* in —i (see 
below, Art. 93) the index does not denote an ordinary power. 

93. Oonnexion between the exponential and circular 
functions. 

If the complex variable x in the exponential series E(x) depends 

* It does not follow from the foregoing that no other function can satisfy the 
relation f{x) xf(y)=f{x + y), because we have assumed f(x) to be a power-series. 
But, if we assume that f'(x) is continuous, there is no difficulty in shewing that 
f(x) has the exponential form. 
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on a real variable t, we may differentiate term-by-term with respect 
to t, and obtain the same formula as if x were real: 

>(*»-«(*) s'- 

For, suppose that corresponding to a change tit in t, x changes to x + tix ; 
then by Art. 92 

^ {E(x + tix) - E(x)} =E{x){E(tix) -1 }/tit. 

And E(Sx) -1 = Sx jl + ^,-(&) + + ... j , 

so that |£w*+&o- m)-m || < 2 |S| irfrki• 

Now tix/tit approaches the limit dx/dt as tit ->» 0, so that | &c| -► 0; and it 
follows from the last inequality that 

1 /7r 

lim «.{E(x + 8x) - E(x)} = E(x) , . 
ot at 

In particular, suppose that x is a pure imaginary and equal to 
tiy, where rj is real; then we have 

or, if E(irj)=r (cos 0+* sin 0), 

we find that 

(^ r +*r (cos 6+i sin 0)=zr (cos 0+/ sin 0). 


Hence 


^=0 ^=1 
dt] ’ dr) 


Thus r and O—rj are independent of rj ; but for ?/=0, E(irj)—1 9 
and so r=1 , 0=0, if iy=0. 

Hence, in general, r«1 and 0 =;/, 
and so ^(^)=cos ;/+* sin ^ ; 

which is confirmed by the remark that 

\E$ii)\*=E(ai)xE(—iti)=E(iti— ^)= 2 ?( 0 )= 1 . 

Another method of establishing the last result is given by 
observing that 

cos tj+i sin tj =(cos <f>+i sin <£) n , if 0=jy/w. 

Now write cos $ +i sin 0=1 +/c n , 

and we see that lim nK n =n /, 
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we have 


for all suffixes, 


because lim (n sin <f>)=T] lim (sin 0/0)=;;, 

and lim n(l—cos 0)=*/ lim{(l—cos 0)/0}=*0. 

Hence cos ;/+* sin ;/= lim (l+*r w ) n =!?(<*;) 

11 —>■ S3 

by using the limit of Art. 92. 

Still another method, analogous to that of Art. 59, can be used. In fact, 
let us write 

oos // + 1 sin y - [l + 1 ), + g 1 , {ir)) 1 +••• + "! (‘'/)”} = Vn< 
with y 0 = cos +1 sin r/ - 1. 

Then ^ and ^ = t (cos ?; + t sin ?;). 

But, if y =r (cos 0 4 - <• sin 0) for all suffixes, 

we have — = ( cos 0 + i sin 6) 

and y Q9 y lf ... are all zero for rj= 0. Hence we find, if ?/ is positive, the 
sequence of equations 

»o = |V.I“'/. »-i = |yil^ 2 l ,/A r a = ll/.l = g |'/ 3 . »‘n-i = |y»-il^^»l n - 

Thus lim y n = 0. 

;/ —► » 

If we substitute in the exponential series, we find 

1+ '"-!i-4 + £ + 'in—• 

-)+«-> 

and so we have now a new method of finding the sine and cosine 
power-series (Art. 59). 

If we write ;/=|7r and 7r, we get the equations* 

E(^7 Tl)=L, E (7Ti) = —1. 

Using the notation explained in Art. 92, we may write 
cos ;/+tsin 


*l?or a discussion of the existence of w, defined by means of these equations , the 
reader should refer back to Art. 60 (2). 
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and changing the sign of we find 

cos;;— i sin;/=e _tT? ; 


thus 


cos (& v +e~ l1, ) 9 


sin ^=—(6^—6"^). 
Zi 


We have at present no definitions of cos x and sin x when x is 
complex; but it is usual and convenient to define them by the 
power-series already established when x is real. Then the equations 


cos $=2 (& x +e~ tx ) 9 


sin x=~^-(e u 


-e~ ix ) 


are true for complex values of x as well as real ones. 

It follows also that any trigonometrical formulae which depend 
only on the addition-theorems remain unaltered for complex vari¬ 
ables ; thus in particular the formulae of Arts. 66, 67, 69 remain 
true. 

If we write x=£+iti, it will be seen that 


cos z=cos f cosh rj—i sin f sinh tj, 


sin x=sm £ cosh rj+i cos £ sinh rj, 
where cosh ij (e 11 +e~ vl ), sinh ij =£ (e r/ —e ~ *). 

We shall not elaborate the details of the analysis of the sinh and 
cosh functions; the results can be found in many text-books (for 
instance, Chrystars Algebra , ch. XXIX.). 

It is to be noticed that when x is complex , the inequalities 

|sinar| < \x\ 9 |cosa?| < 1 

are no longer valid . We can, however, replace them by others, 
thus: 

|sin*|^sinh|*|=|*|+^+M-+.... 
and so, if |*| < 1, we have 

|sinx| <|*|{l+g + ^ + ...} <||*|. 

Similarly, we have 

|cos *| =cosh |*|; 

and, if |*| < 1, we find 

|cos*| + <2. 
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94. The logarithm and its principal branch. 

We have seen (Art. 93) that if rj is a real angle 
E(irj)= cos sin rj. 

Hence if n is any integer (positive or negative), 

E(2mri)=l, 

and since E(g+t?i)=et( cos sin rj) 

there are no solutions of the equation 

*(£+«?)-1, 

other than £=0, i\—2n7r. 

It follows that if we wish to solve the equation E(y)=*x, so as 
to obtain the function inverse to the exponential function, the value 
obtained is not single-valued, but is of the form 

y=y 0 +2n7ri , (n==0, dbl, ±2, ...), 

where y 0 is any solution of the equation. 



If we represent x geometrically in Argand’s diagram, we have 
x=r (cos 6+t sin 9)=rE(i9). 

But if log r is the logarithm of the real number r, defined as in 
Art. 154 of Appendix II., we have 

r—E{ log r), 

and consequently x=E (log r+i9). 

Thus we can take y 0 =logr+i9, and then the general solution is 
y=logx=logr+i(9+2n7r), (n— 0, ±1, ±2,...). 

We define the logarithmic function as consisting of all the inverses 
of the exponential function; and we can specify a one-valued 
branch of the logarithm by supposing a cut made along the negative 
part of the real axis, and regarding x as prevented from crossing 
the cut. Then we shall have 

log#=logr+*0> where -it < 6^7t. 

With this determination, logo? is real when x is real, which is 
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generally the most convenient assumption. But it should be 
observed that such formulae as 

log (cca/)=log a;+log x' 

can only be employed with caution, since it may easily happen 
that is greater than 7 r, in which case we ought to write 

log (axr')=log aj+log x' - 2 tti . 

The reader will note that for two points such as P, Q in the diagram 
(Q being the reflexion of P in the negative half of the real axis), 
lim (log x P — log x q )=2tti. 

F~+Q 

But, except at the cut, the branch selected for log x is obviously 
continuous over the whole plane of x ; and this will be called the 
principal branch or principal value of the logarithmic function. 

95. The logarithmic power-series. 

We know from Arts. 58 and 62, that if x is real and \x\ < 1 , 
the series 

( 1 ) y=x—%x 2 +$a?—... 

represents the function inverse to the exponential function 

(2) l +a;= £(y) == l +2/+ ^ + ^ + .... 

In other words, if we substitute the series (1) in the series (2), 
and then arrange according to powers of x , the result * must be 
1 - \-x . But this transformation is merely algebraical, and, as such, 
is equally true whether x is real or complex. 


X 



Fia. 29. 


Since the series (2) converges absolutely for all values of y , the 
derangement implied in this transformation is legitimate (see Art. 
36), provided that the series (1) is absolutely convergent. Hence, 
if \x\ < 1, equation (1) gives one value of y satisfying equation (2); 
and further, from (1), y is real when x is real. Thus, using the 
principal branch of the logarithm defined in the last article, we have 
log (1 +«) =x —| a ; 2 +Jx 8 —... (if |x| < 1). 


* It is a good exercise to verify this conclusion up to, say, x u . 
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From the figure, it is evident that this equation gives 
\ogp+Kj>=x-\x 2 -\-\a ?-..., 
where — i r <0 — +7r (see Art. 94). 

This result can be confirmed by reference to Art. 65, where we 
proved that (if 0 < r < 1) 

\log (1 +2 r cos 0-fr 2 )=r cos 0—Jr 2 cos 20 +Jr* cos 30—... , 

arc tan r sm — -r=r sin 0—|r 2 sin 20+ir 3 sin30—... . 
l+rcos0 * 6 

If we write x=r (cos 0+* sin 0) in the power-series (1), we get 
x—\x 2 -f —... =r cos 6—\r 2 cps 2 6+^r 3 cos 30—... 

(r sin 0—^r 2 sin 20 -f-^r 3 sin 30 —...), 
and obviously p 2 =l +2r cos 0+r 2 , 

tan 0 =r sin 0/( 1 + r cos 0). 

Thus our results are in agreement with those of Art. 65, except 
that we have proved that 0 actually lies between — \tt and 
(because r < I) instead of — 7 r and 7 r. 

It is easy to see (as in Art. 85) that the logarithmic series still 
converges for |#|=1, except at the special point x=— 1. Thus 
the sum of the series at any other point of the circle of convergence 
is found by taking the limit of the sum as r-> 1 (by Abel’s theorem); 
the result obtained may be written 

e l °— |e 2t *+£e 3t *—...=log (2 cos £0) 
where — 7 r < 0 < +7r. 

This again agrees with results obtained in Art. 65. 

We shall obtain an independent proof of the equation 
log(l+a?)=£— \x 2 +\x *—... (if \x\ < 1) 

in the course of Art. 96. 


The series for arc sin x and arc tan x. 

Again, by Art. 64, the series 

/qx , la* 1.3a* 

(3) y=x+ 2 - 3 + 2 - 45 -+- 

represents the function inverse to the sine-function (Art. 59). 

( 4 > 


for real values of x , y, such that \x\ — 1 . Since the series (4) is 
absolutely convergent for all values of y> and the series (3) for 
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\x\ ~ 1, the algebraic relation between these series must persist 
for complex values of x, and we can accordingly write 

arc sin y ^ -g- + ... (if M < 1), 

since the series (4) is taken as the definition of the sine for complex 
values of the variable (Art. 93). 

Similarly the pair of functions 

(5) y^x—lz?+\x>—lx 7 +... (Art. 64), 


( 6 ) 


-HM-O/O-G+fi-O 


are inverse to one another for real values of r, such that j^l <1, 
and we may therefore write for complex values of x 

arc tan x=x—} J z?+lx 5 —... (if \x\ <!)• 

In these equations the values of the inverse functions are deter¬ 
mined uniquely by the condition that the real part of each function 
lies between — \tt and -f Jr- ; just as in Arts. 59,64 for real variables. 


To discuss the accuracy of the last statement let us consider first the 
equation sin(X + i Y) = x — £ + i ?/, so that X + i Y = arc sin x. 

Then we find (as in Art. 93) 

£ — sin X cosh Y, ij = cos X sinh F, 


& „ 2 

and so Y is given by — = 1 » except as to the sign of Y . 


But if we agree that - Jr < A” < Jr, cos X is positive; and so the sign 
of Y is fixed by the sign of >/. Having found F, the values of sin X and 
cos X are known, and consequently A' is fixed uniquely by the condition 
- Jr < X < + Jr; and so arc sin x is determinate. 

Similarly we find that arc cos x can be uniquely determined by the con¬ 
dition that the real part lies between 0 and i r. 

Secondly, suppose that 


or 


tan(X +iF)=a = £ + i?/, so that X + i Y =arctan x. 

Then we see that (Art. 93) 

‘ 2 i(A'+t 7 ) _ 1 + 1 tan (A + 1 Y) _ 1 - rj + 

“1-t tan (A + i Y) “ 1 + rj - if’ 

e -4r. a-i >) 1 + g > 

-( 1 + ,,)* + £*’ 

which fixes F uniquely. 

cos2A r sin 2 A 1 

Further, ^ ~ ’ 

so that cos 2X and sin 2X are known, and now X is uniquely determined 
by the condition - Jr < A' < Jr; and so finally arc tan x is determinate. 
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By suitable modifications of the discussion given for the arc sin 
function, it is easy to determine uniquely the functions inverse to 
the sinh and cosh functions. Of these, the function most frequently 
employed in Applied Mathematics is cosh -1 #, the inverse of the 
cosh function; but then the definition which is generally found 
useful is slightly different from the above. 

According to the above method, the coefficient of i in cosh -1 # 
would be taken to lie between 0 and it, and the real part of cosh -1 a? 
would then have either sign--the same sign in fact as rj. 

But for certain purposes it is more convenient to restrict the real 
part of cosh -1 # to be positive. 

Thus if we write cosh(Z+^7)=#— 
we have cosh X cos Y =£ sinh X sin Y =>/ ; 

and then X is given by ^ 2 loosk 2 X+rj 2 lsiuh. 2 X~l. 

And if X is assumed positive, the values of cos Y , sin Y are tixed ; 
but sin Y will have the same sign as rj, which may be positive or 
negative. Thus Y may have any value from 0 to 2ir ; and the 
function cosh -1 # is then uniquely determinate. 

96. The binomial power-series. 

Consider the series 

f(v, x)=1+px+v(v—1)~+v(v—1)(v—2)^ + ... , 

where both v and # may be complex. 

The conditions for convergence of the series readily follow from 
Weierstrass’s rule (Arts. 79, 85); let a n denote the coefficient of # n . 
Then we have 



Thus the series is always absolutely convergent for \x\ < 1 ; and 
|#| =1 gives the circle of convergence . 

To proceed further, write y=a+*/3; then Art. 79 shews that 
the series is absolutely convergent on the circle |#| —1, ifoi is positive ; 
and thus the series is uniformly convergent within and on the circle 
|#| =1, provided that ol is positive . 

Next, when —1 <a^0, the series converges (but not absolutely) 
on the circle \x\ =1, except at #=—1 ; and it is uniformly convergent 
on any arc of that circle from which the point #=—1 is excluded 
(Art. 85). 
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Finally, when — 1, the series does not converge at any point on 

the circle |a;| =1 (Art. 79). 

In every case, the point x=— 1 is a singular point for the power- 
series (by Fabry’s theorem, Art. 88).* 

To investigate the properties of the function f(v, x), we form first 
the product /(„, x ) x /(„', x ) (where \x\ < 1), 
and by the ordinary rule of multiplication (Art. 54) this product can 
be arranged as a power-series in x ; and the coefficient of x n in the 
product is easily seen to be a polynomial in v and /, of degree n. 
Now the same is true of the function f{v+v', x) ; and so we can 

Wrlte f{v, x) x/(/, x) x)=lP n x n , 

where P n is again a polynomial of degree n in u and v. 

But, when v, / are any two integers, P n is zero, because then 
f(u , x)—(l+x) v and f(v, x)=(\-\-x) v ’. Consequently P n must be 
identically zero, because, when v is any assigned integer, P n vanishes 
for an infinity of different values of v (namely, 1, 2, 3, ... to oo ). 
Thus, we have identically, 

/O', x) X/(Z, x)=f{v+v’, x) (|a?| < 1)- 
Starting from this relation we can apply the method indicated in 
Art. 61 (2) to prove that, when v is a rational number, 

/(„, x)=(l+xy, 

the value of the power being uniquely determined by the fact that 
/(i/, x) is real when x is real. 

But to deal with complex values of y, we proceed somewhat 
differently. In the first place f(v, x) can be expressed as a power- 
series in v ; for f(v , x) can be regarded as the sum by columns of 
the double series 


l+vx—~ x 2 +~ a? —J X? +... 


+ £*-2’**+-iT*‘- 


+- 


+ 54 ** -- 


+ ... . 


* When v is real, this result follows also from Vivanti’s theorem. 
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Now this double series is absolutely convergent because, if |i/| =i / 0 
and \x\~x 09 the sum of the absolute values of the terms in the 
Qo+l)th column is 

^oPo+i) ••• (vo+y— i) v 

1 • 2 ... p X °’ 

which is the (p+l)th term of the series /(— 1 / 0 , —x 0 )> which con¬ 
verges if cc 0 < 1 for all values of v 0 . 

The double series being absolutely convergent its sum is not 
altered (see Arts. 33 and 82) by changing the mode of summation 
to rows ; this operation gives 

f(v, x)=l-\~vX 1 -\-v 2 X 2 -\-> 
where X x =x — \x 2 + J # 3 —... . 

Now, since f(v, x) xf(v', x)=f(v+p',x), we can apply Art. 92, 
above, and we see that * 

/(„, x)=E(pX x ). 

In order to determine X v let us write */=l, which gives 

1 +x=E(X 1 ). 

Thus X x is a value of log ( 1 +z); and since X x is real when x is 
real, it is the principal value defined in Art. 94. We have thus a 
new investigation of the logarithmic series (see Art. 95). 

Thus we find the equation, due to Abel, 

/(»', x)=E{v log (1 +$)}, 
and for uniformity we may write conveniently 

z)=(l+z) 1 ' 

on the understanding that the complex power is defined by the 
equation (l +x f^E{v log (1 +z)}, 

where the logarithm has its principal value. 

In order to obtain an explicit formula for f(v , x) y we note that 
(as in Art. 95) log (1 +z)=log p+«/>, 

where p, <j> have the geometrical significance indicated in Fig. 29. 
Thus we find that 

f(v, x)=E{v log ( 1 +#)} 

=p“e-^{cos (a (j>+P log p)+* sin {ul</>+/3 log p)}, 
where v=!X.+ifi, 

* Of course v corresponds here to x of that article ; and X x corresponds to a v 
B.I.S. T 
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a result which is also due to Abel. The above investigation is 
based upon the proof given by Goursat.* 

The method given in the example of Art. 36 applies to complex indices. 
The following method is based upon a suggestion made in 1903 by 
Prof. A. C. Dixon : f 

The relation /(r, x) xf(v', x) =/(v + v\ x) 

gives at once /(v, x) = (/(“. *) } = (1 + £) n > say, 
where n is a positive integei. 

Bud the series in {} brackets has each of its terms less, in absolute 
value, than the corresponding term of 

+ (1 + + (1 + Vo) (l + '$)*-£+ - , 

which is a convergent series, independent of n ; and consequently con¬ 
verges uniformly, by the if-test; and so the limit of n£ as n tends to oo can 
be found by taking the limit of each term (Art. 49). 

Hence lim (ng) - v {x- \x* + Jz 3 - \xt + ...) 

fl—>00 

= rlog(l +z). 

Bui, (Art. 92) lim (1 + £)» = E(x'), if = lim (»£). 

n —> oo n —> oo 

Thus, f( v , s)=lim(l 4-£) n = J57{vlog(l + x)}. 

The discussion given above applies only to points within the 
circle \x\=l. 

We have seen that when cl > 0 the region of uniform convergence 
includes the circle \x\ =1 ; and accordingly the value of /(i/, x) on 
the circle is continuous with the value at internal points. Now 
(1+$)*' as above defined is also continuous, and accordingly we can 
still write jf(y, *)=(1+*)'’, (for |a;|—1, if a > 0). 

Now at points on the circle we have (see Fig. 29) 
p==2 cos (— 7 r < 6 < 7 r), 

* Cour8 d’Analyse Math&matique , § 275. 

t Prof. Dixon has published another arrangement of this proof in the Quarterly 
Journal of Mathematics , vol. 39, 1907, p. 94. 
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so that the explicit formula for the last result is * 

f(v, x)=(2 cos J0) tt 6“^[cos log (2 cos |0)} 

+i sin {^x0+/3 log (2 cos £0)}], 
where v—ol+i/3, x=coa 0+* sin 0, (ol > 0). 

For the special point x = -1, we have the result t 
f{v, —1)=0 (if cl > 0), 

and for x=+l } 6=0 , 

f{v, +l)=2 l/ =2 a {cos (/3 log 2)+t sin (/3 log 2)}. 

When —1 <a^0, the series converges uniformly on any arc 
of the circle from which $=— 1 is excluded. Thus these formulae 
still remain valid (except at x=— 1) when ol > — 1; but it is to be 
remembered that the series is not absolutely convergent when a 
is negative. 

When a~— 1, the series f(v, x) is not convergent at points on 
the circle \x\=l, and accordingly the equation 

f(v, x)=(l +xY 

becomes meaningless for ol ~ —1 . 

This completes the analysis of the binomial series for complex 
values of x and v. 


The case -1 < «. < 0 has been discussed by Goursat as follows (lx. supra). 
We have seen that when \x\< 1, 


(1 +*)/K x) =/(v +1, x). 

Now this is an algebraic identity, and so, taking only the terms up to 
(l+x)S n ^S n ' + a n x n+l t 


x n , we find that 


where S n , S n ' are the sums up to x n , for the series / (v, x) and /( v + l, x) 
respectively. 

The last result is clearly independent of the value of x ; and so we may 
suppose |*| = 1. Further* \ a n \ -> 0 as n -> oo (Art. 78) and S n ' (1 + x) v+1 , 
because the real part of v +1 is positive. 

Thus (1 +s)£ n -* (1 +*) l/+1 as n ->oo , if |*| = 1. Accordingly 

8 n + (l+z)' 

as w -> oo, when |*|=1, except for x= -1. 


* This result is also due to Abel; and it'was in this connexion that his theorem 
of Arts. 60, 51 first presented itself. 

t This will be discussed independently in the next article. 
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97. The remainder in the binomial series. 

In the special ease x=— 1, we have a simple formula for the sum 
to n+1 terms of the binomial series/(i/, —1); namely, 

This result has been given in Art. 61, above, for real values of 
v ; and it can be proved by induction without difficulty. 

It follows at one© from the identity found in the small type at the end 
of Art. 96; by changing v to v -1, we get 

(i +x)s n "=s n - (i-v) -g... (i ~ v ~y . *)»+., 

where S n * is derived from the series for /( v-1, x). 

Now put x= -1, and we find 

Now applying arguments similar to those of Art. 42 and Art. 61, 
we see that $„=0(n~■'), asn->oo. 

Thus |(S„| =0(n-“), if v=a+i(3, 

and accordingly, as « -> oo , 

/S n -> 0, if a > 0, 

|S n |-»°o, if a < 0, 
but S n oscillates finitely, if rx=0. 

For other values of x it does not appear possible to obtain any 
similar formula by simple algebraic methods. We can, however, 
obtain a simple formula by the aid of the Integral Calculus, as 
follows: 


We have* (i + i\i +x _ 

►'0 

Now integrating by parts, this becomes 


dt 


v*£$(l + x-xt) v +v(v-l)x*J t(l + x-xt) v ~‘ 2 

= va?+ v(v -l)x* f 1 t(l +x - xt) v ~ 2 dt, 

Jo, 

Repeating the process, we obtain 

vx + l)a 2 + $v(v- l)(v-2)x*1 $*(1 +x ~xt) v ~ z dt , 

Jo 


and so on. 


* It should be noticed that this formula is valid only for the principal value 
of (1 +x) 1 '; because it is assumed that 1* = 1, = 1, etc. 
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After n integrations we have the desired formula 

(1+*)’’— >S n =(n+l) a B+1 x n+1 f t n (1 -\-x—xty~ n ~ l dt, 

Jo 

which gives the remainder as required. 

It may be noticed that for x=—l this formula gives the same 
result as the more elementary discussion at the beginning of this 
article. 

One advantage of this formula is that with proper precautions 
it can still be used when \x\ > 1. The most convenient form is 
to note that it is usually possible to assign a simple upper limit, 
say H , to the absolute value of 

(l+x-xty-*- 1 

as t varies from 0 to 1. Then the absolute value of the remainder 

is less than n 

(n+l)\a n+l x n ^\ Ht n dt=:H\a n + l x n+1 \. 

Jo 

Thus the error in replacing (l+x) v by S n is less in absolute value 
than H times the following term in the series. 

It is easy to obtain similar formulae for the logarithmic series. 


Thus we have * 


log 11+ *) - £ YT?ha - [irfrj ‘ - 

--■■£ rar 

Repeating the process of integration by parts we find 


tdt 

(1 + x-xt) % 


log(l+#)= x-%x* +x* f 1 7r 
J o V 1 


+ X - xtf 


After n integrations we have the formula 

log (1 + a;) =x— | x *-... +(—1J"- 1 ^ x n 


4-f — ll n a?« + i T 

+( ' Jo(l+s-:r*) n+1 ’ 

Thus, if we can assign an upper limit H to the absolute value of 
(1+®— xt)-”- 1 , 

as t varies from 0 to 1, it follows that: 

The error in replacing log (1 +x) by the first n terms in the loga¬ 
rithmic series is less in absolute value than B times the following term 
in the series. 


* Here again the principal value of the logarithm is used, so as to give log 1=0. 
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98. The infinite products for sin x and cos x. 

The identities of Art. 69 remain true for complex values of x, 
and we deduce, as in Art. 70 


“ / sin 2 (x n) \ oil 

= II 11— . r \h if w=2m+l. 
,,i 1 sin i (rvn)\ 


n sin (xfn )~ t ~sin 2 (rx/n) f’ 11 n ~" n 

Now, since n is to tend to oo, we can always ensure that n is 
greater than \x\, and so Art. 93 gives 

|sin (%ln)\ < t\x/n\ ; 

and, since r < \n, sin (rx/w) > 2 r/n (see Art. 70). 

Hence | ain^x/n) | ^ 9 |*|* 


: sin 2 (rx/n) 25 r 


9 \x\ 2 . . 

<ok -f. 


and consequently we can take 


1 25 r 2 

in the theorem of Art. 49. Hence, as in Art. 70, we find 

In the same way we find 

rr fi } 

C08X=\l 11—To-iT*—2f- 

I (2r—1 ) 2 7 t 2 J 

The foregoing method is the obvious extension of that used for real 
variables. Avery elegant process has been given by Darboux.* 

Tta . t-.iir.o-(>-“)'} 

in virtue of Art. 92. 

Let us write for brevity 

then it is easy to obtain the factors of F n (x) ; for if x = n tan 0, we have 

^1 + = sec n 0 e L1,e , ^1 - = sec n 6 e~ ind . 

Thus ^1 = 0, if e 2tn0 = l, 

or if n$ = ± nr, where r is an integer. 

This gives x- ± n tan(r 7 r/n); and so 

F n (x) = Ax II /l -=-r— f if n =s 2m + 1. 

w r=i\ w*tan a (r7r/n)J 


• Tannery, Fonciiona d’une Variable . 
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Now it is easy to verify that the term of lowest degree in F n (x) is equal 
to x, so that A = 1; and thus 

F n (x) = a; II (l -. 
n r—i l n 2 tan 2 (r7r/»)J. 

We can again apply the theorem of Art. 49, noticing that here 
ntan(r7r/w) > r7r, 

so that we can take M r — \x 2 /(r 2 7 r 2 ) simply. 

Ex. Prove similarly that 
cos# = lim G n (x), 

'll -► 70 

,h.» 

.=.»r x 2 n 

= II 1 - 1X —. , , if n-2m. 

rJo L n 2 tan 2 {(r + i)7r/n}J 

Deduce the cosine-product. 

It is of some interest to note that Euler appears to have obtained iirst the 
products 

sinh x =x II (l + r *‘,) , cosh * = II {1 + -,} • 

Euler’s method was to write 

and he then proved that this polynomial can be factorised in the form 
m ( x 2 'i 

X II { 1 + ~jrr — r - , when n = 2 m + 1 . 

r=i\ n , 2 tan 2 (rw/n) j 

But Euler’s final calculation of the limiting form needs to be supplemented 
by reasoning similar to that of Tannery’s theorem. 


99. The series of fractions for cot a, tana, cosec a. 

The investigation given in Art. 71 for real angles,can be extended 
without difficulty to a complex variable, by making various modi¬ 
fications similar to those of Art. 98. 

However, a method similar to that of Darboux for the sme- 
product leads to an easier discussion, as follows. 

We have, in fact, 


’ri {(>+? + (* - »T‘} - 


Thus 


.in 1Km F {(l+f)"- (l-f )*} -1lim f „(*). 
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m ( r 2 > 

Now AW-»n{l- Sten , (nr/ . ) |. + 

so that 


df 1 n jjp / \ ] i y__ 

dxI ' x'£(x 2 -n 2 tan 2 (rx/n) * 

To this it is easy to apply the theorem of Art. 49 by taking the 
comparison series 

M = 


2|#| 

1 

rV 2 -1 

M 2 ’ 


cot#——f- 


# 2 - ft 2 tan 2 (r7r/n)| > rV 2 - |#| 2 . 

complex (except 

1 ^ 

x ^ Kx — Utt nirj ’ 


for we have 

Thus, for all values of x, real or complex (except multiples of 7 r), 
we have 


2x 


x Y %—nTT 

where n is taken as the variable of summation, instead of r. 
Now we have the following identities : * 

tan x =cot x —2 cot 2#, cosec x =cot \x — cot x. 
Thus we find, on subtraction, 

00 2# °° f 1 ^ 1 

Changing from x to ix, we find that 


coth *=- + V , tanh x= V 

x ^ x 2 -\-n 2 ir 2 ^ 


2x 


VM) 2 tt 2 +x 2 ’ 


cosech x=- + V (—I)" -, » • 

x ^ x 2 +n 2 7r 2 


We note that 


x ei*+e~ ix e*+l , , 2 

cot ^2 “ «**—«"** " e*—l~ + e*—^ , 


and accordingly we have 

111 - 2 # 
e*—l x 2 + ^x 2 +±n 2 7r 2 ' 

* The identities are familiar results when x is real; for other values, they follow 
from the formulae obtained in Art. 93. 
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100. The power-series for x/(e x —1). 

The exponential series gives at once 

(e*— 1 )/*=!+£> +f]+ •••» 

and consequently (as in Art. 54) the reciprocal function x/(e*—1) 
can he expanded in powers of x, provided that \x\ < p, where 

2 ! + 3! + - ‘ 

This last condition is certainly satisfied if. 


P 

2 / 


or if 




>=1 = 1 - 2 . 


Thus we can certainly write 

= 1 — ~+A 2 x 2 +A 3 x 3 +A i x *+..., if \x\ < 1-2. 

From the last formula of Art. 99, it is clear that the function 


x 


e*—1 

is an even function of x, so that 

A 3 =0 , A 5 =0 , A 7 =0 . 

Consequently we can write 
x 

_I_I_ K . . 

l 2 ! 


= 1 - 


/*» /v»2 />.4 rj»6 

^ I ^ D * I D * 

+^ 10 ! ^24f+^36f •••» 


6 X — 1 2 1 X 2! 2 4! 3 6! 

where B l9 B 2 , B d , ... are called Bernoulli's numbers . 
It is easy to verify by direct division that 

— *®3 == tV> «®4 == sV> ^5“ 

but the higher numbers become very complicated.* 
Again, from Art. 99 we see that 


+ 2 : 


2x 2 


e*—1 2 <Ysc 2 +4n 2 7T ! 


* The numbers (as decimals) and their logarithms have been tabulated by 
Glaisher (Trans. Canib. Phil. Soc., vol. 12, p. 384); and B l to B n are given by 
Adams' (Scientific Papers, vol. I, pp. 453 and 455). (For more details, see 
ChrystaPs Algebra, Ch. XXVIII §6.) 
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Now if |a;| < 2ir, each fraction can be expanded in powers of *, 
giving 2 * a * 2 /, * 2 . *« 


# 2 + 4ft 2 7T 2 


= —5_(i 

2n 2 7r 2 \ 


4n27T 2 + 16w 4 7t 4 




Further, the resulting double series is absolutely convergent, since 
the series of absolute values is obtained by expanding similarly the 
convergent series 2\x\* 

?4nV*H*p' 

It is therefore permissible (by Art. 82) to arrange the double 
series in powers of x, and then we obtain 


_ x __ i * , x 2 ( 

2 + 2 ^\ 




which is now seen to be valid for \x\ < r.* 

By comparison with the former expression, we see that 

and generally B r 


7T-— i n Ck ' m ’2 tt®- 

. ( 2 r)! 




We obtain thus the results (compare Arts. 711 and 71*2) 

^ 1 71" 2 1 _ 7T 4 y 1 _ T 6 I _ 7I ' 8 

^n 2 “6’ ^n 4_ 90’ ^n 6 “945’ ^n»“9450* 


It is instructive to notice that (for any value of x) we have 

_ 2a;2 __*!_/1_* 2 _ . | ( i Y ( x * Y 

*2+4»2 7r 2 2n27r2\ 4ft 2 7r2 " t " " ‘ Wtt 2 ,/ 

' Un 2 *- 2 / 1 *2+4n*7r2j 

Thus, by addition, we see that, 

when x is real , x/(e x — 1) is represented by the first (r+3) terms of the 
series with an error which is numerically less than the following term 
of the series ; for. complex values of x , a corresponding theorem 
can be found, but it is necessarily more complicated. 


♦That 2tt is the radius of convergence may be seen from one of the theorems 
of Art. 89; for the roots of e* = l are given by x=2nm, and the least distance 
of any one of these from the origin is 2 t. 
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For instance, for any real positive value of x , we have 



and so on. 


Ex. 1. We can write 

,, x e x + 1 2x 
*coth 2 -* erll = eI _ 1+ *, 

or again * eoth^ = 1 + 5, - B,^ + B t - .... 


Thus we deduce 

x coth x = 1 + 


B 


2 2 x 2 2W 2 G *° _ 

1 2! 4f + i * 3 61“ 


= 1 + + r,J :) aJ G - ••• , 1*1 < *■» 

and a; cot x = 1 - ^ - T) J s a^ - ... , ! * | < 7r, 

the numerical coefficients being the same as in the previous series. 


Ex. 2. Again 

tanh x = 2 coth 2x - coth x, 
so from Ex. 1 

tanh x = |((2‘ - 2-’)x - j?(2 s - 2<) x 3 + ^(2' 2 - 2 11 )x r > - ... 

— x-\x z + X 7 + ... , 

and tan x = x + \x 3 + { 2 - ar’ + .y. x 7 + ... , 

where in both series \x\ < £tt. 

Ex. 3. Further 

cosech x =coth \x - coth x, 

so x cosech x = 1 -(2* - 2) x 2 + (2* - 2) x> - ^ (2» - 2) x® + ... 

= 1 - I** + slo* 4 ~ I 512ff*° + - 
and a; cosec a; = l 4- }x 2 + r^x 1 + ^a;' 5 + ..., 

where in both series \x\ < 7 r. 

Ex. 4. It is not possible to find similar formulae for secha? and sec a?; 
but it is easy to obtain the formulae 

sech x = 1 - lx 2 + J^x*- -Vff* 6 + ..., 
sec x = 1 + lx 2 + ,/ 4 a; 4 + f^x* + ... , 

which are valid if \x\ < ^7r, because x= ± ±ir give the smallest roots of the 
equation cos x — 0 (compare Art. 89). 

The numbers 1, 5, 01, 1385, ... are sometimes called Euler's numbers , 
E l9 E 2 , E. i9 E if ...; but they have fewer applications than the coefficients 
-3p B 29 J? 3 , ... • 
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It may be noticed that 

Ill J0„7T 2n + 1 

1 3*in+i + 52*1+1 72*1+1 + *•* 2 2n + 2 (2n)! * 

101. Bernoullian functions. 

The Bernoullian function of degree n, denoted by <f> n (x), is the 
coefficient of t n /n\ in the expansion of 


which, by the foregoing, can be expanded in powers of t if 

|£| < 2 TT. 

Thus we have 


y , f \ t n / , XH 2 , , \ /, l . lD ? D t* , \ 

20„(*) nI -(®«+2i-+3! + "7\ 1_ 2 <+5l 2! B *4! + "7’ 

so that <p n (x) is equal to 


where the polynomial terminates with either x or x 2 . 

From this formula, or by direct multiplication, we find that the 
first six Bernoullian polynomials are : 

& (*)=*» 

</> 2 (x)=*a?—z=y, 

0 s (s)= x? - fa: 2 + \x=yz, 

<t> t (x)=X i —%i?+x 2 =y i , 

0 6 (*)=® s -f» 4 +ga 3 -i*=yz(y-i), 

0 o(*)=*®-3a^+|a^- 1 * 2 =/(y-i), 

where y=x(x— 1) and z=x—^=i < ^- 

Again, <j> n (x+l)—<p n (x) is the coefficient ol t n /n\ in the 
expansion of 

~r^j {e (x+l)t — e“}= te*', 

bo that 

(A) 0 B (*+l)-0 n (*)=n»»- 1 . 

Thus 0 2 (a:+l)=**+*, 

0 g (a:+l)=a! s +fa!*+ia:, 

<j> i (x+l)=X i +2a?+x i , 

and generally <f> n (x+ 1) differs from <p n (x) only in the sign of the 
coefficient of x n -\ 
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If we write *= 1 , 2 , 3, ... in the difference-equation (A) and 
add the results, we see that, if x is any positive integer (»> 1 ), 

1+2»- x -f S’*- 1 -*-... -fa:"- 1 <p n (x+l)=~ </> n {x)+x n -\ 

TV 71 

which gives the formula of Bernoulli for the summation of the 
(n—I)** powers of positive integers. 

Generally, if b—a is any integer, 

«"~i+(« -f 1 ) n ~i + («+ 2) n_1 -f... + (&—1 )" -1 =^ (a)}. 

TV 


If we change the sign of t in the original definition, and add and 
subtract these two equations, we obtain, after a little reduction, 

t t 2 t* tP 

2^^ {cosh(a:-J)«-cosh 02 2! + ^44-j + ^661+ •••. 

t tP t 5 

2 sinh ' ^ + sinh #>= 0 i <+0331 + 06 g]+ - • 

Thus it follows that 0 2 , 0 4 , 0 6> ... are expressible as functions 
of (x— i) 2 ==y+i ; that is, the even polynomials are functions only 

ofy. 

Similarly, the odd polynomials 0 3 , <p 5 , ... contain x—\ — z as a 
factor , and the remaining factor is a function only of y. 

These properties are evidently verified by the polynomials 0 2 , 
0 3 , ... , which have been tabulated above. 

If we differentiate equations (B) with respect to x , we see that 



2 dx 01 


g &?-**' etc - 


*£-*+*■ «&-*- 


■■® 2 > fj fa! — 06 + B s , etc., 


where B lt B 2 , ... denote Bernoulli’s numbers (of Art. 100 ). 

The general formulae will be 

02m( a: ) = 2W02TO -1 {x), (m > 1 ) 

*'*.«(*)=(2w»+1) {0*»(*)+(*»= 1). 

If we change x into (1 — x) in the two equations (B) containing 
cosh (a:—§) t and sinh (a;— %)t, we see at once that 

0 2 (1 — x)=<f>,(x), <f> i (l—x)=<f> i (x), etc., 

0 8 (l-a;)=- 0 3 (x), 0 s(l—®)=^ — 0 5 (a:)j etc 
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Also it is evident from the first of the two equations (B) that 
y={x—\) % —(\)*=x(x— 1 ) is a factor of every even polynomial; 
and from the second equation we see that 0 3 , 0 5 , 0 7 , ... contain 
z=x—\ as a factor, and since these polynomials vanish for a5=0, 
a=l, it is clear that <j> 59 </> 7 , ... are divisible by yz. 

Thus we see that 


d0 4 d(j)^ dcj)^ 
dx 9 dx 9 dx f 


.. are-divisible by y 


dy 
dx 9 


and so, since 0 4 , 0 6 , </> 8 , ... have been proved to be divisible by y , 
these functions are now seen to be divisible by y 2 . 

These conclusions are confirmed for <f> 3 , ... , <t> 6 by reference to 
the table given above. 

It will be seen that the other factors of and </> 6 are respectively 
y—\ and y—\\ and these factors do not vanish between x—0 
and #=1, because y is negative between these limits. Thus it is 
natural to conjecture that the equation ^ 2 m (^) : = : 0 has no root 
between 0 and 1 , while fam+ifa) ^ as on Ml ^ root I- 

Suppose that this conjecture has been established for all values 
of m up to, say, p — 1 . 


Accordingly 


, 2P vanishes only for £=J between x=0 


iiv/uviuJLUgijr 'v f 2p — \ - d/X v wuijf xvsj. - - 2 tt vuxi -v 

and a 5 =l; and thus either steadily increases or steadily 
decreases from 05=0 to x=%, and varies in the opposite sense 
from x—\ to 05 = 1 . But </> 2 ^=0 for o ;= 0 , x=l ; and accordingly 
</> 2p cannot vanish for any value of x between 0 and 1 . 

Consider next the function </> 2p+l ; this is known to vanish for 
05=0, 1; and so 


^±i=(2p+i){^+(~ir 1 ^} 


must vanish once at least between x=0 and x—\, and also once 
at least between x=\ and 05= 1 . But since <p 2P steadily increases 
(or steadily decreases) from #=0 to #=£, it is clear that <f>' 2P+1 
can vanish once only in this interval; similarly, it vanishes once 
only between x=J and 05=1. Thus, finally, (f> 2P+ 1=0 can have 
no roots between 05=0 and 05=1 except a5=|. 

Thus our conjecture is now proved to be true for m=p. But 
it is known to be true for m= 2 , and therefore it is true for 
m=3; hence also for m=4, 5, 6 , ... , and so on generally. 
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The diagram indicates the relations between (f> 2 (x ), </> 3 (x), <j> A {x), 
0 5 (#)> and will illustrate the general argument just given. 



It has just been proved that <p, n has its maximum numerical 
value (between x=0 and z=l) for x=\\ to evaluate this, let 
us write in the formula (B) containing cosh(x— \)t. We 

then find 


t 

2 


tanh*-^V^^V 

tann 4 _ 2[ + Tf + 6 , +- 


(for x—\ 


Using Ex. 2 of Art. 100, we see that the maximum numerical 
values are 


' h (l. 

)=-25,(1 

1> 

2 2 y 

1! 

1 

>— 1 

< 

) = + 25 2 (l 

4) 

= + L 

^16’ 


)=-25 s (l 

1 > 
2®y 

«olS 

1 

II 


and so on. 

Thus (f> 2 , <p 6 , <p 10 , ... are all negative from x—0 to x~ 1; and 
0 4 , 08 > 0 i 2 > ••• are positive in the same interval. 


Ez. Prove that if n is odd and k is an integer, 
2 0 n (* + r l k ) = 0n 

r=0 

and obtain the corresponding result when n is even. 
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102. Euler’s summation formula. 

We have seen in Art. 101 that if x and n are positive integers, 

1 + 2"- 1 + 3"- 1 +...+* n_1 = l<t>n(x) + X"- 1 =l<p n (x + 1 ) 

Tv Tl 


this polynomial containing J(n+2) or \ (n+3) terms. 

It is obvious that when f(x) is a polynomial in x , we can obtain 
the value of the sum /(1)+/(2)+ _ + j {x) 


by the addition of suitable multiples of the Bernoullian functions 
of proper degrees. But to obtain a compact formula, we shall 
utilise the Calculus; and we observe that we can write the foregoing 
polynomial in the form 

r 1 /7 1 ,73 

jx»- 1 dx+ix»- 1 + 2 l Bi^ n - 1 )~4 l ^d^ n - 1 )+ • • 

Hence when f(x) is a polynomial, we have Euler's summation 
formula , 

/(l)+/(2)+ •••+/(*) 

=| f(x)dx+if(x) + ^BJ’{x)- l v BJ'''(x)+..., 

where there is no term on the right-hand side (in its final form) 
which is not divisible by x. 

However, the most interesting applications of this formula arise 
when f(x) is a rational algebraic fraction, or a transcendental 
function, and then of course the foregoing method of proof cannot 
be used; and the right-hand side becomes an infinite series 
which may not converge. 

We shall consider a number of special examples of this kind in 
Chapter XII. below. 

As a matter of symbolic transformation it is worth .noting that if 
/(l) +/(2) + ••• +/(#) = F(x), 
then F(x + 1) - F (x) =f(x + 1). 

Now assuming Taylor’s theorem to be valid for these functions, we have 

F(x + 1) = F(x) + F'(x) + 2 , F'(x) + ... 

= e"F(x) 

symbolically, wliero D stands for d/dx. 
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Similarly, 

Hence 


or 


/(*+l) = e»/(*). 

(e" -1) F(x) = e n f{x), 

FW = e» e "i/ W = ( 1 + e»“-i) /W ’ 


Now applying the expansion of Art. 100, wo see that 

1 + e" - 1 _ D + 2 f 2! U 4'. + '"’ 

which leads to the required result. 

Ex. 1. If ^r n {x) is the coefficient of t n jn\ in the expansion of e"/( fce +1)» 
prove that *,(„) + *,(* . 1) 

and if a; is a positive integer, 

" *n(0) + ( - 1 YirJix) = 1" - 2» +3" - ... + ( - 1)‘(45 - 1)» 

Also H* n (0) + (- l)- l ¥ n (*) = 1” -2" + 3" - .. + ( - l) r “^ n , 
where ^n( x ) = % n - (a)* 


Ex. 2. As particular cases of Ex. 1, we find that 


V'iO*) = h x ~i> '!'%(*) = -1)» 

i/ 3 {x)- \x* - \x* + *, >^4(*) = i « 4 - a; 3 + U\ 

These give, when x i* a positive integer, 

1-2 + 3 - 4 +... + (- l) x-l a: = - is or + J(a; + l), 

i ~2 z +3 2 -4 2 + ... + (- iy-'x*^(- 1 y-n(x* + x), 

1 - 2 3 + 3 3 - 4 3 + ... + (- l)"-^ 3 = -{ix> +ix 2 ) or + (U 3 + ]x 2 - *), 


l - 2 4 + 3 4 - 4 4 + ... 4 ( - l)*" 1 * 4 - ( - l)'- l ( W + z 3 - &), 

and so on. In the first and third cases the alternatives are to be chosen 
according as x is even or odd. 


Ex. 3. It is easy to see that 

' tyn (*) = (•*). 1 ~ *) = ( ’ 1)” 'M*). 

*m-l(<»= = ir-Bn 2 '!' l ’ *,»(«> “**■.(!) = «• 

From the foregoing equations and from those of Ex. 2 prove that 
^5 (*) = i * 5 - Jz* + fa;* - |^ (*) ■= k 6 * a * 5 + - L**- 

Shew also that (# - £) is a factor of the odd polynomials, and o:(a? — 1) of 
the even polynomials. 


Ex. 4. Shew that if f(x) is a polynomial in x, 

/(i) ~/(2) +/( 3 ) -m +... + ( -1 rv(*> 

-<-ir*{i/i*) + 2 ‘ 2 i- ? Vr 1, * r ' ( * )+2 «"i 1b ^ K(x >- •} + oonst - 


ji.i.s. 


r 
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103. Development of elliptic function formulae from the 
algebraic side. 

The following account is merely the extension to double series 
of what was given in Art. 71*2 above for single series. 

We suppose x to* be a complex-variable, ay, to' to be two periods 
(whose ratio is not real); and for brevity vve write 

£2 = mco-f-nct/, 

where m, n are any two integers, positive or negative (zero included). 
We have seen (Art. 82) that the series 

Fo(x)= 

converges absolutely and uniformly in any region from which the 
points x = £2 are excluded.* Thus F 0 (x) is an analytic function in 
these regions. Also we have 

F 0 (X+M) = ^ _ 0 ) 3 (x-ty^oW’ 

as the only change involved is to write (m— 1) in place of m. 
Similarly, F 0 (x +<o') = F 0 (x). 

Hence F 0 (x) is a doubly-periodic function with periods <*>, to'. 
Further, we can write 

where the accent implies the omission of the special term m=0 , 
n=0. Also, if \x\ is less than X, the least value of |£2| (for any 
pair of integers m, n), we can write 


V'_ 1 _= _ 

^ (z-12) 3 



3 x 6x 2 
£ 2 4 + ‘£ 2 6 



= — (C2&+ 2c 4 a?+3c 6 ;c 5 4-...), 


where ^=32' c 4 = 5 S'j]6 > c 6=72'q 8> etc/ 


The reversal of the order of summation is justified by the principle of 
absolute convergence. Further, 2^y 6 ’ — are zeTO > by another appli¬ 

cation of the same principle; for this allows us to group together pairs of 
terms corresponding to equal and opposite values of m, n . The pairs of 
terms then cancel, and these sums are accordingly zero. 


* These points are supposed to be excluded by small circles of the type J x - | =5, 

where 5 is fixed, although it may be arbitrarily small. 
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Hence, if \x\ < X, we have 

F 0 (x) ——- g 3• •• • 

We now define a function F (x ), such that 
F'(x)=-2F 0 (x), 

and to make the definition precise, we write 

This gives at once 

Jp(~\ _^ , y// 1 _ 

F ( x ) x 2 + 2 j [(z-U) 2 0 2 j ’ 


and, if |a:| < X, F(x)= \ + c 2 a; i2 +c 4 a^ + c 6 a5 6 +... . 

Thus F(x) is an even function and is analytic in any region from 
which the points are excluded. 

Since F 0 (x+ w) = F 0 (x), 

we have — jP(a:) = const., 

and writing x= — |<*>, we see that the constant is zero, since F(x) 
is an even function of x. 


Thus F(z+u)=F(x), 

and similarly, F(x+w') = F(x). 

That is, F(x) is a doubly-per iodic function with periods w, a/. 
We now define a function G(x) } such that 

G'(x) = -F(x), 

or more precisely G (x) — -=J |— F (£) j dg. 

This gives at once the formulae 


G (*)■~ i + S'Ai - f 2 + q + i 2*/’ 


and, if \x\ < X, 


0 (*)=~— J - \ - |c 6 z 7 - 

x 


Thus G(x) is an odd function, and is analytic in the same region 
as F(x), F 0 (x). 
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We now find that 

6 (x + co) — G(x) = const. = */ say, 
but on writing x =—we only arrive at the formula 

2G(%o))=t) 9 

because G(x) is an odd function.* 

Similarly, G (x +o >') — G (x) = r {. 

where 26r(£o/) = »/'. 

Thus the function G(x) is not doubly •periodic. 

Finally, we define a function H(x) so that 
H'(x)/H(x)=G(x), 

or more precisely 
This gives at once 
and, if \x\ < X, 

Thus H(x) is an odd function of x ; and H(x) can be proved to 
be analytic for any value of x. This function vanishes for x=0, 
x=Q; and H(x)/x-+ 1 as x-> 0 . 

Now 

H(x+a>) H(x) * 

so that l°g{—|= 17 *+const. 


: rjx+ const. 


Taking x= — %co, we find that 


Similarly, 


H(x-\- 0 )) __ T)(x+Jta>) 

H(x) “ 

H( x+w) _ v(*+K) 

H\x) ~ 


Thus again , H(x) is not doubly-periodic . 


♦ The reader may find it of interest to see that the method used for the corre¬ 
sponding problem in Art. 71*2 does not give r) =0 here. It requires some theorems 
from the general Theory of Functions to prove that r) cannot be zero ; but there 
is no reason to anticipate the identity O (|a>) =0. 
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We cannot obtain further results without making some appeal to 
Theory of Functions ; we shall content ourselves with the assump¬ 
tion that a doubly periodic function, such as F (x), satisfies a 
differential equation of the type 

+ AAJt+QAzF*+4 A a F+A it 

where A 0 , A lf A 2 , A 3 , A 4 are certain constants. 

Now, taking \x\ < X, we have 

- ^ = 2F o( x ) =~ 3 - 2c 2 x - 4ciX 3 - 6o e a^ -..., 

80 that (Sy = ^~P~ 16Ci+ ^ Ct2 ~ 24c ^ xt+ '" • 

It follows at once that, in the differential equation for F(x), we 
must have 

^o~0> A 1 = 1. 

1 3 /* 

Now { F(x)}* = ±+^+ 3c 4 +(3c 2 2 +3c 6 )s 2 +.„ , 

so that 4=“^+28c 4 +(8c 2 2 + 36c 6 )x 2 +... . 

It follows now that 

A 2 = 0, 4A 3 ~ — 20c 2 . 

Thus we form 

4F 3 -20c i F-(^y=28c i +(36c 6 -12c 2 2 )x 2 +-■ 

As the right-hand side must be a constant (in order to satisfy the 
general theorem quoted above), it follows that the constant is 28c 4 , 
and* that we have the identity 

3 Cq = c 2 2 . 

It is usual to write the differential equation for F(x) in Weier- 
strass’s form, 

g i ==20c i = 60^/^ , 

53=28c 4 =140V^, 


where 
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and the identity takes the form 



Written in this form, the last identity seems very remarkable; 
and the whole subject is full of equally striking relations. 

To complete the parallelism with Art. 71-2, it may be worth while to 
indicate the results which could be derived for those functions on lines 
similar to the last. Using the notation of that article , we have 

■{?)-£+(«<*»*• 

This gives 

1 7T 2 /I 1 \* 

-, + C 0 + C ,* 8 + c«a* + = ^2 + [ x - C 0 X - gCa** - - J . 

and the coefficients of 1/x 2 cancel. The following three terms yield the 
relations 

Co=( 7 t/w) 2 - 2 c 0 , or c 0 = i( 7 r/a>) 2 , 

c 2 = c 0 2 — sjc 2 , c a = Jc 0 2 = j 1 . ( 7 r/oj) 4 , 

C 4 — — sC 4 , C 4 = JyC 0 C 2 = y^i)(7T/<o)®. 

These values for c 0 , c 2 , c 4 agree with those calculated in Art. 71*2 from the 
series for log (sin x/x). 

The reader who is accustomed to the notation usually adopted in 
the theory of Weierstrass’s elliptic functions, will recognise that 
our functions F(x), G(x), H(x) are in reality the same as the 
p-, £-, a-functions. The object of adopting this neutral notation 
here is to avoid any bias towards taking known elliptic-function 
properties for granted. 

It will be noticed also that we have used o>, a>', >y, y{ to denote 
twice their usual values; so that <*> is here a period (not a half period). 
The advantage of the usual notation does not show itself until a 
later stage; and in our group of propositions, the present notation 
is really easier to work with. This remark seemed necessary in 
order to avoid confusion on reference to the standard text-books 
on elliptic functions. 


EXAMPLES. 

General Powers of Complex Numbers. 

1. If the numbers a , x are both* complex, shew that when the points a x 
are marked in Argand’s diagram, they lie on an equiangular spiral whose 
angle depends only on x and not on a. [Math. Trip . 1899.] 
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Examine the special cases when x is (l) real, (2) pure imaginary; and in 
particular, if x = i and a is real, prove that if b = a 1 , 

| b + 1 /b | = ^/[2 {cosh (4 Ictt) + cos 2 (log a)}], 
where h is an arbitrary integer. 

2. If (a n ) is a sequence of complex numbers, which converges to a as a 
limit, and if b is another complex number, shew that values of b' l » can be 
selected so as to form a convergent sequence, whose limit is one of the 
values of b (l . 

3. If x is real, prove that any value of x l oscillates finitely both as x 
tends to 0 and to oo. 


4. If |cos #1=1, where x=£ + irj, shew that sinh?/ = ± sin £ ; and that 

if we write n , . n 

cos x = cos 0 + l sin 0 , 

where 0 is real, then sin 0 — f- sin 2 /-. 


Binomial Series. 

5. A straight line can be drawn in the plane of the complex variable #, 
so that the series 

, #(#-1) x(x - 1)(# - 2) 

1-X+ y 2[ --+••• 

converges to 0 on one side of the line ; and the series diverges in the sense 
of Art. 75 on the other side of the line [Math. Trip . 1905.] 

6. Obtain from the binomial series, or otherwise, the equation 

(2 cos 0) v = cos v0 + v cos(v -2)0+ ^ cos(j/ - 4) 0 + ..., 

where v is real and greater than - 1. What restrictions are required as to 
the value of 6 ? 

Shew that the equation ceases to be true for v = J, 0 =tt, and explain why. 

7. Find the sum of 

i 1 /} 1.3 1.3.5 

1 + gcos 0 + g cos 20 + 2 4 Q cos 30 + ... 

and of « sin 0 + i 1 ? sin 20 + « sin 3# + ... . 

2 2.4 2.4.0 

[Apply Art. 96, putting v = - x = - 


8. If m is positive, shew that 

,, x , m(m- 1) . m(m- l)(m-2)(m-3) 
2 2 cos(|ra7r) = 1 - - ~ 2 , +- 47 - 


and state the special form of the result when m = 1/10. 
[Take x = t in the expansion of (1 + x ) m .] 
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9. If t =cos 0 I- t sin 0 and 0 < r < 1, shew that 

J f(l + »"0 n (l + r/t) n dO -I + r 2 ^ 2 + r*n 2 * + r«» 3 2 + ... 

and f (1 + r/)“(l - r/l) n dO = 1 - r 2 » t * + r 4 » 2 ! - r 6 » 3 * + ..., 

where w 1# w 2 , w 3 , ... are the coefficients in the binomial series. 

Deduce from Abel’s theorem that, if n > 0, 

1.... + ».• + .... % jt<i .«. «•«» 

1 - n, 2 + n s 2 - ... = 2 - cos(Jrwr) j (sin (9) n = ^-j~Y)j, c °s(irur). 

[Note that the argument of (1 - r 2 + 2ir sin 0) n approaches the limit + \mr 
(as r —> 1 ) when sin 0 is positive, and - \mz when sin# is negative. The 
first summation is valid if n > - and the second if n > - 1 ; but the proofs 
become rather more difficult when n is negative.] 


Exponential Series. 

10. Determine the expansion of e _TC08d cos(a;sin #) in powers of x , and 
deduce that 

/ dt-^ - I e~ x cna 9 cos (x sin 0) dO. 

Jo * * & Jo 

[Put xe l( * for x in the exponential series.] 

11. Shew that (compare Ex. 10) 

t I n n(n- 1) 2 , 2 n(n - l)(n-2)(n-3) n _ dJU ) 

e"* cos bx = 2 - , j « - - -g]—' a ~- ... j, 

where there are J (n + 1) or £(n + 2) terms in the brackets. 

Determine a similar series for e ar sin bx. 


12. If x = i/ N /(l + az), shew that Lagrange’s series for one root is 

*= 2 /+ w* +1 (- D"- 1 (sr^* 

and that the series converges if \ay\ < 2. [Math. Trip. 1902.] 


13. Shew that if |#| < 1/e, 

cos # = 1 - #sin 0 + ^y# 2 cos2# + # 8 sin 3 6 - ~# 4 cos4# - ..., 

sin#= #cos#4-^-j#*sin2#-| J # 8 cos3#-|,# 4 sin4#+ ... . 

[Math. Trip. 1891.] 

[Write a-bxzt. in the formula of Ex. 4, Art. 55*1. The introduction of 
complex numbers in the place of real ones may be justified by an argument 
oi the same type as that used in Art. 95.] 
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Products and Allied Series. 

14. Shew that the product 

ll {(1 - e* '*)/log(l - x/n)} 

1 

converges absolutely except when a; is a positive integer. 

[If the general term is 1 - a n% lim (n 2 a n ) = }x 2 .] 

15. Evaluate x 2 II (1 + x*/n 4 ) and a; 3 11 (1 + x*/n 6 ). 

i i 

[Glaisher, Proc. Lond. Math. Soc. (1), vol. 7, p. 23.] 

16. From Ex. 12, Ch. IX., find the values of 

sOi^iG “ d "[“v--*]- 

[ Math. Trip. 1902.] 

17. Prove that f “ C = e u lim II (1 - ), 

1 -C \ log n c/’ 

where log n c = log c + 2n7rt, 

any determination of log c being taken. [Hardy.] 

18. Shew that II -—\ - % ■ [Gram.] 

a n 3 + 1 3 

[If t = J( - 1 + i >/3), so that t 3 =1, we have, as in Ex. 11, Ch. VI., 

T - r n 3 - x 3 _ r (i + x) r (i + tx) r(i + t*x) 

1 , J n 3 + x 3 r(l“i)r(l -to)T(l -t 2 x)' 

l+x+x 2 - n 3 - x 3 _ r (1 + X) T(1 + tx) r(l + t 2 x) 
us l+x 3 i n 3 + x 3 1 (2 - x) F(1 - tx) f (1 -~t 2 x) ' 

Now write * = 1, and observe that 
T(1 - t)T(l - t 2 ) = F(2 + * 2 )T(2 + 0 = (1 + /)(1 + * 2 )T(1 + t) T(1 + 1 2 ) 

= r(i + or(i + < 2 ).] 

19. Shew that 

^ 1 _ 7r sinh(rte^) 4-ain(ir& > /2) 

n 4 + x 4 ~~ x 3 cosh (7ra;x/2) - cos (nx J2) 

[Math. Trip. 1888.] 

[W.h.,. S-D- 

where t 4 == -1. 

Thus, as in Ex. 18, Ch. IX., the given sum is 

2 ^ cot ( 7rte )> 

and this gives the required result.] 

20. Apply a method similar to Ex. 19 to find 

* i 
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2 (- l )" -1 


4n*-l 


.^3 , TtVj 


4 . 2 —- = 7 r v /2 cosh - ' sech—£- 

16?i 4 + 4 ti 2 + 1 v 4 2 

[Math, Trip. 1898.] 

TWe have _1 -4n 2 / 1 1_ 1_ 1 \ 

where «> = J( - 1 + 1 ^3). Thus the given series is 

- {cosec (J?ra)) + cosec (J 7 rw 2 )}, 
which can be reduced to the form given.] 

22* Prove that 

v 1 _ 7r sinh (27 r y) 

-7Z> (n + x) 2 + y 2 ~~ y cosh ( 2 iry) - cos(27r£) 

Deduce that the least value of 0, when y is fixed and 

00 n - 4 - x j 00 y 

COt 6 = S {(»+ *)* + y W S {(» + *)>'+?)’’ 

is given by cos 0 = 2tt 2/ /sinh (27 t?/). [ilfaJft. 2Yip. 1892.] 

_i_ = i_r i_i... A 

(n + x) 2 + y 2 2iy {n + (x - iy) n + ^+iy)/’ 

7T 


[Here 


and so the sum is 
23. Shew that 
arc 


2 ty 


{cot 7r(x - l y) - cot 7r(x+ it/)}.] 


arc 


ten * + 1 { arc tan (n h) - 1} = MC ten (S(S?J ’ 

tan l + 1 ( “ i)n [ ar ° tan (»+*) -!} =arotan Sg?}- 


In particular we find with y = x, 

/ 2 z 2 \ _ 7r _ 


X arc tan 

i 


arc tan 


j tanh(7rx)\ 

l tan(7ra:) J ’ 


n 2 J-i~~" vw “ l tan(7ra:). 

” lxtI , , /2x 2 \ 7r , f sinh(7ra:)\ 

? (- l )"" 1 “c tan ) = - j + arc tan llE ^} • 

[We have log sin(irx) = log(-x) + V 1 {log {l + 

and log tan(Jjrx) = log(Jirx) + 2 '( - l) n {log {l? j • 

In each of these, change x to x + ty, and equate the imaginary parts on 
the two sides.] 

24. Shew that 

x , Zx , 5x . f sinh(j 7 ra;) 1 

arc tan.- 5 - arc tan oa - a + arc tan ^- 5 - ... = arc tan ] — rr^—jkz f. 

1 - x 2 Z 2 -x 2 5 2 - x 2 lcos(£7raV3)J 

[Math. Trip. 1891.] 

[It is easy to prove that 


arc tan - ^ - g = arc tan ( s ^ ) f arc tan 4—-—^ 
a 2 -® 2 \2a + Xy/3/ \2a-a; N /3/ 
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and it follows that the given series is equal to 

arc tan X + E' (- 1 ) n { arc tan (.—- n -^ - f- }, 

2 + y ' 1 \4n + 2 + yJ 4nJ ’ 

where y = x>J3. Applying the result of Ex. 23, we find the formula given.] 


25. The points P, Q have coordinates ( p , q), (- p, q) respectively; N is 
the point with coordinates ( na , 0). Shew that if 

<9= v PJVQ, 

— oo 


then tan^ = tan(7rp/a)coth(7T5'/a). [Math. Trip. 1894.] 

[If we write p + iq = x 9 - p + iq = y, it will be found that 
lO = log sin (tt xja) - log sin (7 ry/a).] 


26. Verify that, if # is a positive integer, 

(a + &)*- 1 + {a + 2b) n ~ l + ... + (« + st)"" 1 
= {{a + xb + Bb) n - (a + Bb) n }/nb , 

where we are to put P 2s ' = P.*, J5 2if+1 =0 after expansion. [Jfaift. Trip. 1897.] 
[Compare Art. 107.] 

27. Shew that 


x 

2 




and that 


log 


x Bt x 2 B z x 4 B 3 x 6 
2 sln(i*) _ 2 2! + 4 4! + 6 6: + "" 


01 _ ,, , . COSh X — COS v'on-Li /l x ^>n 

8. Shew that log - t — = -S2 n+1 cos(|wr) 0 * 


2 n (2n)' 

[Math. Trip. 1890 ] 


29. Assuming Stirling’s formula (Art. 179), shew that 
B n ~ 4 v /(7™)(w/7re) 2n , 

when n is large. 

Prove also that B n IB n _ x ~ n 2 /7r 2 . 

[Compare Art. 100, below.] 


Applications of Art. 88. 

30. If f(x) =1 + vx+ i/(v - l)^-j + v(r - l)(v + ..., 

it is easily verified that, with the notation of Art. 88, 

fi ( x )= ^l + ( v " 1)^ + ( l/ ~ “ 2 )|i + »'/(*)/(! + »0, 

/,(*) = v(v - l)[l + - 2)x + ( 1 / - 2)(v - 3)+ ...] = v(v - !)/(*)/(! + *)*, 
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21. Shew that 


2 (- l) n_1 


4ra 2 - 1 




. 4 2 T = 7r v /2cosh -J- sech-^- 

16ti 4 + 4n 2 + 1 v 4 2 

[JlfaJA. Trip, 1898.] 


FWe have_1 4ft 2 _ 1 / 1 * _|_ *_ * A 

L 16n 4 + 4n 2 +1 2 \2n - w 2w + w 2w. - <o* 2w + u>V ’ 

where <o = J(- 1 + 1 ^/3). Thus the given series is 

- ^7T {COSeC (i7T0)) + COSeC (^7TW 2 )}, 

which can be reduced to the form given.] 

22* Prove that 


y_ 1 __ 7T 

" . ~\2 . /..2 a 


sinh (27 t«/) 


(» + x) 2 + 2/ 2 y cosh (27ry) - cos(27tx) 

Deduce that the least value of 0, when 7/ is fixed and 

onfd-V + /v 2/_ 

~ '{(n + a ;) 2 + t, 2 } 2 / ~ \{n + x ) 2 + y 2 } 2 ’ 

is given by cos O-^mj /sinh (27 tt/). [Jfa^. Tnjp. 1892.] 

i _j.r i_i_. \ 

~(n + x) 2 + y 2 2iy [n + (x - L y) n + (x + L y)j * 

7T 


[Here 


2iy 


{cot 7T (x - 17/) - cot 7T (X + 17/)}.] 


and so the sum is 
23. Shew that 

arc tan ^ + 2' {arc tan{^ + i) ” = arc tan { 


tanh(7ry) \ 
tan(7rx) J * 

arc tan - + V'( _ l)n j arc tanf—= arc tan 

x Tt ' l \n + x/ nj l sm( 7 rx) J 

In particular we find with y — x , 

* /2x a \ 7 T , /tanh(7rx)\ 

2 arc tan^ ) = j - arc tan j, 

? (” D”" 1 tan = - j + arc tan llE5sr j * 

[We have log sin ( 7 rx) = log (ttx) + £' {log ^1 + ~^ j 

and log tan(jTrx) = log(£?rx) + 2 '(- l) n {log {l + | j • 

In each of these, change x to x + iy, and equate the imaginary parts on 
the two sides.] 

24. Shew that 

x 3x fix 

aro tan ^ - axe tan 3 , _ ^ + arc tan a - ... = arc tan W(f ^ j • 


[It is easy to prove that 


f sinh(^7rx) [ 

icos(^7rx^3) J * 
[Math. Trip. 1891.] 


arc tan - 


a a ~ x* 


i = aro tan 


(ST5T^) farctan (2^^)- 
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and it follows that the given series is equal to 

arc tan 0 X + 2 '(- l) n (arc tanf ~ A —~\ - A }, 

2 + y X ' t \4n + 2 + yJ 4m,)' 

where y = x s /3. Applying the result of Ex. 23, we find the formula given.] 

25. The points P, Q have coordinates (p, q ), (- p, q) respectively; N is 
the point with coordinates (na, 0). Shew that if 

0 = 2 PNQj 


then tan = tan ( 7 rp /a) cothfaq/a). [Math. Trip. 1894.] 

[If we write p+ tq = x, - p + t q = y, it will be found that 
l0 = log sin (7 Tx/a) - log sin (7 ry/a).] 

26. Verify that, if a; is a positive integer, 

{a + h) n ~ l + (a + 2 b) n ~ l + ... + (a + sh )*" 1 
= {(a + *6 + P 6 ) n - (n + P 6 ) n }/n&, 

where we are to put P 2v = P.y, J5*#+i=0 after expansion. Pnp. 1897.] 

[Compare Art. 107.] 

27. Shew that 


x 

2 


, x . „ a ; 2 w a : 4 a : 8 

c°t 2 “ 1 '® 1 2! 4! ^ 3 6 ! 


and that 


log 


2 sin(£a;) 


P. a ; 2 P 2 & P 3 

: —* — 4- _u J 4. 

2 2: 4 4 1 6 6. 


cii x , , . cosh a;-cos a; v B n x 2n 

28. Shew that log - a — = - 22 n+1 cos(Ja 7 r) 


2 n (2n)' 

[Math. Trip. 1890 ] 


29. Assuming Stirling’s formula (Art. 179), shew that 
P n ^VM)(n/7re) 2w , 

when n is large. 

Prove also that BJB n _ x ~ n 2 / 7 r 2 . 

[Compare Art. 100 , below.] 


Applications of Art. 88. 

30. If f(x) =1 + vx + v(v - 1 )^, + i'(r - l)(v + •••» 

it is easily verified that, with the notation of Art. 88 , 

M*) = v[l + (v - l)x + (.' - l)(v - 2 )*-, + ...] = v/(*)/(l + x), 

f t (x) = v(i/ - l)[l + (v - 2)x + (v - 2)(v - 3) 21 + ...] = v(v - !)/(*)/(! + *)*, 
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and bo on. Thus, wc obtain the transformation 


/(*i) =/(*) + (*i - *) + 


v(y - ])/(«) 

(i + *) s ' 2: + 


or /(*x)=/(*)/(^)- 

The two series on the right-hand are both convergent if |x| < 1 and 
\x 1 -x\< |l+a;|, and the latter condition is satisfied for some points x x 
which are outside the circle 1^1 = 1 ; we have thus obtained a continuation 
of the binomial series. Repeating the process, we obtain 


/<*„> ~/(i 


where we assume that the broken line from x to x n is drawn so that 
J %r- f-l “ %r I ^ 11 + x r | (r — 0 , 1 , ... , n — 1 ). 

For example, by taking 


l+a; = l, l+x t 


1 + i 

sJ2' 


l+x 2 = i. 


1 + £» = 


-1 +i 

v /2 ’ 


l+*4= " 1 , 


we find 

*r+l-*r_l + * 

1 

\c* 

1 

a 

+ 

i-H 

so that 


where 

V — CL + i/3 . 


= 2 - n / 2 < 1 . 


Thus we are led to /(- 2) = e " pir [cos (ultt) + i sin (ol7t)]. 

But it should be noticed that if we take a broken line passing below the 
real axis, we find /(-2) = e^[cos(cL 7 r) - i sin(a.7r)]; we thus obtain two 
different values for /(- 2) by approaching - 2 along different paths. This 
indicates (what we know to be the case) that f(x) is many-valued unless 
f3 = 0 and a. is an integer. 


31. A method similar to the last example can be applied to 
<l>(x) = x- \x 2 + \x* - ix* + ..., 

for which we find 

<M*) = (1 +*r 1 . +*r a , *.(*) = (»!)(!+a 

and bo = + 

Using the same points x, x l9 x 2t x S9 x if as in the last example, we get 
</> (- 2 ) = iir. And with a broken line passing below the real axis, we get 
<£(- 2) = - iir. 



CHAPTER XII. 

ASYMPTOTIC SERIES AND TRIGONOMETRICAL SERIES. 

104. Historical remarks on the use of non-convergent 
series.* 

Before the methods of Analysis had been put on a sure footing, 
and in particular before the theory of convergence had been de¬ 
veloped by Abel and Cauchy, mathematicians had little hesitation 
in using non-convergent series in both theoretical and numerical 
investigations. 

In numerical work, however, they naturally used only series 
which are now called asymptotic ; in such series the terms begin to 
decrease, and reach a minimum, afterwards increasing. If we take 
the sum to a stage at which the terms are sufficiently small, we may 
hope to obtain an approximation with a degree of accuracy repre¬ 
sented by the last term retained ; and it can be proved that this is 
the case with many series which are convenient for numerical 
calculations (see Art. 106 for examples). 

An important class of such series consists of the series used by 
astronomers to calculate the planetary positions : it has been 
proved by Poincar6| that these series do not converge, but yet the 
results of the calculations are confirmed by observation. The ex¬ 
planation of this fact may be inferred from Poincare’s theory of 
asymptotic series (Art. 113). 

But mathematicians have often been led to employ series of a 


* The majority of writers on these series use the word divergent as including 
oscillatory series; we shall, however, except in quotations, adopt the Bame dis¬ 
tinction as in the previous part of the hook. 

t Acta Mathematical vol. 13, 1890 ; in particular § 13. 
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different character, in which the terms never decrease, and may 
increase to infinity. Typical examples of such series are : 

(1) 1—1+1—1+1—1+...; 

(2) 1—2+3 —4+5—6 + ... ; 

(3) 1 —2 +2 2 —2 3 +2 4 —2 5 +... ; 

(4) 1—2 !+3 !—4 !+5 !—6 ! + — 

Euler considered the “ sum ” of a non-convergent series as the 
finite numerical value of the arithmetical expression from the 
expansion of which the series was derived. Thus he defined 
the “sums” of the series (l)-(3) as follows : 

(1)= i+i = 2 ; (2)== pTj* = 4 ; (3 ^ = l+'2 = 3’ 
and his discussion of the series (4) will be found at the end of 
Art. 105. 

In principle, Euler’s definition depends on the inversion of two 
limits, which, taken in one order, give a definite value, and taken 
in the reverse order give a non-convergent series. Thus series (1) is 
lim 1—lim cc+lim x 2 — lim x 3 +... 
as x tends to 1 ; Euler’s definition replaces this by 
lim (1 — x+x 2 — x 3 +...). 

So, generally, if 2/ w (c) is not convergent, Euler would define the 
“ sum ” as lim 2/ n (#), when this limit is definite. 

X -> c 

A very natural method for the numerical evaluation of non-convergent 
series is given by Euler’s transformation (Art. 24); as an illustration we take 
the series used by Euler: 

(5) log 10 2 - log 10 3 + log 10 4 

Starting at log 10 10, the differences are given in the table below (to the 
third order): 

log 10 10 = ] 0000000 

-413927 

11 1 0413927 -36042 

-377885 -5779 

12 1 0791812 -30263 

-347622 -4487 

13 M139434 -25776 

-321846 -3563 

14 1-1461280 -22213 

-299633 -2867 

15 1-1760913 -19346 

-280287 

16 1-2041200 
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The next three differences (at the top; are -1292, -368, -140, as the 
reader can verify without much trouble. 

Thus the “ sum ” from log 10 10 onwards is found to be 
•5000000 -{] ( 0413927) +£(-0036042) 

+ ^ (-0005779) + T +(-0001292) 

+ 4( 0000368) + T } 8 (-0000140)} 

= •5000000-( -0108396). 

The sum of the first eight terms in the series is found to be (taking the terms 
in pairs) 

- -1760913 - -0969100 - -0669467 - -0511525 
= --3911005. 

Combining these two results, the sum of the whole series appears to be 
•1088995- 0108396 
= -098060 to six places of decimals. 

This agrees with the evaluation given in Ex. 44, Ch. X. 

The reader will find no difficulty in carrying out similar calculations for 
series ( 1 ), (2), (3); and the results agree with those quoted above. 

Euler also attempted to evaluate (4) in this way ; his result was -4008... , 
agreeing to two places of decimals with those of Arts. 105, 109. But it is 
hard to feel convinced of the accuracy of the method here (since the corre¬ 
sponding power-series cannot converge). 

To Euler’s definition an objection was raised by Callet that the 
series ( 1 ) can also be obtained by writing x=l in the series 

(6) ri'& = i -5 =1 -*+^-* 5 +* 1 -* s +, 

whereas the left-hand side then becomes -j instead of 1 . 

This objection of Callet’s was met by a remark of Lagrange’s, 
who suggested that the series ( 6 ) should be written as 
1+0— z 2 +a; 3 +0—a^+a^+O — x 3 -)-... , 
and that then the derived series would be 

1+0-1+1+0-1+1+0-1 + ... . 

The last series gives the sums to 1, 2,3, 4,5, 6, ... terms as 1,1, 
0 , 1 , 1 , 0 , ...; so that the average sum * is 5 , which is the value 

* This remark of Lagrange’s has been put on a more satisfactory basis by the 
theorem of Frobenius (Crdles Journal fur Math., vol. 89, 1880, p. 262), which 
was given in Art. 51, Ex. 2, above ; namely, that 

ton ( 2 V ») = ton **-++-*• 

In applying the theorem to the special scries above we note that the sum 
*o + *i+ — +* n = (tf+l)-&, where k is the integral part of £(n + l); thus 
lim {s 0 + 5 X + ... +s n )l{n +1 ) = 1 - lim k/(n + 1 ) = |. 
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given by the left-hand side of ( 6 ). In the original series ( 1 ), the 
sums are 1 , 0 , 1 , 0 , 1 , 0 , , of which the average is £, agreeing with 

Euler’s sum. 

Having regard to the fact that Euler and other mathematicians 
made numerous discoveries by using series which do not converge, 
we may agree with Borel in the statement that the older mathe¬ 
maticians had sufficiently good experimental evidence that the use 
of such series as if they were convergent led to correct results * in 
the majority of cases when they presented themselves naturally . 

A simple example of the use of a non-convergent series to obtain a correct 
result is afforded by a passage in Fourier’s Theorie Analytique de la Chaleur 
(Oeuvres , 1.1, p. 206). Fourier is obtaining what we should now call a Fourier 

sine-series for the function fix) = Z and he finds that the coefficient 

... J w 2 sinh 7 r 

of sin ru; is 

1 ' \n n 3 w 5 / K ' l + n* 

[Compare Ex. B, 13 below.] 

Thus the coefficient of sin a; appears asl-l + l- lf..., and may therefore 
be expected to be J, if we adopt Euler’s principle. 

As a matter of fact this is correct, since 

J sinh x sin x dx - £ (cosh x sin x - sinh x cos x ), 

2 f w 

so that - / f(x) sin x dx - |. 

7T J o 

[Compare series (4*2) of Art. 124 below.] 

Abel and Cauchy, however, pointed out that the use of non- 
convergent series had sometimes led to gross errors; and, in their 
anxiety to place mathematical’ analysis on the firmest foundations, 
they felt obliged to banish non-convergent series from their work. 
But this was not done without hesitation; thus Abel writes to his 
former teacher Holinboe in 1826 ( Oeuvres d’Abel, 2 me. ed. t. 2, 
p. 256): “ Les series divergentes sont, en general, quelque chose 
de bien fatal, et c’est une honte qu’on ose y fonder aucune demon¬ 
stration ... la partie la plus essentielle des Mathematiques est sans 
fondement. Pour la plus grande partie, les resultats sont justes, il 
est vrai, mais c’est Ik une chose bien Strange. Je m'occupe k en 
chercher la raison, probleme tres intfcressant.” 


* Borel, Lemons sur les Stries Divergentes , p. 9 ; the sketch given above is taken, 
with a few additions, from pp. 1-10 of this book. 



104, 105] 


HISTORICAL REMARKS 


321 


And Cauchy, in the preface of his Analyse AlgJbrique (1821), 
writes: “ J’ai et^ forcd d’admettre diverses propositions qui 
paraitront peut-etre un peu dures : par exemple, qu’une sdrie 
divergente n’a pas de somme.” * 

Cauchy established the asymptotic property of Stirling’s series 
(see Art. 108 below), by means of a method which can be applied 
to a large class of power-series. But the possibility of obtaining 
other useful asymptotic series was generally overlooked by later 
analysts; and after the time of Cauchy, workers in the regions of 
analysis for the most part abandoned all attempts at utilising non- 
conVergent series. In England, however, Stokes published three 
remarkable papers f (dated 1850, 1857, 1868), in which Cauchy’s 
method for dealing with Stirling’s series was applied to a number 
of other problems, such as the calculation of Bessel’s functions for 
large values of the variable. 

But no general theory of non-convergent series was forthcoming 
until 1886, when papers discussing the subject were written by 
Stieltjes J and Poincare. § Since that time many researches have 
been published on the theory. 

In the following articles we shall confine our exposition to the 
more important examples of asymptotic series, which have been 
found of importance in calculation—both for Pure and Applied 
Mathematics. 

105. General considerations on non-convergent series. 

In view of the results obtained in the past by the use of non- 
convergent series, it seems probable that we can attach a perfectly 
precise meaning to a non-convergent series, so that such series may 
be used for purposes of formal calculation, under proper restrictions. 
Thus we attempt to formulate rules which enable us, given a series 

w 0 +Wi+^*+... 

* Of course no one would now regard Cauchy’s statement as unusual, in the 
sense in which he made it. 

t See the references of Arts. 113, 116-118 below. 

t Annales de VEcole Nor male Sup&rieure (3), t. 3, p. 201; we do not propose to 
set forth the theory of Stieltjes here. The reader may consult Van Vleck’s book 
for a full account of this theory. 

§Acta Maihematica, t. 8, p. 295 (for Poincare’s theory see Art. 113 below). 

B.I.S. X 
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(convergent or not), to associate with it a number, which is a per¬ 
fectly definite function of u 0 , u v u 2 , ..., and which we call the 
“sum” of the series. It is of course obvious that the definition 
chosen is to a large extent arbitrary; but it should be such that 
the resulting laws of calculation agree, as far as possible, with those 
of convergent series. 

Of course it is evident that the “ sum ” associated with a non- 
convergent series is not to be confounded with the sum of a con¬ 
vergent series (in the sense of Art. 6); but it will avoid confusion 
if the definition is such that the same operation, when applied to a 
convergent series, yields the sum in the ordinary sense. 

It ought to be pointed out that Euler, at any rate, was perfectly aware 
of the distinction between his “ sum ” of a non-convergent series and the sum 
of a convergent series. Thus he says (§§ 108-111 of the Instit. Calc . Dijf., 
1755) that the series , , 

l_2 + 2 a - 2 8 + 2 4 - . = A= A 

obviously cannot have the sum £ in the ordinary sense, since the sum of n 
terms is jS n = £ {1 - ( - 2 ) n }, and the larger n is, the more does S n differ from £. 
And he adds, after referring to various difficulties, that contradictions can be 
avoided by attributing a somewhat different meaning to the word sum. “Let 
us say, therefore, that the sum of any infinite series is the finite expression, by 
the expansion of which the series is generated. In this sense the sum of the 

infinite series l-x + x*-x? + ... will be , *—, because the series arises from 

1 +x 

the expansion of the fraction, whatever number is put in place of x. If this 
is agreed, the new definition of the word sum coincides with the ordinary 
meaning when a series converges; and since divergent series have no sum, 
in the proper sense of the word, no inconvenience can arise from this new 
terminology. Finally, by means of this definition, we can preserve the utility 
of divergent series and defend their use from all objections.” 

In writing to N. Bernoulli (L. Evleri Opera Posthuma , 1 .1, p. 536), Euler 
adds that he had had grave doubts as to the use of divergent series, but that 
he had never been led into error by using his definition of “sum.** To this 
Bernoulli replies that the same series might arise from the expansion of more 
than one expression, and that if so, the “sum” would not be definite; to 
which Euler rejoins that he does not believe that any example of this could 
be given. However, Pringsheim ( Encyklopadie , Bd. L, A. 3, 39) has given 
a number of examples to shew that Euler fell into error here; but in practice 
Euler used his definition almost exclusively in the form 

2w n = fim (2> n s n ), 

X —*-1 

and if restricted to this case, Euler's statement is correct. 
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It will be seen from these passages that Euler had views which do not 
differ greatly, at bottom, from those held by modem workers on this subject; 
although of course his attempted definition leaves something to be desired, 
in the light of modem analysis. 


It is to be carefully borne in mind that the legitimate use 
of non-convergent series is always symbolic ; the operations being 
merely convenient abbreviations of more complicated transforma¬ 
tions in the background. Naturally this “ shorthand representa¬ 
tion ” does not enable us to avoid the labour of justifying the 
various steps employed; but when general rules have been laid 
down and firmly established we may apply them with confidence 
in any particular case. 

It may very likely be urged that we might just as well write the 
work in full, and so avoid all risk of misinterpretation. But ex¬ 
perience shews that the use of the series frequently suggests suitable 
transformations which otherwise might never be thought of. 


An example of this may be taken from Euler’s correspondence with 
Nicholas Bernoulli (L. Euleri Opera Posthuma , t. 1, p. 547); where the real 
object of Euler’s work is to shew how to attach a definite meaning to the 
series (4) of Art. 104. 

He proves first that the series 

a ? - (1 !) x 2 + ( 2!)« 3 - (3 !) oj 4 + ... 
satisfies formally the differential equation 

s * d ? + V = x. 


dx 


from which ho obtains the integral 


1 1 



y= 

fx j 
e 

0 


i 

1 

Or, if 



I 

X " 

we find 


„ 00 . 

1 - 

f o 1 


T 


■ xt 


dtf 


in agreement with the result found in Art. 109 (2) below. 

On the other hand, by using the rules which he had obtained for the 
transformation of convergent series into continued fractions, Euler gets 


x x. x 2x 2x 3x 3x 

1+ l V lT l + l+i + lT ’ 

and it has since been proved by Laguerre * and Stieltjes that we have actually 

f ' xe u _ xx x 2x 2x 

J 0 Wxt l + 1 + 1 + 1 + 1 + - " 


Bulletin de la Sociiti Math, de France, t, 7, 1879, p. 72. 
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Now this relation does not suggest itself at all naturally without the use 
of the series; and, as already remarked, it is evident that Euler’s work was 
entirely guided by the aim of evaluating the series (4). 

Writing a? = l, Euler obtains from the continued fraction the convergents 

1-^,2^ 8 *>, 4 4 ^20^4^1 

1 3 > l.\ > 77* > * * ^ 3 4 > T ^ IT* 

and by using the 13th and 14th of these, he infers the numerical 
value 0*5963... . 

He then subtracts this decimal from 1 and infers that the value of the 
series (4) is 0*4036.... (compare Art. 109 below). 


ASYMPTOTIC SERIES. 


106. Euler’s use of asymptotic series. 

One of the earliest and most instructive examples of the appli¬ 
cation of non-convergent series was given by Euler in applying 
his formula of summation (Art. 102 ) to calculate certain finite 
sums* 

Thus, taking f(x)=l/x, x=n, Euler finds 


I+2+3+ 


, 1 ! L 1 B x B 2 B 3 . . 

" + ; =l08 ’* + a-2»" + w-6» + " +co “ t - 


Now this series, if continued to infinity, does not converge, 
because we have (Art. 99) 


B r 2r(2r—1) 

B r _~ 4tt* 



2 



but, if r>3, 2~ < l/(l-^ 4 ) (see Art. 7), and Sj~>l, 


A . Br I Br _ x ^ 15(r—l) 2 . 

sotnat 2 m 2 ’ / 2 (r—l)n* Cs > T 6 to 2 7 t 2 ’ 

hence the terms in the series steadily increase in numerical value 
after a certain value of r (depending on n and roughly equal to the 
integer next greater than 1 +mr). It does not appear whether Euler 
realised that the series could never converge; but he was certainly 
aware of the fact that it does not converge for n=l. He employed 


* Inst. Calc . 1755 (Pars Posterior), cap. vi. 
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the series for n— 10 to calculate the constant ( Euler's constant,* 
Art. 11), 6* —0-5772156649015328(6060)... , 

which he regarded as the “ sum ” of the series 

2 2 4 6 

The reason why this series can be used, although not convergent, 
is that the error in the value obtained by stopping at any particular 
stage in the series , is less than the next term in the series . The truth 
of this statement follows at once from the general theorem proved 
below (see Art. 107) by observing that f 2n (x) is always positive. 

To illustrate this point, consider the sums of the last series, and we find 
successively 

S 2 ~ *5833, R 2 = - 0061, u 3 = - -0083, 

S 3 =*5750, R 3 = + 0022, u A = + *0040, 

£ 4 = *5790, R 4 = - -0018, u s = - *0042, 

S b = -6748, R 5 = + *0024, w, = + *0076, 

£,=•5824, -*0052, 

after which the terms steadily increase in numerical value. Thus, from this 
series we cannot obtain a closer approximation than S 4 , which corresponds 
to stopping at the numerically least term u 4 . 

This fact enables us to see at once that all of Euler’s results are 
correct, after making a few unimportant changes. 

We quote a few of Euler’s results for verification: 

Ex. 1. l+^+... + - = 7-48547, if n = 1000 , 

Z 71 

= 14 39273, if to = 1000000. 

Euler gives the values to 13 decimals. 


Ex. 2. Shew that 

,11 1 1 „ R, 

1+ 3 + 5 + - + 2^i = 2 (0+l0g ” ) + l0g2 + 8»« 


(2 3 - 1) J5j 
64 7i* 



and that 


2 + 3 4 + 


(2* - 1 )B t 


( 2 1 -! )*, 

64w 4 


* The four additional figures in brackets were found by Gauss. By writing 
w = 500 and 1000 in the series, J. C. Adams has calculated G to 260 places ( Proc . 
Roy. Soc., vol. 27, 1878 ; and Math. Papers , vol. 1, p 459). This requires a know¬ 
ledge of B v B 2 , ... , B 6% which had been tabulated by Adams previously (Math. 
Papers , vol. 1, pp. 453, 455). 
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Ex. 3. Hv taking n - 5 in the second formula of Ex. 2 , we find that 

log 2 — (1 - i l J - ^ “ vo) aV " Ttro ^ 8 'oO'ITo > 

with an error less than £ x 10“ 6 (the next term in the series). This gives 
•6456349 + *05 - 0025 + *0000125 - 00000025 = *693147, 

which is correct to six places of decimals. By taking more terms we can 
easily calculate the value of log 2 to ten places. 

Ex. 4. Find a formula for 

1 _ 1 _ 1 1 

a + 6 + 2a + 6 + 3o + 6 + + na + b 

similar to Euler’s formula. 


Ex. 5. Taking f(x) = 1 /a; 2 , prove similarly that 


w 2 (n+l) 2 ^ (n + 2 ) a 


, 11 B x B 2 J?, 

+ ... to 00 = - + ==■ i + "5 . 


Hence we find 


i 1 1 

10 2 11 * + 12 * + 


and we deduce that 

Ex. 6. Shew similarly that 


i 1 1 1 

1 + 2 3 + 3 3 + 4 3 + ‘ 


to oo = 1051663357, 


= 1*6449340668. 


: 1*2020569032. 


Euler obtained in this manner the numerical values of 21/w r from r = 2 to 
16, each calculated to 18 decimals (l.c. p. 456); Stieltjes has carried on the 
calculations to 32 decimals from r = 2 to 70 (Acta Math., vol. 10, p. 299). 
The values to 10 decimals (for r = 2 to 9) are quoted in Chrystal’s Algebra , 
vol. 2, p. 367. 

Ex. 7. If f(x) = 1 /(Z 2 + a; 2 ), prove that 

11 1 
Z 2 +l + J 2 + 2 2 +,,,+ Z 2 + n 2 

_1 /7r A 1/1 1 \ 7r R 1 sin 2 ^sin 2 ^ , R t sin 4 ^sin4^ 

~t\2~ U ) 2 Vi* l* + n*) + I( 6 2,ir - 1 ) ~ 2 l* + 4 F" 

where tan 6-ljn; the constant is determined by allowing n to tend to oo 
and using the series found at the end of Art. 99. 

Ex. 8 . In particular, by writing l = n (in Ex. 7), we find 

, / 1 1 1 \ 1 4t r 

77 ~~ U \n* + 1 + n 2 + 2 * + * * * + n* + n 2 / n er'" -1 


+ 1 .'»* 3.2* .-»• + 5.2‘ . ft 10 _ 7.2‘. » M + ’ 

By writing n = 5, Euler calculates the value of 7 r to 15 decimals. 
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107. The remainder in Euler’s formula. 

We have seen (Art. 101) that the Bernoullian polynomials (/>„(/) 
satisfy the following relations : 

(t) =2m</> am _ 1 (t) (m > 1), 

^ , 2 „ + ,(t)=(2m+l){^ 2m (0+(-l) m - 1 B m } (m^l), 

and, further, that <f> n (t) is zero both for <=0 and <=1. 

It follows that 

j>> F'(t) d<=[F(0^ 2n (0 [- £ 2 n^„_,(<) F'(t) dt 
— f 2n02n-i(0 F (0 dt. 

Jo 

Similarly, 

fVzn -1 (t) F'(t)) A=-(2n-l)f 1 {0 2n , 2 (O+(^ir- 2 B n _ 1 } F(t) dt. 

J 0 Jo 

Combining these two results, we see that 

f 02 n (0 F (t)dt 2 n (2n 1 ) f 0 2 n -2 (0 ^ (0 dt 
Jo Jo 

=2n(2n-l)(-l)^ n _ 1 f 1 J(0*. 

Jo 

Thus, if we write 

*n =j2n) ! J (O/ 2 * (*® “l"0 dt, 

we have the result 

^n-^n-l=(-l) n ^f^|) ! {/ 2n - 3 (^+l)-/ 2n - 3 (^)}. 

This relation holds for values of n > 1; to complete the sequence, 
consider the integral f 1 

*i=i] Mt)f(x+t)dt 

-*J(* oy 

Transforming by a similar process, we get 

^ 1 = — fV—^ 

Jo 

=-[(*-*)/(*+«)]]+£/(*+*)*• 

Thus we find 

Hrt*+i )+/(*)>=£/(*+«) ‘ + /(A 
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and from the general formula we have 

-X 1+ X 3 =^{f(x+ l)-f(x)} 

-X 2 +X 3 =-%{f"'(x+l)-r(x)}, etc. 

That is, we have successively 

=\ X ^f(i)di+^{f'(x+l)-f(x)} 

-^{f"(x+l)-r(x)}-X 3 , etc. 

If we now write x—a, a+l, , b— 1, where b—a is any positive 
integer, and add the results, we obtain Euler's summation formula 
(as in Art. 102), but with a remainder term. Thus 

f(a)+f(a+l)+...+f(b)J b mdi+Una)+fm 

Ja 

where 

K =(2^-J/*»W{/ 2n («+0+/* B( «+ 1 ^+*)+•••+/*»(6-l+«)}*. 

It is to be noticed also that 

R n -R n+ ,=(-!)" ^ {/ 2B - 1 (i)-/ 2n " 1 («)}, 

which gives the next term in Euler’s summation formula. 

Now it has been proved (Art. 101} that the Bernoullian poly¬ 
nomials 0 2n (t) and <p 2 n +z(t) are both of constant sign, but their 
signs are opposite. Thus, if we assume that the signs of f 2n (x), 
f* n+2 (x) are the same and that their common sign remains constant for 
all values of x from atob, the integrals B n+1 , R n have opposite signs. 

Hence |B n | < \R n -R n+1 \ < ^ |/*«-i(6)-/ a «- 1 (a)|. 

Thus the error involved in omitting R n from Euler's summation 
formula is numerically less than the next term, and has the same sign ; 
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that is, the series so obtained has the same property as a convergent 
series of decreasing terms which have alternate signs. Theoreti¬ 
cally, however, the convergent series can be pushed to an arbitrary 
degree of approximation, while an asymptotic series cannot; but 
in practice it often happens that an asymptotic series gives a better 
approximation for numerical work than a convergent series, as in 
Exs. 3, 5, 6 of the last article. 

108. Application of Euler’s formula to Stirling’s series. 

Taking/(z)=log£ in the general formula, we find that 

log (n!)=£ log x dx+\ log n+|-‘ ^ 

+ Ai“- +const -> 

where the error at each stage is numerically less than the next 
term, because f 2n (x) is negative (for all positive values of x). 

This gives, on integration, 

log (n!) =(?!+(»+£) log n-n+~ ^ • 

To find the constant C l3 we use Wallis’s formula (Art. 70), 
which gives 

7T 2 2 4 4 . _ 1: _ (2*»!)* 

2 1'3'3'5 •" t0 00 (2«!) 2 (2w+l)‘ 

Thus log ( \tt) = lim {4 n log 2 +4 log ( n !) —2 log{(2w)!} —log (2 ri)}. 

11—*■ CO 

Now our general formula gives 

2 log (n!)-~log {(2n)!}=C 1 +(2n+l) log n—2n 

—(2w+|) log (2»)+2w-f o(^) 

=^+i log n-(2n+|) log 2+oQ). 

Hence 

log (^7r)— lim {4 n log 2+2C]i+log n— (4w+l) log 2—log (2»)} 

=2 C x —2 log 2. 

Thus * Ci=\ log (2ir). 

* This value foUows from Art. 179 in Appendix III. The reader may be warned 
against attempting to deduce Wallis’s product from Stirling’s formula; this 
would be an illustration of the old fallacy ignotum per ignotius. 
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Hence we have Stirling's series 

log(w!)=(w+£) logw-n+ilog(2x)+j^ w -gA^+... 

in which, so far, n denotes a positive integer. 

To obtain the series for log {F(l + cc)}, we use the product- 
formula of Art. 42. Applying Euler’s summation-formula from 
x to x-\-n, we have 

f se+n 

log {&(!+*)... (n+z)}=J ^ log £d £+\{log ®+ log(a;+»)} 


jl i -®2_ 
1.2a; ^3.4 a? 



Thus, subtracting this from Stirling’s formula for log(w!), we find 

—i°*{c i+ f) ( i+ d ( i +s))—n + ” i og^f+£ , ogfif 

+i log a:+1 log (2x) 


+ 1.2a; 


' 3 ^? + - +0 @- 


The difference of the two integrals in the last formula is equal to 

f as fn+x [x / flv 

J J \oggdg=(x\ogx—x)—x\ogn—j log ^1 + 

putting i=n+ri, 


— (x logo;—a;) —x\ogn 


Thus we find that 

.log»-log{(l+f) (l+D... (l+j)} 



-(*+i)log*-*+il°e< 2 ')+Oi- 3 ^a? + ••• +°(i) ' 


Now, when w-> oo , the left-hand side tends to log {I?(1 +a;)} by 
Art. 42, and so we have the result 

l°g{r(l+*)}—(*+i)log*—*+^log(2w)+j^£—, 

which, as might perhaps have been anticipated, is of exactly the 
same form as the series originally found for log(w!). An inde¬ 
pendent discussion of this result will be found in Art. Ill below. 



108, 109] 


STIRLING’S SERIES 


331 


It is often useful to have a slightly modified form of the result 
which can be used when x is of the form 


x—m+p, 

where m is large (not necessarily an integer), and p may also be 
large, but is small compared with m. 

For this purpose we note that 

kg(»+,)=log«+jt-£ l + j£-.... 


Thus if we take p to be of order y/m, at most,* and reject terms 
of order 1/m , we get the formulae 

(m+p+i) log (m+p)=(m+p+i) log 


^m 2 




and log I'(l +m+ p) = (m+p+i) log m—m +1 log(2x) 

Up*lm)+\ (p/m)- * (p s lm z )+0(^j . 


109. Calculation of integrals by means of asymptotic series. 

Various integrals of interest, both in Pure and Applied Mathe¬ 
matics, can be calculated most readily by means of asymptotic 
series. A few typical examples will be given below. 

There are three methods which are usually effective in obtaining 
a suitable asymptotic series from a given integral: 

(i) Integration by parts. 

(ii) Use of symbolic operators. 

(iii) Expansion of some function in the integral. 

We shall consider examples of the use of each method; it should 
be noticed that it is usually impossible to use (iii) unless an 
estimate can be made as to the magnitude of the remainder in 
the expansion. 


* This condition is usually satisfied in the majority of applications; but it is 
easy to modify the results in other cases. The result was published first in the 
Phil Mag., 1919. 
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(1) The error-function integral . 

This integral is commonly expressed by the abbreviation erf#, 
and is defined by the equation 

erf#=| e'^dt, 

and a series suitable for calculation when x is small is deduced at 
once by expanding the exponential and integrating term-by-term. 
But this series is very inconvenient for numerical work when x 
exceeds 2. 

An asymptotic series for the integral 

u =| e~ ri dt —\/it —erf x 

is readily found by writing t 2 —s, and then 

f ds 

U = e cTT * 

J x 2 %V S 

To the last integral we apply the transformation of integration 
by parts, which gives 


2 V /2 


■[-£H 


(l 1 1.3 1.3.5\ ri.3.5.7 e~* , 

\2x 2 2 # 3 + 2 s # 6 2 4 # 7 J + J * 2 *“ s 9t2 ’ 


where the last line is obtained from the preceding by two further 
integrations. Clearly this process can be continued as far as we 
please. 

Now the remainder integral in the last formula is clearly less than 


1.3.5.7 
2 6 # 9 



1.3.5.7 


2 6 # 9 


e" 


and this is the next term in the series, after those retained. 

Thus the error committed in stopping at any stage in the asymptotic 
series for the integral u is less than the following term in the series .* 


* Of course this is the same conclusion as we arrived at in reference to the fore¬ 
going examples of Euler’s method of summation. 
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The asymptotic series is obtained most rapidly by the symbolic 
method. Thus if we understand 1/D to denote the operation of 
integration from x 2 to co, we find that 

le2 = «'' 1 1 

D V« 2 D—1-y/s 

— ¥•( l + D+D‘+D‘+-)} s 

1 , J__ \ 

2 V« 2>' 2+ 2 a s 5 ' 2 "7 

Remembering that s=:c 2 is the lower limit of the integral, we 
now obtain the asymptotic series 

\2oc 2 2 ar ,+ 2 3 z 5 2«a; 7 

as before. 

If, instead of writing 

— — (1+D+D a +...), 


we use the remainder formula 

frZi = -(l+D+D 2 + ... +D»-1) 4-^j- , 


it is easy to see that we are left with the same remainder-integral as 
in the method of integration by parts. From this of course we draw 
the same inference in regard to the magnitude of the remainder. 

Finally, let us apply the method of expansions. Here we write 

s=a? 2 +v 

, e ~ vdv 
and u=e x cr-yrvr \ * 

Jo ty(x*+v) 


Then write 


i ,1^3 

\/(x 2 +v)~~ x 2Ax? 


the remainder at any stage being less than the following term 
(Art. 61). 

/» X 

Now I v n e~ v dv=nl 

J 0 


and so we obtain again the same results for u and its asymptotic 
series. 
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The methods given here fail when applied to the allied integral 

| e^dt, 

although, if we adopt the symbolic method and take 


Dvr 


I+dIvs) -6 * 


JL+JL+h* 

V s 2 2 s- 2 3 s- 



as a matter of fact, the result given by putting s=a 2 does agree 
with the asymptotic series deduced from more elaborate reasoning 
by Stieltjes (Ex. A, 8 below). 


(2) The logarithmic integral . 


The integral* 


h>'M: 


r~ x dv 

logs; 


has often been denoted by the symbol —li(e _a; ). 

To obtain an asymptotic series for U, we can write f 

n , .I, la; 2 . 1 oc? lx 1 

— C log \x\ + x 2 2!33! 44!“*”'*'’ 


dt 


where C is Euler’s constant (see Appendix, Art. 178). 

But this expansion, although convergent for all values of x , is 
unsuitable for calculation when \x\ is large, just as the exponential 
series is not convenient for calculating high powers of e. To meet 
this difficulty we apply methods similar to those used in (1) above. 

If x is positive, we can use the method of integration by parts 
without difficulty; or (what is really the same method) we can use 
the symbolic method, writing 


U= 


1 51* 
D t 


1 

D—l 






* If X is negative , the principal value of the integral is to be taken (see the next 
footnote). The symbol “ li ” denotes logarithmic integral ; the meaning of this 

terminology is evident on writing u = e~ t , y = e~ x , and then li (t/) = j du/log u. 

C x dt 

f When x is negative all these integrals are convergent except / of whioh 
we must take the principal value ; that is Jl 

(f i + jb t) ^.[ loge+,og (-*)] 

=log(-*)=log|x|. 
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the remainder at any stage being (as before) less than the following 
term in the series. 

To apply the method of expansions we write t=x+v, and then 
r =e _* 

J o 


V- 


while 

1 _ 1 v_ v 2 
x+v~x x 2 ^a? 
from which we deduce 


x+v 9 


„n-l 




1)^-7 


x n (x-{-vy 


where 


• , r e v v n dv 

1 Jo x"(x+v)' 


<n\x' (n+1) . 


When x is large, the terms of this series at first decrease very 
rapidly. Thus, up to a certain degree of accuracy , this series is very 
convenient for numerical work when x is large; but we cannot get 
beyond a certain approximation, because the terms finally increase 
beyond all limits. 

For example, with x = 10, the estimated limits for i? 9 , R 10 are equal and 
are less than any other remainder. And the ratio of their common value to 
the first term in the series is about 1: 2500. To get this degree of accuracy 
from the first series we should need 35 terms. Again, with x =20, the ratio 
of JB 10 to the first term is less than 1:10 8 ; but 80 terms of the ascending 
series do not suffice to obtain this degree of approximation. 

When x is negative, we write 

x= — £ and t=x-\-v=v— £ ; 

then we find 

r°° P -v 

-17=e*Pj ~_-dv 

(| + ? + ?+-+V ) ‘-" d o+ p j, )*]> 


where P denotes the principal value of the integral. Thus 
li(eO=e* {i + I+p + + Bn J, 

? _ p f" v n e"’dv 

n ~ J.ftf-tr 


Rn 


where 
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Stieltjes * has proved by an elaborate discussion, which is too 
lengthy to be given here, that in this case also we get the best 
approximation by taking n equal to the integral part of £ and 
that the value of R n is then of the order r/f)*. 


It is not without interest to note that according to Lacroix (Calcul. Diff. 
et Int. 9 Paris, 1819, vol. 3, p. 517) these two expansions were utilised by 
Mascheroni to find Euler’s constant C. 

Another application is to be found in the “ summation ” of 

1 !- 2 ! + 3 !- 4 ! + ..., 

taking the value of C as known (Art. 106 above). 

If we write x=l and equate the series of ascending powers to the series 
of descending powers, we find that 

■ c+ ( 1_ ra + 3:Vr •)* e “ ,<1 " 1,+2l “ 3!+ 

which gives 

H — 2! + 3!-4! + ...=l + e{cr-(l- 2 4 !+3 -l ! _.„)}. 

Lacroix gives the value 0*7965996 as the value of the series in round 
brackets, which yields the “ sum ” 

l!-2! + 3!-4! + ... = *4036526, 


agreeing with the result found from Euler’s continued fraction in Art. 105. 

Lacroix {l.c. p. 389) gives another calculation of this oscillatory series by 
using the method of approximate quadrature to evaluate the integral 


fip-Vv 1 

. 1 , T + 


which gives the sum *403628.... Lacroix attributes the calculation to Euler, 
but without a reference; and he also suggests the application of approximate 
quadrature to the integral 

1 p dv 
ej 0 i-logv’ 

which is found by writing v = e 1-f , but he gives no numerical results. 


110. Asymptotic series for integrals containing sines and 
cosines. 

(1) FresneVs integrals. 

Consider the two integrals 



cos t , 

VT*» 


<*>»>. 


* Anndlea de VEcole Normale Sup&rieure (3), vol. 3, 1886, p. 201 
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which are met with in the theory of Physical Optics, and also in 
the theory of deep-water waves.* 


We have 




Thus, if we apply the symbolic process (as equivalent to inte¬ 
gration by parts), we take 

OV1 D+,VI V .* I* "7 V< 

This gives, on inserting the limits, 


U+iV=—e lX ( \-+—+ 

\lVx 2/8*5 28,3. r 5 / 


_ie*( 

~V*\ 


where 


V® 2/8*5 2 a i 3 *5 

1 1.3 1 . 3.5 

V* l in_ 2i* + (2(*)8’ + ’ (2/*)* ■ 

^(Z- £ Y), say, 

i^3 I. 3. 5 . 7 

■A A tc\ voT 




(2*) 2 1 (2s)« 

y _l 1.3.5 1.3.5.7.9 

2 * ( 2*) 3 + ( 2*) 8 


1 


Then f7=^(—Zsin^+Ycos*), F=^(Zcos x+Y sin*). 

The remainder in the series U+iV after the four terms written 
above is easily expressed in the form 

1.3.5.7 r x e u dt 

(2‘) 4 J , 


u t 




and this is numerically less than (Art. 169) 

1.3.5.7 2 2 1.3 .5.7 

2* x i V* (2a:) 4 ’ 

which is twice the modulus of the following term of the series. 

It is easy to apply the method of expansion by putting t=x-\-v, 
and proceeding as in Art. 109 (1). 


* Historically the hydrodynamical application seems to have occurred first (see 
Lamb, Proc. Lond. Math. 80 c. (2), vol. 2, 1904, p. 371); and the chief properties 
of the integrals were worked out by Poisson and Cauchy in connection with this 
problem (for references and details see Lamb’s paper). 

B.I.3. v 
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It is possible to use the asymptotic series to express X, Y in 
terms of another pair of integrals, which have been found useful in 
some calculations. 

From the known integrals for F (i), F(»+i), we have 

r , dv , r —*_i-8-(2»-i)/_ 


r , dv , r , n dv 1.3... (2w— 1 ) , 

J.^ v«“ Vx ' V' ’V.-*•— 

and so JT-.F—,+ ...) 

V'TT JoV^ V («^) 2 J 

= 1 f5l*( * ), 

Vtt Jo V V \x+lV/ 

the remainder at any stage in the expanded form of the integral 
being numerically less than the following term. 

Hence we obtain the formulae 


O 7 JU 

dv -r—- 

o V V X 2 +V‘ 


»■ r -XL‘ rW ' ,d '’. 


Of course we have not given a complete proof that these expressions are 
equal to the original integrals; but it is easy to complete the proof by 
differentiating with respect to x. We have, in fact, 

^ /TT , Tr\ ® 




Thus we must have ^ | (JC - 1 F) 

Hence we find the condition 




i(Z-.r> + (-4}(X-.n- 


«.£ + r _ o 


1 

dfe 2 x 


It is easy to verify that these equations are satisfied by the last pair of 
integrals for X, F, and that these integrals tend to 1,0 respectively as x->>oo ; 
thus we may infer that U, V and X , F are actually related in the manner 
suggested by the foregoing work. The integrals X, Y seem to be due to 
Cauchy > and the asymptotic expansion to Poisson (see Lamb’s paper, already 
quoted). 


It is perhaps worth while to make the additional remark that 
the relations between Z, Y and U, V are most naturally suggested 
by the use of the asymptotic expansion. 

(2) The sine- and cosine-integrals. 

We shall determine next asymptotic formulae for the two integrals 
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r><r. j 

Then we have P-HQ=J 6 f dt , 


and the asymptotic formula is obtained on lines similar to those 
used in (1) above. 

The symbolic calculation gives 

1 e u ,11 -ie u (, , 1 1 . 2 t ) 


b t ~ e D+i t 


- l + 1 - 2 + 

(to 2 


Hence, on introducing the limits, we have 

p+<o= % 

The most instructive formulae are given by dividing by c x and 
taking real and imaginary parts ; this gives 


°cos (t— x) 


dt—P cos x+Q sin x= 


_1 /I 3 ; , 5 # _ ) 


Sin ^ - X - dt=—P sin x+Q cos x=~ [ 1 


.2' 4 ; _ 

nr 2 'r4 


It is perhaps worth remarking that this coswie-integral is repre¬ 
sented by a series of reciprocals of the ordinary sine-series, and 
vice-versa. 

The second formula leads to an easy method for calculating the 
maxima and minima of the sine-integral, which correspond to the 
values x—nir ; thus we find 

r (-l)Yi 2 M : \ 

* x ‘ V'-S+x*-"-)' 

For values of n greater than 2, it is found that the calculation 
can be easily carried out to four decimal places ; thus * 

/,= —1040, / 4 —+-078G, 

/ 5 =—0631, 7 0 = + -0528. 

The corresponding formula for the maxima and minima of the 
cosine-integral is also found from the second formula, and is 
f cos t (-1)*- 1 /. 2! 4! \ , , n 

•1 


1 + x 4 ~" )’ x ^ n +l) 7r - 


No investigation has been given here as to the magnitude of the 
remainder; but the reader should have no difficulty in seeing that 
the remainder is numerically less than twice the following term in 
each series, by applying the method used iir (I) above. 


* dataller, Phil. Trans ., vol. 100, 1K70, p. 3S7. 



340 


ASYMPTOTIC SERIES 


[CH. XII. 


111. Stirling’s series. 

An investigation of this series, which is independent of Euler’s 
summation formula, can be given on the following lines. It is 
subject, however, to the drawback that the preliminary analysis is 
more difficult. 

It can be proved that,* 

log T(l+x)=F(x)+2 

where F(x)=(x+$) log x—x+% log ( 27 r). 

Now (Art. 64), we have 

arc tan (vlx)==(v/x)~l (vlx) 8 -{-jr(ylx) s ---... 

+(-1) " -1 2n-l 

where |#„| < —^ (v/a;) 2 "+ 1 . 

Hence (Art. 176, Ex. 3) we have 

rare tan (v/a) B 1 B 2 B 3 

Jo e 2wv —i 1 . 2 * 3.43?^5.6x? 

+(-l) B_1 (2n—l). 2 n. x 2n ~ 1+Rn ’ 

where R n ' is numerically less than the first term omitted from the 
series. 

If we take the quotient of two consecutive terms and remark 
that (compare Art. 106) 

B n+1 /S n =(2n+l)(2n+2)Q/47r 2 , 

where Q is a factor slightly less than 1, we see that the least value 
for the remainder is given by taking n equal to the integral part of 
7rx ; but the first two terms give a degree of accuracy which is ample 
for ordinary calculations.! 

* See, for instance, Art. 180 (App. III.); or Jordan, Cours d*Analyst (2nd ed.), 
t. 2, pp. 17&-182. 

f An elementary treatment of this approximation will be found (for the case 
when x is an integer) in a paper by the author {Messenger of Maths., vol. 36,1906, 
p. «!)• 
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112. Stokes’ asymptotic expression for the series 

v I ( w + a i+l) ..r(»+a r +l) B _vv 

I>4A+1) T(n+b x +1) 
where x is real and $ > r.* 

Write .9—r=/U, 26—2a=X, and consider the term X (+p , where t 
is large, and p is not of higher order than y/t. 

Neglecting terms of order 1 jy/t, we find from Stirling’s series that 

log X t+p =(t+p) log x-p{(t+\) log t+f log (2 t r)-t} 
-(p/x+X) log t—lfipP/t 

(see the formula at the end of Art. 108). 

It is convenient to suppose that x is of the form r, where t is an 
integer (a restriction which can be removed by using more elaborate 
methods); and then X ( is the greatest term because log x==jjl log t> 
so that the terms of the first degree in p cancel. We deduce that 

log X t+p =fxt—%jUL log (2 t rt)—X log t~^p 2 lt 
e t,x t~ K 

or X,+ P =- - exp (-y P 2 /t). 

\2i7Tl) 

This gives the asymptotic expression (combining X t + P and X t _ p ) 

~^(l+2q+2q*+2q°+...), 

[A7rv) 

where q—e~ }lfllt . Making use of Art. 51, Ex. 4, we see that (since 
q approaches the limit 1) the series in brackets is represented approxi¬ 
mately by 7 r^(l— q)~^, or by (2^///)^. 

Thus the asymptotic expression is 


/ u *( 2 t rtf*-" 


, where t—x*. 


Hardy *{■ has proved, somewhat on the same lines, that 

rft 1“ 

is represented asymptotically by Ae x /( 2 - 7 rx)-, where 
4=l+2(g+g 4 +g 9 +-) and q=e~*. 


* Proc. Comb. Phil. Soc., vol. 6, 1889 ; Math, and Phya. Papers, vol. 6, p. 221. 
f Proc. Land. Math. Soc. (2), vol. 2, 1904, p. 339. 
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113. Poincare's theory of asymptotic series. 

All the investigations of Arts, j 06-111 resemble one another to 
the following extent: 

Starting from some function J (z), we develop it formally in a 


series 


n i i a 2 , a 3 , 

a ° + x + x* + ^ + - 


This series is not convergent, but yet the sum of the first (n+1) 
terms gives an approximation to J (x) which differs from J (x) by 
less than KJx n+1 , where K n depends only on n and not on x. 

Thus, if S n denotes the sum of the first (w+1) terms, we have 
lim x n (J—S n )= 0. 

S -*■ '.<5 

In all such cases, we say that the series is asymptotic to the function ; 
and the relation may be denoted by the symbol 

'<*> - <*.+»- • 

Such series were often called sem.iconvergent by older writers. 

It is to be noticed, however, that the same series may be 
asymptotic to more than one function; for example, since 

lim ( x n e ~*) =0, 

the same series will represent J ( x) and J (x)+Ae~ x . 

It follows from the definition that we can add and subtract 
asymptotic series as if they were convergent. 

Next, take the product of two asymptotic series, assuming that 
the rule of Art. 34 still applies. We then find, if 

J(z)~ a o+^+j2+'- an( * ^(^)~^o+~+J+— > 

c c 

the formal product II(as)— c o+ *+ !+... , 

X X 6 

where c n =aJb n +a 1 b n _ 1 +...+a„b 0 . 

Let S n , T n , denote the sums of the first (n + 1) terms in these three 
scries, so that we have, say, 

J(x) = S n + f >lx«, K(x) — T n + (r/x n , 
where p , <r are functions of x which tend to zero as z -v oo. 

Now, by definition coincides with the product S n T n up to and including 
the terms in l/x n ; thus S n T n -^ n contains terms from l/x n+1 to 1 /x* n . 
Wo can therefore write ^ ^ =v + p ^ 2n> 

where P n is a polynomial in .r, whose highest term is of degree (n- 1). 
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Thus {•/(*>-£} {*(*> - £ } = 2„ + PJ* m 

or x”{J(x) .K(x)~ 2„} = P K(x) + aJ(x) + (P n - po)l*. 

Now, as #->oo, J(x)-+a 0 , K(x)-+b 0 , p-*0, rx->0, 

and accordingly lim x n {J(x ). K(x) - 2 n ) = Inn PJ xU = 0. 


Thus the product J (x) . K (x) is represented asymptotically by 
II (x); or asymptotic series can be multiplied together as if they 
were convergent and in particular we can obtain any power of an 
asymptotic series by the ordinary rules. 

Let us now consider the possibility of substituting an asymptotic 
series in a power-series. In the first place, we may evidently write 
J(x)=a 0 -\-J lt (x) and substitute u 0 +^i f° r J i n the series* 


f(J)== : C 0 -jrC l J -\-c 2 J 2 -\-c 2> J 2 -\-... , 

and rearrange in powers of Ji, provided that |a 0 | is less than the 
radius of convergence (Art. 88) ; because lim ^=0, and we can 
therefore take x large enough to satisfy the restriction that 
|a 0 | + |^i| is to be less than the radius of convergence. 

This having been done, we may consider the substitution of the 
asymptotic series 


x 2 x 3 


for J x in the series 


F(J 1 )^C 0 +C 1 J 1 +C 2 J 1 2 +C,J l 2 +... . 

Let us make a formal substitution, as if the series for J x were 
convergent; then we obtain some new series 


where 


- Do+ -x + x* + & + -’ 


Dq — Cq , D x — O x aif D 2—-^3—^1^3“h2(72 ®i&2 4 “^3^i 3 > ©tc. 

Let us denote by S n and 2 n the sum of the terms up to l/x n in J x and 
2 respectively. 

Now, if 2n' = C 0 + C,8 n + CJB m * + - + W. 

S,, 7 and 2 n agree up to terms in 1 /x n , and consequently 2 n / “2 n is a 
polynomial in l lx, ranging from terms in (l/x) n+1 to (1 /ar) 7 * 2 ; thus 

(1) lim*»(2»'-2*) = 0. 


* Of course c n no longer represents a 0 b n + ... -f ft n & 0 . 
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Next, if r n = C 0 +C,J 1 + C,J l 2 + ... + C n Ji n , 

we have, since <S' n represents J, asymptotically, lim* n (Ji»'-N n r ) = 0, and 
therefore 

(2) lim x n (T n - £„') = 0. 

X—>oo 

Finally, F-T n - G n+1 J t »+i + C n+2 J,«+* + ...; 

thus, since F(Ji) is convergent, 

|F-T n |< 

where M is a constant. 

Hence, we find 

(3) lim x n (F - T n ) = 0, 

x —>ao 

because lim (a; n «7 1 n+1 ) = lim (ai n+1 /«) = 0. 

4f-> oo ar—► ao 

By combining (1), (2) and (3), we see now that 
lim x n (F - £„) = 0. 

X — >00 

Thus the series 2 represents F (J x ) asymptotically ; and con¬ 
sequently an asymptotic series may be substituted in a power-series 
and rearranged (just as if convergent ), provided that its first term is 
numerically less than the radius of convergence. 

Further, a reference to the foregoing proof shews that we use the 
convergence of the series f(J) in two places only, first in order to 
rearrange in powers of J l9 and secondly to establish the inequality 

| F-T n \ < MJf+K 
Now this inequality is satisfied if the series 
C 1 J 1 +C 2 J 1 2 +C 3 J 1 *+... 

is asymptotic to F(J X ); and then we must suppose that a 0 is zero 
in order to get any result at all, so that J —J x and we can entirely 
avoid the restriction that /(*/) is convergent. Thus, an asymptotic 
senes whose first term is zero may be substituted in another asymptotic 
series , and the result may be rearranged just as if both series were 
convergent . 

An application of the former result is to establish the rule for 
division (assuming that a 0 is not zero). For we can write 

J(x)=a 0 (l+Z), 


where 


K~-±+- 


<h 


J+ — 


a^flc a$* 

Then {J (x)}- 1 =a 0 - 1 (l-K+K*-K*+...), 

and we can thus construct an asymptotic series for {J(x)} _1 by 
exactly the same rule as if the series for J(x) were convergent. 
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Thus, applying the rule for multiplication, we see that we can divide 
any asymptotic series by any other asymptotic series , just as if they 
were convergent. 

Finally, let us consider the integration of an asymptotic series (in 
which a 0 = 0, a^~0). 


'<*>- 2 + 5 + 2 +-• 


we have 


\J— /S n | < ejx n , if os > x 0 . 


Thus |j X jdx ~\ x Sndx < (n-l)& -i* iix>x »' 

so that | J dx is represented asymptotically by 


^ a 3 a 4 


But, on the other hand, an asymptotic series cannot safely be 
differentiated without additional investigation , for the existence of an 
asymptotic series for J (x) does not imply the existence of one for 
J'(x). 

Thus e~ r ain(e x ) has an asymptotic series 


But its differential coefficient is — er 1 sinfe^) + cos(e x ), which oscillates as x 
tends to oo ; and consequently the differential coefficient has no asymptotic 
expansion. 

On the other hand, if we know that J'(x) has an asymptotic 
expansion, it must be the series obtained by the ordinary rule for 
term-by-term differentiation. 

This follows by applying the theorem on integration to J ' (x); but a direct 
proof is quite as simple, and perhaps more instructive. We make use of the 
theorem that if <f>(x) has a definite finite limit as x tends to oo, then <j>'(x) 
either oscillates or tends to zero as a limit . 

In fact if <j>(x) tends to a definite limit we can find x 0 so that 
\<f>(x) — <f>(x 0 )| < e, if x>x 0 . 

Thus, since = <£'(£), where x > £ > x 09 

we find | <£'(£) | < el(x-x 0 ). 

So <f>'(x) cannot approach any definite limit other than zero; but the last 
inequality does not exclude oscillation, since £ may not take all values greater 
than sc 0 as x tends to oo. 
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Now, if J(x) ~ « 0 i-r/Jan a 2 fx 2 -\- ... , we have 

lim x n+l {J ( x) - S n (x)} - o n+1 . 

Thus the differential coefficient 

x»+HJ'(x)-S n '(x)} + (it + 1)*"{J(*) -S n (*)}, 

if it has a definite limit, must tend to zero. But x n {J(x) - S n {x)} does tend 
to zero, so that lim x n+1 {J'{x) - S n '{x)} 9 if it exists, is zero. 

That is, if J'(x) has an asymptotic series, it is 

-a 1 /x 2 - 2a 2 lx 2 -Sa 2 /x^ - .... 

It is instructive to contrast the rules for transforming and 
combining asymptotic series with those previously established 
for convergent series. Thus any two asymptotic series can be 
multiplied together: whereas the product of two convergent series 
need not give a convergent series (see Arts. 34, 35). Similarly any 
asymptotic series may be integrated term-by-term, although not 
every convergent series can be integrated (Art. 45). 

On the other hand, as we have just explained, we cannot differ¬ 
entiate any asymptotic series unless we know from independent 
reasoning that the corresponding derivate has an asymptotic 
expansion; although, in dealing with a convergent series, we can 
apply the test for uniform convergence directly to the differentiated 
series, and so infer that the derived function has an expansion 
(Art. 46). 

These contrasts, however, are not to be regarded as surprising. 
In a convergent series, the parameter with respect to which we 
differentiate or integrate is strictly an auxiliary variable, and in no 
way enters into the definition of the convergence of the series; 
but in an asymptotic series, the very definition depends on the 
parameter x . The contrast may be illustrated in an even more 
fundamental way ; any coefficients whatever may define a perfectly 
good asymptotic series. Indeed an asymptotic series is not a 
completed whole in the same sense as a convergent series. 

It is sometimes convenient to extend our definition and say that 
J is represented asymptotically by the series 

*+(-+*+%+»■)* 

H ^ a a 

when is represented by a 0 + - + -| +..., where $, ¥ are 

'll X X * 

two suitably chosen functions of x. 
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Thus, for example, we can deduce from Stirling’s series the 
asymptotic formula 

I>+1) ~ e-*x*(2Trx)l(l+Q + ( £+ 


where 


r* 1 n __ -®i 2 

Cl “ 2 “ 12 ’ ° 2 ”“8 


1_ 

288 ’ 


etc. 


Hitherto x has been supposed to tend to oo through real , positive 
values; but the theory remains unaltered if x is complex and tends 
to oo in any other definite direction. But a non-convergent series 
cannot represent asymptotically the same one-valued analytic function 
J for all arguments of x. 

In fact, if we can determine constants M , R, such that 


J — a 0 


<h 

x \x \ 2 * 


when \x\ >R, 


it follows from elementary theorems in the theory of functions 
that J (x) is a regular function of l/x, and consequently the 
asymptotic series must be convergent. 

For different ranges of variation of the argument of x , we may 
have different asymptotic representations of the same function 
which between them give complete information as to its nature. 
A good illustration of this phenomenon is afforded by the Bessel 
functions (Arts. 116-118), which have been discussed at length by 
Stokes.* 


114. Applications of Poincare’s theory. 

An interesting and important application of Poincare’s theory is 
to the solution of differential equations.*)* The method may be 
summed up in the following steps : 

First, a formal solution is obtained by means of a non-convergent 
series. 


* Camb, Phil. Trans., vol. 9, 1850, vol. 10, 1857, p. 105, and vol. 11, 1868, p. 412 ; 
Math, and Phys. Papers, vol. 2, p. 350, vol. 4, pp. 77, 283. See also Acta Mathe - 
matica, vol. 26, 1902, p. 393, and Papers , vol. 5, p. 283. Stokes remarks that in 
the asymptotic series examined by him, the change in representation occurs at a 
value of the argument which gives the same sign to all the terms of the divergent 
series. 

t Some interesting remarks on the sense in which an asymptotic series gives a 
solution of a differential equation have been made by Stokes ( Papers, vol. 2, 
p. 337). 
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Secondly, it is shewn, by independent reasoning, that a solution 
exists which is capable of asymptotic representation. Thus we 
may either deduce a definite integral from the series first calcu¬ 
lated ; or we may find a solution as a definite integral directly, 
and then identify it with the series. 

Thirdly, the region is determined in which the asymptotic repre¬ 
sentation is valid. 

Poincar6 has in fact proved* that every linear differential 
equation which has polynomial coefficients may be solved by 
asymptotic series; but his work is restricted to the case in which 
the independent variable tends to <x> along a specified direction, 
and the regions are not determined. This gap has been filled by 
Horn in a number of special cases, f 

Other applications of Poincare’s theory have been made by 
Barnes and Hardy in constructing the asymptotic representation 
of functions given by power-series. A convenient summary with 
very full references is given by Barnes; % the method adopted by 
Barnes is beyond the limits of this book, as it depends on the theory 
of contour integration; but the method of Stokes given in Art. 112 
is useful in dealing with certain types of real series. 

Before leaving the question of applications, it may be useful to 
point out that the ordinary Taylor’s (or Maclaurin’s) series of the 
Differential Calculus has essentially an asymptotic character (l/x 
being changed to x), until the remainder has been investigated . 

Even when the series 

f(0)+xf’(0)+lx*r(0)+... 

is convergent, its sum need not be equal to f(x) ; but we can 
always assert that {f(x)—S n ( 2 )} is of higher order than the last 
term in S n (x). Or, in more precise form, we can assert that 

lim { f(x) ~ S n {x) }/x n =0, 

x—►O 

which has the same character as the definition adopted in Art. 113. 

* Acta Mathematica, vol. 8, 1886, p. 303. 

t See a series of papers in the Mathematieche Annalen, from vol. 49 onwards, and 
some papers in Crdle'e Journal. A good summary of the theory with many refer¬ 
ences is given in Horn’s Gewohnliche Differentialgleichungen , Absohnitt VII. 

X Phil . Trane., series A, vol. 206, 1906, p. 249 ; see also Quarterly Journal , vol. 
38, 1907, pp. 108, 116. 
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115. Differential equations. 

We shall now give some examples of the way in which asymptotic 
series present themselves in the solution of differential equations. 
Let us try first to solve the differential equation * 

d £=l+*>y> (&><>). 

by means of an asymptotic series 

»-*+£+$+•■•■ 

On substitution, we find 

This gives 

a _o a — _ a a __ °L 

Al ~ b 5 2 “ b """ft 2 ’ 


A, 


2 JL 


1.2 a 


L 3 b ~~ b 3 ’ 

Thus we find the formal solution 


a _ 3 

Aa ~ 6 “ 


3^3 1.2.3 .a 


6 4 


, etc. 


»--£{ 1 -K+ 2, (K)'- 3l (te)’+ -}• 


and by Art. 109 this represents the integral 

re-‘dt 


-* 

J 0 


t+bx 9 

and it is now easy to verify directly that this integral does satisfy 
the given equation. 

116. The modified Bessel’s equation. 

Following Stokes, we take the equation in the form 

dt y + l Jy_( i+’t’Wo 

dx 2 ^xdx \ + a; a /^ ’ 

and then attempt to find a solution in the form e^ar**;, where r\ 
proves to be an asymptotic series. 

The equation for rj is found to be 


* This is the simplest case of a general type of equations examined by Borel 
(AnncUesde VSlcole Normale Supirieure (3), vol. 16, 1899, p. 95). 
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Thus we take X 2 =l, and then, writing 

1 l-^l l I 3 I 

’ = 1 + ¥+* + ii* + "'' 

we obtain (l.2^+2.3^+3.4^+ ...) 

—2A(X+2^+ 3^|+ 4^+...) 

+ (i -n, )( 1+ V + $ + j»*+-) =0 * 

or 2X4 1 =J-n a , i 4 XA i =(';-n ts )A 1 , 6\A 3 =(-f-n?)A t , etc. 
Thus we may take 

. 1—4n 2 . 1 (1 —4w 2 )(9—4n 2 ) . 

Al ~~ 8X ’ Ai 1.2 " (8X) 2 ’ etC ” 

leading to the solutions 

f 1 —4n z 1 (1 —4n z )(9—4w 2 ) ) 

y ~Vx\ L+ x '1.2 (8Xx) 2 +-/> 

where A— db 1. 

It is easy to see that these series cannot converge* for any value 
•of x ; they do not agree with any of the series considered up to the 
present, but we can write 

| e-‘*"+’-i<ft=r(»+r+£) 

=r(n+*)i(l+2n)(3+2«)...(2f-l+2n), 


and 


* r*- i i a- 2 ”)* i (l-2/i)(3-2n) t z 
V 2Aay 1 ^ 4Xx ~" r ' 1.2.(4Xa:) 2 


Thus the series can be written in the form 


When x is real and positive (n being assumed positive), this 
integral has a meaning only if A = — 1; and then, by Art. 61, the 
remainder in the binomial expansion is less than the following 
term (at any rate after a certain stage), and thus the same is true 
of the asymptotic series. 


* Unless 2n is an odd integer; and then the scries terminate. 
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Consequently, for X =—1, the asymptotic series is asymptotic to 
the integral 

1 f' -e 

V 2x f d • 


If we write t-\-x=xcosh.6, and then multiply by the factor 
e~ x x^ y we obtain the solution 


which can be proved to satisfy the original differential equation, 
by substituting and integrating by parts. 

It may, therefore, be expected that the two original series both 
satisfy the differential equation; although we cannot obtain a 
complete proof without some assistance from the Theory of 
Functions. 


117. Identification of the solutions of Art. 116 with known 
solutions. 

Take first the case w—0; then, from the previous analysis, we 
have the solution 


jv—*>=«-. v(')( 1-& 


1 2 .3 2 
o| 


1 2 .3 2 .5 2 1 
' 3! 


+ V 


i 

8x ' 2! (8i) 2 ' 

To discuss the relation with known results, put \xe e -= v, and 
then the integral becomes 


f e -v-W/f^ V 
Jix ® ’ 

and for small values of x (assumed to be real and positive) this 
integral (by Art. 178) approximates to the form 


-C+log (2/a;). 

Thus the solution has the same character near a;=0 as the 
solution * denoted by K 0 ( x ); and so 


K 0 (x) e x yj\ ( 2 X )(l - 8x + 2 ! ~ (8a;) 2 
at least for real positive values of x. 


T 


*Gray, Mathews and MacRobert, Bessel Functions (1922), Ch. III. §2. 
More elaborate discussions of the asymptotio series for J n {jc), K n {x) will be found 
in Ch. V. § 3 of the same work. 
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Stokes has proved* that this relation persists for complex values 
of x, provided that the logarithm and y/x are both restricted to 
take their principal values (Arts. 94, 96). 

To discuss the second asymptotic series (given by \=1), we 
note first that the solution 


*•(*)- 1 +|- 




z« 


+ 


22 . 4.2 ' 2 2 . 4 ®. 6 a 

can be represented, when x is large, real and positive, by the 

e*/v / (27rz). 


asymptotic formula f 


Thus we are led naturally to the formula 


r t * Ji-L 1 j . 1 ®- 32 1 

oW_ a /(2vz)I + 8z + ' 2! (8a:) 2 


l a .3 a .5 a 1 


3! (8z) s 



As a matter of fact, this result is correct when x is real and 
positive; but it is clearly false if x is real and negative, because 
I 0 (x) is an even function of x and the right-hand side is hot. 

Stokes has shewn that, to obtain complete information, three 
formulae are necessary; thus suppose that z=£-f iij, and that the 
square-root is made single-valued by means of a cut along the 


negative 

axis of £ so that we 

use always the principal value of y/x. 

Then 

I 0 (x)=P+iQ, 

if rj > 0, 


7 0 (z)=P, 

if *=0, £>0, 


I 0 (x)=P—iQ, 

!=* 

-3 

A 

p 

and also 

K 0 (x)=7tQ, 

without further conditions. 


Here we write 


p e® ( 1 l a .3 a 1 l 2 .3 a .5 a 1 

V^Tra:)! + 8z + 2! (8z) a ' 3! (8z) a 

Q _ er* j 1 l a .3® 1 l a .3 a .5 a 1 

*«)r 8z + 2! (8z) a 3! (8x) 3 

It will be noticed that these formulae for I 0 (x) are actually dis¬ 
continuous along the cut; and that their arithmetic mean coincides 
with the value given by the P-formula for I 0 (—x), the value of 
—x being now real and positive. 



* Math, and Phys. Papers, vol. 4, p. 287. 

fWrite r=0, 4=2, 6 1 =6,=0, X=0, /t=2, in the general formula of Stokes 
(Art. 112). 
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A discussion for general values of n falls rather beyond our limits, 
but if n is an integer, we may define 

*•<*>-< a)’**'*)- 

Then the former solution takes the form 

j . , f. jr 2 a: 4 . ) 

" W ~2»n! t + 2(2n+2) + 2.4(2»+2)(2»+4) + ’ J 

and, for small values of x, the second solution approximates to 

2 n-1 (n—1)! 
x n 

Thus the previous results give 

I n (x)=R+e (n h »’ l S, >/>0, 

J»(*)=-®« £>o, >i=o, 

I„(x)=R—e <n+i)r ‘S, >7 < 0 , 

K n (x)=TrS, 

where 

»_ e * f, i l 2 -4w 2 (l 2 -4n 2 )(3 2 -4n 2 ) 1 

-v/(27ri)\ 1+ 8a; + 2!(8a:) 2 ' + / 

e_ J\ l 2 —4w 2 (l 2 —4n 2 ) (3 2 —4n 2 ) \ 

V(2va;)t 8a: + — 2!(8x) 2 ' '"J ' 


118. The ordinary Bessel function. 

It is now easy to obtain the asymptotic formula for the 
ordinary Bessel function; in Art. 117 we replace x by tx, and 
then write I H ( at )=rJ n (x)=el~'J n (x), 

and assuming the new x to be real and positive, we find the result 
J n (x)=e-i'"‘R'+eU n +V"S', 

where R ', S' are obtained from 22, S , respectively by the substitu¬ 
tion of ix for x. 

Thus we get 


where 


s -vTSi) <J,+,F) ' 


TT _ 1 (l 2 —4n 2 l(3 2 —4n 2 ) , (l 2 -4w 2 ) ... (7 2 -4n 2 ) 
2! (8a;) 2 + " 4!(8a:) 4 

f __1 2 -4m 2 (l 2 —4w 2 )(3 2 —4 m 2 )(5 2 —4n 2 ) . 

8a:.. ‘ 3!(8a:) 3 " ^ 


a i s. 
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So, finally, we get the formula 
J n (*) = ^-^j{Z7 cos{x—\nir—\ir)+V sin(a:— \nir— |ir)}, 

where x is supposed real and positive. 

It has been the practice in many books on analysis to treat the asymptotic 
series for J n (x) as the fundamental formula; and to deduce the formula for 
I n (x). In spite of the fact that the function J n (x) was investigated earlier 
than I n (x), it seems clearly better to follow Stokes in adopting I n (x) as the 
fundamental function. The function J n (x) is analogous to the sine- and 
cosine-functions, while I n (x) corresponds to the exponential function; and 
it would be found a tedious matter to derive the properties of the exponential 
from those of the sine-function, although the reverse process is an easy one. 
By analogy it is more natural to derive the asymptotic formula for J n (x) 
from that for I n (x ); and in fact to restrict the use of J n (x) chiefly to real 
values of x. 

It may be useful to remark that n need not be restricted to be 
an integer in the final formulae for I n {x) and J n {x ); but further 
information will be found in the papers by Stokes quoted in 
Art. 113. 

119. In addition to the asymptotic series given in the preceding 
articles, certain convergent series have also been found, which can 
be used in some cases for numerical work. 

It is, however, usually impossible to obtain simple general 
expressions for the terms of these series; some examples are 
given in Exs. 9, 10 at the end of the chapter. But when the 
calculation can be made with sufficient accuracy from the first 
two or three terms, this will not be found a very serious diffi¬ 
culty ; although the asymptotic series are almost always the 
easier in numerical work. 


TRIGONOMETRICAL SERIES. 

120. Topics included in the present section. 

We shall consider first only such trigonometrical series as can be 
summed by immediate applications of results proved elsewhere in 
this book. It will be found that the majority of the Fourier series 
required in the ordinary applications to Mathematical Physics can 
be handled quite easily; and it is hoped that the results obtained 
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will often be found useful even when more advanced methods are 
available. 

For the sake of easy reference, the formulae will be numbered 
consecutively, adopting the decimal notation; so that the figure 
before the decimal point indicates the article and the figures after 
the point distinguish the particular formula. For brevity we omit 
the figures 12 from the references to the articles: thus, a reference 
2*82 will indicate a formula in JLrt. 122. The figures after the point 
are arranged in order of magnitude according to the ordinary 
notation for decimal fractions; thus we should place 1*81 between 
1*8 and 1*9. But we have also found it convenient to regard a 
group of formulae such as 1*5, 1*51, 1*52 as connected; and this 
occasionally prevents the strict application of the principle of 
numerical order of magnitude. 

As a general rule, the formulae are obtained for one complete 
period only, the sums for other values of 0 being deduced by the 
principle of periodicity. Thus, for instance, the series (11), (1*2) 
of Art. 121 can be summed by writing 0—2k7r-\-0', and choosing k 
so that 0 < 0' < 27r ; and then we obtain the sums : 

(11) -log{(-l)*2sin|0}, 

(1*2) -H(2£+l)7r-0}. 

The interval selected for the sums is usually either given by 
0 < 0 < 27r, or by according to the character of the 

series. 

To facilitate easy reference, the more important series are graphed 
roughly; but no attempt has been made to obtain exact curves 
by numerical calculation and plotting on squared paper—more 
accurate curves will be found in books such as Carslaw’s Fourier's 
Series , etc., and Byerl y's'Fouriers Series , etc. 

The methods followed are very largely those of Stokes; but we 
have given also Dirichlet’s classical method (Arts. 126, 127) and 
some references to the simplest of recent results (Arts. 129-131). 
But fuller details as to the developments of the subject during the 
past twenty years would require far greater spac than we can 
afford. 

One remark may be worth making here as to the distinction 
between Trigonometrical and Fourier series; it is by no means 
necessary that a convergent Trigonometrical series should belong 
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to the Fourier type. An example to the contrary is given by 
the two series 

^ cos n 0 ^ sin nO 
n =2 log n ’ jftlogn * 

In virtue of Dirichlet’s test (Art. 44) these series converge 
uniformly in any interval y<0<27r — y, if 0 < y < £ 77 -; but 
the coefficients are not expressible in Fourier’s form. How¬ 
ever, this distinction will not arise in the course of the work 
given here. 

121. Series which can be summed directly. 

We take as the first group of series those which are derived 
immediately from Art. 65. It was proved there that 

(1*1) cos0+Jcos20+Jcos30+...==-log(2sin|0)l Q « 
(1*2) sin0+|sin20+Jsin30+...==£(7r — 0) j 7r * 

Changing 0 to 7 r—-0, we have the two results 

(1*3) cos0—|cos20+£cos 30—... =log(2cos 

(1-4) sin0-$sin20+isin30-...=£0 J “ _7r< <,r ' 

If we now combine these formulae by adding together the two 
cosine-series and similarly the two sine-series, we obtain the results 

(1*5) cos 0+ s cos 30+i cos 50+ ... = | log (cot ^0) 1 .. 

(16) sin 0 +J sin 30+-V sin50+...=|7r J 

Since the last pair of series are not yet evaluated for a complete 
period, we note that they change sign on writing — 7 r +0 for 0, and so 
we get the additional results 

(1*5) cos0+J cos30+ l cos50+...=.Vlog(—cotl-0 )|~ 

(1*6) sin0+J sin30+f sin50+...=i= —|7r I 1 7r< < 

It may be noticed that if we take the difference between the cosine-series 
(IT) and (1*3) and the sine-series (1*2) and (1*4), we obtain 

cos20 + £cos40 + J cos00 + ... = - log(2sin 0)1 

sin 20 + J sin 40+ J sin 60+ ... =£(tt - 20) J < < 

But these results agree precisely with what is given by writing 20 for 0 
in the series (1*1) and (1*2), so that nothing fresh is obtained, although 
our algebra is verified. 
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It is easy to derive some other interesting series by combining the fore- 
going series in other ways. For instance, we find that (1-1) gives 

cos(0- a) + £ cos2(0 — a.) + £cos3(0- a.) +... = - Jlog{4sin 2 £(0-a)} 
and cos(0 + a) + £ cos 2(0 + a) + J cos 3(0 + a) + ... = - £ log{4 sin 2 £(0 + a)}. 

These formulae are valid for all values of 0 except 0 = ± a, 2t±cl, etc. 

Now add and subtract, and we obtain the formulae 

(1*7) cos 0 cosa+Jcos20cos2a + Jcos30cos3a+ ... = - Jlog{4(cos 0-cosa) 2 }, 

(1*8) sin0sina + $ sin 20 sin 2a+ £ sin 30 sin 3a+ ... = +1 log { } > 

both of which hold for all values of 0 except 0 = + a, 2tt± a, etc. 

Similarly we can prove that 

(1*71) cos0cosa-1 cos20cos2a + J cos30cos3a - ... = Jlog{4(cos0 + cosa.) 2 ), 

(1*81) sin 0 sin a. - £ sin 28 sin 2a. + £ sin 30 sin 3a. - ... = £ Jog | ^ j, 

which are valid except for 6=tt± a, 37r±a, etc. 

To obtain corresponding results from the sine-series (1*2), (1*4), we must 
first limit the angle ol ; Bay that 0 < ol < 7r. Then we have 

sin(0+a)+£sin2(0+a) + Jsin3(0+a) + ... -\{tt-(0 + a)}, 0< 0 + ol<2tt, 
sin(0-a)+£sin2(0-a) + £sin3(0-a) + ... =£0r — (0 — ol)}, 0< 0- cl<2tt, 
and when 0 is less than a, the sum of the second series is diminished by 7r. 

Thus we find that the derived series are 
(1*9) sin 0 cos a + \ sin 20 cos 2a + £ sin 3 0 cos 3a + ... =/(0), 

(1*91) cos 0 sin a + £ cos 20 sin 2a + J cos 3 0 sin 3a + ... =.gr(0). 


Wh6re 2=i'(f-a)} if0< ^ <a > 

and /(a) = g (a) = £ (tt - 2a). 


/<0) = iOr-0h 

9 ( 0 ) = - 4a / 


if cl < 0 < 


ir> 



The values outside the range 0=0 to 0=7r are given by the relations 

/(-0)=-m g(-0)=+g(0). 
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Ex. 1. Prove that 

(1-52) cos 0 - £ cos 30 + $ cos 50 - ... =+jt, \(-Jjt< 0<+4ir) 

(1*62) sin 0- J sin 30 + J sin 50 +... = Jlog(sec 9 +tan 9)J 

and obtain general formulae for the sums. Draw graphs of the functions. 

Ex. 2. Obtain formulae equivalent to those given for (T9) and (1 *91) 
above, starting from the sine-series (1*4). 

Ex. 3. Sum the series S(x) which is obtained by omitting all terms for 
which n is a multiple of k from the series 

sin x + £ sin 2x -h J sin Zx -f , 

proving that S(x) = ~( 1 - ~ r ^, where r is the integral part of kx^ir and 
0 < * < 2jt. 2V k > 

Shew that if 0 < t < k, the integral part of t is equal to 

-1) - ~/Sf • [Eisenstein.] 

Ex. 4. Obtain the series (1*5), (1*6), (1’52), (1-62) from Ex. 41, Chap. VIII. 
Ex. 5. Obtain the result 1-J + i- }+ .... = 1^ from series (1*2). 

122. Series which can be summed by integration. 

Various series of interest can be obtained by integrating the 
series of Art. 121. Consider in the first place series (1*2); it follows 
from Ex. 5, Art. 44, that this series converges uniformly in any 
interval 0 = y to 0 = 27r—y, (0 < y < \i r). Hence the series may 
be integrated term-by-term (Art. 45), and we obtain the result 

cos 0+icos 20+ ^ cos 30+ ... =|(0-7r) 2 +C, 

where y 0 =~27r— y. 

Now, by Weierstrass’s M-test, the integrated series converges 
uniformly for all real values of 0; and its sum is accordingly a 
continuous function of 0. Thus, since (0—7r) 2 is also continuous up 
to 0=0 and 0=27 t, we can now write 

cos0+icos20+pCOs30 + ...=J(0-r) 2 +C, 0 + 0^2*-. 

To obtain the value of the constant C, write 0=0, 0=7r; and 
then i i i ii 

1 +2*+3a + - == 4 ,r2 + CI ’ 1- 2 2+ 3 2_ '” == ~ C ' 

But on writing p=2 in Ex. 2, Chapter IV., the first of these 
series is twice the second; and so we have 

I~7r 2 -j- (7 = — 2 C, or (7 =— yV 7T 2 . 
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This result is also readily found from the known series (Art. 71*1) 

i . 1 . 1 * 1 . 

1 + 2 2 + 3 2+ ~6 ir ' 


Thus, finally, we may write 
~cos20+^< 


(2-1) cos0+^cos20+^cos30+...=|(0—x) 2 —^x 2 , 


0 = 6 = 2x. 

In like manner, from (l - 4) we find 
(22) cosfi-^cos2d+icos30-...=-j0 2 +^x 2 , 


The graphs are as below : 


— 7T ~ 0 7T. 



By addition of (2*1) and (2*2), we find that 
(2-21) cos0+^cos30+icos5d+...=|(x 2 -2xfi), O^fi^x. 


By changing 6 to — 6, we deduce that 
(222) cosfi+^cos30+pcos50+ ...=^(x 2 +2xd), — ir = 6=0. 



By changing 6 to \ir—6 in (2 21), we find that 
(222) sinfi—ism3d+psin6d—...=jxfi, —iir = d=^ir, 

or -Jx(x— 6), -Jx^fi^-fx. 
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Similarly, by integrating the series (19) of Art. 121, we have 

cos 0 cos a+^cos2@cos2a+^cos30cos3ot.-{- ...= F(Q), 

where F(e)^iS i +G 1 , if O^0^a^ir; 

or jP( 0)=J (0-^)2+^, ifO^a^e^x. 

We infer that the signs of equality may be included here by 
means of the fact that the integrated series converges uniformly 
for all real values of 0. Thus the sum is continuous at 0=a, 
and accordingly we can write 

J’(0)=!0*+i(a-7r)*+C, when O^0^o., 
or I«- 2 +}(0— tt) 2 +C, when <x~d±;Tr. 

To obtain the value of C, write 0=0, and then the series 
reduces to (21), which gives * 

C—— Vo 7T 2 . 

Thus, finally, we can write 

(23) cos 0 cos a .cos 20 cos 2a.-f ^cos 30 cos 3a+... 

=i0 2 +l(a— tt) 2 - t W 2 , if O = 0^a, 
or -}a 2 +^(0— x) 2 — t\w 2 , if ~ 0=x. 

The reader should have no difficulty in proving that these 
results remain valid from —a to +a., and from +«. to 2x— a. 
respectively; and it is then easy to draw a graph to represent 
the function. 

Similarly, we find the results 

(2'31) co8 0cosa—^ cos 20 cos 2a.cos 30 cos 3a—... 

=iV 2 -}(a 2 +0 2 ), if —(x— oc)^0^tt— a, 

°r iV’r 2 —!{(«•—w) 2 +(0—w) 2 }, if 7T—a^0^ir+a.. 

Series which are often used in Applied Mathematics* are given 

* For instance, in the problem of the plucked string (Rayleigh’s Theory of Sound, 
Art. 127). 

The formula usually given is found by multiplying by the constant 2c/a(ir - a), 
(so that the sum is equal to c at 0 = a), and then writing 0= n-x/l, a = irb/l. Thus 
the sum is equal to cx/b from x =0 to b, and to c(l - x)/(l - b) from x=b to l. 
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by integrating similarly the series (191) of Art. 121. Repeating the 
process already used, we find that (0 < <x < w) 

(24) sin d sin a .sin 2d sin 2a -fpsin 3d sin 3a +... 

=|d(7r—a), if — a.=0=a.. 
or ^a('7r—d), if oc.^0^2tt— a. 

The graph is as below : 

(2-4) 


By integrating series (21), (2 2), (2 21), (2 22) again, we find the 
results 

(25) sin d+^sm20+psin3d+...=^{(0—7r) s —Tr 2 0+7r s }, 

where 02tt. 

(26) 8ind-^sin2d + isin30-...=i(-ir 2 d-0 3 ), 

where — tt~0 = 7t. 

(27) sin0+^sin30+^sin5d + ... 

= ^( 7 T 2 0 —7T0 2 ), if O^d^TT, or K7T 2 d+7rd 2 ), if - 7 T = d^0. 
The graph of (2 6) is as follows: 

(26) 


and the reader should draw a similar graph for (25). The graph 
of (2 7) is almost the same as (2 6) in a rough sketch. But in 
theory, the curve in (2 6) consists of the two loops of a cubic 
(from —ir to + 7 r), repeated over and over again; while that in 
(2'7) consists of two equal parabolas. 

The series 

(2 71) cosd —^ 5 cos 3dcos 50—... =g7r(^7r 2 — d 2 ), 

— — d — jrTT) 

can be summed by writing \ir—6 for d in (27). 
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By integrating (2 5) again, we have 

cos 0-f-^cos 20 +± cos 30 + ... =^{2^(6- tt) 2 - (0- irY)+C, 

O^0^2tt. 

Writing 0=0 and 0=w, we get 


!+p+^+-- : 


48 


7T’+ 1““04 + 


—-f i. 

2 4^ 3 4 


.. = -C. 


Now the second series is £ths of the first (by writing j?=4 in 

Ex. 2 of Ch. IV.), so that C~ (giving fai r 4 for the sum of 
the first series, as in Art. 71*2). 

Hence, finally, 

(2*8) cos 0+~ 4 cos20+^cos 30+ ... 


=i{2w*(0-w)M0-*)W^}, 

where O^0^27 t, 

and by writing 7r+0 for 0, we deduce that 

(2-81) cos0-^cos20+~cos30-...=^(0^-27r 2 0 2 +i 7 T^ 4 )» 

where — tt ~ 0 ~ +7r. 

Also by adding (2-81) to (2-8), we find that* 

(2’82) cos0+ cos 30+^cos50+... =^g7r(40 3 —67 t0 2 +7t 3 ), 

where 0 ~ 0 ~ 7 r, 

and by changing from 6 to \i r—0, we deduce that 

(2*83) sin 0 —^ sin 30-}-^4 sin 50 —... =gg7r0(37r 2 —40 2 ), 

where —^7r. 

Practically all these results were worked out by D. Bernoulli and 
Euler; we shall see (in Art. 125) the connexion between these 
formulae and the Bernoullian functions (Art. 101). 


* To save space we omit the completion of (2*82), (2*83); to obtain the Bum 
of (2*82) from 0 = -ir to 0, change the sign of 0 ; and to deal with (2*83) change 
0 to tt - 0. It may be noted that the right-hand side of (2-82) can be factorised 
in the form ^ 2 $ _ _ 2x6 - x>). 



3G4 


TRIGONOMETRICAL SERIES 


|cn. XII. 


Ex. 1. Prove that 


where 

or 

or 


sin0 sin 20 + Jain 30- ... 

+ - (sin 0 - — sin 30 + i sin50 - ...^= F(0), 
F(0) = 0, -j7T^0<i7r, 

+ J7T, }7T~0< TT 9 
- J7T, -7 T < 0 ~~ i7T. 


Draw a graph of the function. 
Ex. 2* Deduce from (2-71) that 


and that 
From (2-83) shew that 


l l 1 I 

1 ~ 3 3 + 5 3 “ 7 d + ' 

1 1 _i_i 1 

1 + 3 3 “ 5 s ~ 7 3 + 9* + * 


i_I I 1 _ 

3 4 6 4 + 7 4 + 9 4 


“32’ 
_3ttV2 
*“ 128 ‘ 


ll7r 4 V2 
‘ 1536 ‘ 


123. Recognition of discontinuities in the sum of a trigo¬ 
nometrical series. 

A rapid determination of the values of 0 for which a given series 
is likely to be discontinuous is often very useful; the method 
adopted here is substantially the same as one due to Stokes for the 
case of Fourier-series.* 

In the series with which we are concerned at present the coefficients 
of cos nO and sin n6 are either simply algebraic fractions in n, or 
else are the product of such fractions by terms such as cos no t, 
sin nrx. —see, for instance, series (1*9), (1*91), (2*3), (24) in Arts. 121, 
122. The second class of series can usually be reduced to the sum 
or difference of two series of the first class. 

See, for instance, the methods of summation adopted for (l-7)-(l*91), and 
(2*3), (24) could be divided into two series similarly. For example, (24) is 
equal to 

~ ^cos(0 - a.) + cos 2(0 - a.) + i cos 3(0 - a.) + ... 

- cos(0 + ol) - icos2(0 + a) - — COS 3(0 + a.} - ... j • 

Thus we may restrict our work to series of the type cos nd, 
2a„ sin n6 , where a n is an algebraic fraction in n. Further, if we 
write a n =/(n)/F(n), where/, F are polynomials, the degree of the 
denominator must be greater than that of the numerator, otherwise the 


* Math . and Phya. Papers, vol. i. pp. 249 and 255. 
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series could not converge at all (because a n must tend to zero, to 
provide for convergence). 

Then, if p denotes the excess of the degree of F(n) over the degree 
of f(n), it is clear that a n = 0(n _p ), when n->oo . Hence, if p^ 2, 
it follows from Weierstrass’s M-test that the sum of the series is con - 
tinuous for all real values of 0 (Arts. 44, 45). 

Thus discontinuities can ocour only if p=l ; let us suppose that 
na n -+A, then it is clear that 

na„—A=0(l/n) or 

because a n is a rational algebraic fraction. 

Hence 2a n cos nQ—i IE - cos n0=26 n cos nQ 

n 


and 2a n sin nd—A2 - sin n0=26 n sin nQ. 

n n 

By what has just been proved, we see that 26 n eosw0, 26 n sinn0 
are continuous for all real values of 6 ; and accordingly 2a n cos n0, 
2a n sinn0 are discontinuous at 0=0, ±27 r, ±47t, etc. 

Now we know the character of these special series from the results 
given in (M) and (1-2) of Art. 121. Thus, when 0 is small but 
positive, we can write 

2 - cos n0->log(l/0), 2 - sin n0—\(Tr—0), 0 > 0, 

n w 

and changing the sign of 0, we obtain 

2 ~cos n0->log(—1/0), 2 ^ sin n0=|(— 7T—0), 0 <0. 
Summing up, we can write 


2 - cos n0 ~>\ log(l/0 2 ), 2 - sin — 0=t 7r), 

n n 

where 0 is small and the ambiguous sign ± is the same as that of 0. 
Consequently, if we write J5=26 n =2(« n — A/ri), we find that 

J»„oos I logdOT+Sl |or SMall ralues o! e 

and 2 a n sin nv-> -±\Air, J 

where the ambiguous sign agrees with that of 0. 


To illustrate the method, we consider the series (1*3), (1*4) of Art. 121. 
We write these series in the form 


(1*3) - {cos(0- 7 r) + £ cos 2(0- 7r) + J cos 3(0- tt)+ 

(1*4) - (sin (0-7r) + £ sin 2(0 - 7r) + J sin 3(0 -ir) + ...}. 
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Thus (between 0 and 2ir) the only discontinuity ocburs at 0 = ir f for both 
series; and since A =1, B =0, we see that the character of the cosine series 
is given by - £log{l/(0 -7r) 2 } = log{(0 - if)} and that of the sine-series by 
± }7r, where the ambiguous sign is the same as that of ( 7 r - 0). To see that 
the former result is correct, we note that (when 0 is slightly less than 7 r) 
log (2 cos £0) -* log ( 7 r - 0). 

124. Differentiation of trigonometrical series. 

Using the notation of the last article, it follows from Art. 46 that 
differentiation term-by-term will lead to correct results when p = 2 ; 
except near 0=0, ±27t, ±47t, ... , when p= 2. 

On the other hand, when p= 1, we adopt the device of writing 
a n —Aln=b n =0(l/n 2 ) t as in the last article. 

Then, if 2a n cos nd =F ( 6) and 2 a n sin n6=G(6), 

we have F(Q)-\-A log(2 sin £0)=2fc n cos nd ^ ^ 

and G(d)~ %A( 7 r— 6)=2b n sin n6, J < < 7r - 

Thus, differentiating, we find that 

F'(Q)+%A cot £0=~2n6 n sin n6 
and G' ( 9) + \A =+ 2,nb n cos nd. 

These formulae will serve to deal with nearly all series in common 
use in analysis; but it is often more convenient to transform them 
by writing P(0)+d7(0)=P(0)=2a n e‘ H ». 

Then combining the two equations, we find that 
P'(0)+^(cot |0+i)=(2ni„e“ lS 

or P'(6)+ =ilnb n e-o 

=i'E(na n —A)e oll> . 

Thus P'(0)=i2(wo„— A)e ine +Aie ie /(1 

In actual work it is convenient to write symbolically 
P' (d)—i2na„e‘ n0 , 

just as if the resulting series were convergent; and then to interpret 
this symbolical formula by writing 

Ai^e“ lB =Aie ,e /(l —e‘ e ), 

1 

which may be regarded as a symbolic extension of the familiar 

« 1Uati0n f;*"-*/(!-»), 1*1 <1. 

1 

deduced by writing x=e 9 . 
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All incidental advantage in this way of arranging the work is 
that the limits of 6 are at once suggested by the fact that the de¬ 
nominator vanishes for 6=0, ±2ir, etc. 

To illustrate the method, let us take the series (1-5), (1-6) of Art. 121. 

Then P(6) = e ie + Je* 9 + ie 519 + ..., 

so symbolically P'(6) = 1 (e‘ 9 + e* 9 + e 5 ' 6 + ...), 

giving P'(0) = ie‘ 9 /( 1 - e s ‘ 9 ), if 0 < 6 < ir, 

= - l cosec 0. 

Thus P (0) = - \ log (tan \Q) + const, if 0 < $ < tt. 

To find the constant, let 6 =7r/2, which shews that the constant is equal to 

*(1 - i + l - J = 

and so we obtain again the formulae of Art. 121. 

We might, of course, wish to obtain formulae applicable, say, for negative 
values of 6 ; then we find as before 

P'(6) = - 4 cosec 0, if - tt < 0 < 0, 
leading to P(9) = - 4 log(- tan \9) + const., 

and the constant is found to be - \in by writing 0 = - r. 

Similarly for other intervals for 0 . 


An example of a slightly more complicated type is given by 
the series » 

i’(d)=l+2a*S(-l)"^ +a t 


°° p inQ 

This gives JO ( 0 )= 1 + 2a2 2(- 1 ) n w2+a 2 
leading to the symbolical formulae 


P"(6)=-2a 2 ^ 

i 


(—l)”n a 
n 2 +a 2 & 


n6 


and P" (6) —a 2 P(6)= — a 2 —2a 2 ^(—1 ) n e‘" # 

Thus 

P'(0)-a a P(0)=-o a +2 a a r ^=+a a ^=+ i a a tan|0, 

the limits for 6 being given by — 7 r< 0 <+ 7 r. 

It follows that F”(6)—a 2 F(6)=0, 
supposing a real , and accordingly 

F(d)=A cosh aO , — 7r<0<+7r, 

because F(6) is an even function of 6, so that sinh aO is not part of 
the solution. 
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To find A, put 0=0 ; and then 

Thus we can write 


by Art. 99. 


(4-1) 


ott cosh ad 
sinh air 


= l + 2a 2 2(-l)» 


cos n6 


[Fourier], 

the signs of equality being now included, since the series converges 
uniformly for all real values of 9. 

By differentiation of (4*1) we obtain 

/j( . m sinh ad ov/ iw _i»sinwd 

(4*2) 7T". —=22,(— l) n 1 , r V, —IT <9 <ir. 

' ' smha7r ' n 2 +a 2 

[Fourier.] 


It is instructive to differentiate (4-2) by a direct application of the original 
method given at the beginning of this article. Thus we write 

o^ wBinwffl + y) 

^ ^ + a* 9 

and then A = - 2. 

Thus O'(6) - 1 = 2*(§- ^-^008 71(6 + ir) = 2a«2 -££"% * - 
or C?'(0) = F(0), which is at once verified. [Math. Trip. 1902.] 


The reader will see without difficulty that the method adopted 
in the present article is substantially equivalent to a rule due to 
Stokes (Art. 128 below).* 


Ex. 1. If 


7 P(A\ v cos nO 
J(9)ss firri’ 


0 ( 0 )= 2 


sin r 


i*-V 


verify that if 0 < 0 < 2ir, 

P'+ tP-=«e l *{- A. + Jt(7T - 0)}, 

PtP=- t(l + \e«) + A + |4(t r - 0)}, 

where A = log (2 sin J0). 

Deduce that 

(4-3) J(0) = 1 + i cos 0 - i(?r - 0) sin 0, 

(4*31) 0(0) = i sin 0 - sin 0 log(2 sin £0). 


* The present method was given, in a slightly condensed form, in Art. 90 of the 
first edition of this book. Other methods, depending on similar ideas, hut more 
troublesome in practical work, have been suggested by Lerch (Ann. de VEcole 
Nor male (3), vol. 12, 1895, p. 351) and Brenke (Annals of Mathematics (2), vol. 8, 
1907, p. 87). 
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Ex. 2. Verify the formula of Ex. I by writing 

i __L_\ 

- 1 “2\n - 1 n + 1/’ 

and rearranging the series. 

Ex. 3. Prove that if 

1 /) cos 36 cos 5 6 . cos 16 

F(6) = i cos 0 + 3T6 - 3TO + . 

then F'"(0) + 4JT (6) = 0, if - £tt < 0 < fr. 

Deduce that 

(4*4) 1^(60 = J?r cos 2 0, if - \tt Axr. 

125. Extension of the method of Art. 124. 

Suppose next that we have to deal with series in which the sum¬ 
mation extends from — oo to -f oo ; and that na n ->A, as n tends 
to either — oo or + oo . 

We now introduce the two series* 

S]' - cos n0= 0, yy -sin n0=7r — 

'ri n n 

where O< 0 < 27 t, and the accent indicates that w=0 is omitted. 
Then, if we write 

F(9) =y^a n cosn9y G(9) =y^a n smn9, 


we have 


F(9 )~f 0 =a Q +yyb n cos n9, 


G{9) —A (t r—9)= yyb n sin 7i0, 

— x 

where, as in Art. 124, b n —a n —A/n. 

Thus F'(0) ==-2'wh n sinw0= ~^{na n -A)&mnB, 

-'JO —*■ 

G'(6)+A= cos n0=A + T t (na n - A) e°s n6, 

- oo _x 

and so we obtain the more compact formula 
P'(0) = lX( m n- A ) <''"*> 


where P{&) = ±a n ^ = F(6) +•&(&). 

— oo 

* Since the positive and negative parts of the series converge separately (Ex., 
Art 22), we can group together corresponding positive and negative terms. Then 
the cosine-series vanishes identically, and the value of the sine-series follows from 
(1-2) of Art. 121." 

3.T.S. 


2 A 
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To illustrate the method, let us take 
, cos nd 


-oo n - a _« n -a 

00 find 

P(0)=2 - • 

n - a 


so that 

Then A =1, and so we have 

eo / m \ co pittQ 

P'(0) = 12 (— - - - 1 = to S —- = mP(8). 

ZoKn-a ) -»n-a 

Accordingly we have 

P(0) = (7e tfl ®, (O<0<2 tt). 

But, putting 0 = 7r, we have 


1 1 1 1 

a l-a^2-a 3-a + ” + i+a 2-fa 3 + a 




/I_1 1 1 1_ \ _ _ 7T_ gg v 

~ \a a~ 1 a-fl + a-2 + af2 *”/ sin(a7r) 


Thus 


C= - 


27Tt 


1 » 

(5-1) and so P(«)=-~^. 

(5T1) Hence f(fl) = g(fl) = -^L a(,r O<0<2ir. 

Sin Ct 7 T Sin U 7 T 

It should be noticed that a is not restricted and may be complex. 

By writing 2(nri~t and 0^27rz, the above result (5*1) may be 
written 


(5-2) 


fXt 


ftoimx 


_=y~ 

e‘—l irdt—2nvi 


fpfCt 00 fa 2nl IX 

,5*21) or if0<»<l, 

where n =0 is omitted from the summation in (5*21). 

We can expand both sides of (5-21) in powers of provided that 
|£| < 27r; and thus we find (Art. 101) the results 

" si q 2w7ra: (x \-x__ x 

2 nir *• 

?-,cos2mra: 1 f , , , , D , ,, » , ,, 


( 6 - 3 ) 

2 2 

1 

( 5 - 4 ) 

O0 

22 

1 

( 5 - 5 ) 

» , 

22 

1 

( 5 - 6 ) 

oo 

22 


cos2mttx _(—l)* -1 
(2mr)* (2&)T 
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These results are due (in general) to Raabe and Schlomilch; and 
include the series found in Art. 122 by repeated integration. 

Ex. 1. Deduce (5*1) from (4T) and (4*2) by writing ta for a. 

Ex. 2. It has been tacitly assumed that a is not an integer. If we now 
make a -> m (a positive integer) in (5*1), prove that we obtain the results 
1 , cos md 
m 2m 


(5*12) 


-2m 008 


n 


2 _ 


m 


- - (w - 6) sin md, 


sin mO 0 £, sinw# n a 

+ —■- + 22 » wt ' _ OT , = (tt -8) cob me, 


2m 


0 < 0 < 2ir, 


where n—m is omitted from the summation. 

Deduce Exs. 13, 14, Chap. III.; and compare Ex. 1, Art. 124. 
Ex. 3. Deduce from (5*1) that 


Fid) - 2 ~ 7rBina (i 71 ' ~ Q) ) 

' i n 2 - a 2 ~ 4 a cos \cltt 


nm\ _ vttsinn0_7rcosa(£7r-0) 
** W ~ ^ " 2 " 2 “ '"‘4“C0S J07T \ 


0 < 0 < 7T, 


j n--a* 

where n = 1, 3, 5, 7, ... to oo. 

Obtain these results also, as in Art. 124, by proving that 
F'(0)=-Q(6), G'(d)=a*F(d), 
and, from Art. 123, that, as 0 -> W, F{\tt) =0, 
while G(^)-> J7r as ^0. 

Verify the conclusions also by considering F( 0) and G r). See Chap. IX. 
Ex. 4. Prove that if 2r < A. < 2 (r + 1), 


(5*7) 


* g^AU+nir) e (2r+l)tx 

x + mr ~~ sin a; * 


and discuss the sum when A. is an even integer. 
Ex. 5. Prove that if 0 < 6 < 2i r, 


(5*8) 


® cos(n - a) 6 


tan air 9 


£ sin(n- - a) 6 

2.i ““-~ —7T. 

n - a 


126. Dirichlet’s summation of Fourier's series. 

The assumption that a function f(x) can be expressed as a 

uniformly convergent series, 

f(x) — a 0 -{-^(a n cosnx+b n sinnx) i 0 <z x^2ir f 

leads at once to the formulae for the coefficients 

1 f 27r 1 C 2ir 

«o=\T~ f( x ) dx > «» = - f( x ) cos nx dx, 

Jo ir Jo 


1 c 2t 

b n = - I f(x) sin nx dx. 

7r J o 

It is, however, a fact that these-formulae lead to correct results 
in various series which do not converge uniformly; for instance, 
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the series (1-2), (1*4), (1-6), (1*9), (1*91) of Art. 121 cannot con¬ 
verge uniformly for a whole period, because each of these series 
has at least one discontinuity. 

To deal with the general question as to the representation of f(x) 
by the above formula, take the sum to n-f 1 terms. This is easily 
seen to be 

(a?) = J /(£) 11+ 2 2 (cos rx cos rg +sin rx sin rf)j 


^ £7<a d i {*+ 2 g cos »■ (*-«} 


Divide the integral into two, from 0 to a; and from x to 2ir 
(assuming that 0 < a; < 2ir ); in the former write 2v, and 

in the latter write x=2v. Then we have 

It follows from Art. 174 that 


S n {x)->l{f(x-0)+f(x+0)} as n-*oo, 
and that, at a point of continuity for f(x), 

«•(*)-*/(*>• 

If, however, #=0 or 2i r, we have 

7tJ o sm v 

->H/(0)+/(2tt)}. 

It has been tacitly assumed that f(x) satisfies Dirichlet's con¬ 
ditions : 

The function f(x) is supposed to have only a limited number of 
maxima and minima , and a limited number of discontinuities {includ¬ 
ing infinities *), between the limits 0 and 2i r. 


f'br 

* Provided that I /(£) d\ is absolutely convergent. 
Jo 
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That these conditions are not necessary for the truth of the theorem 
is well known; but it is not easy to give more general conditions 
without going deeply into the subject. In any case these con¬ 
ditions are wider than is really necessary for the ordinary applica¬ 
tions in Mathematical Physics. 

127. Summation of sine- and cosine-series. 

In many of the series specially studied here and in many appli¬ 
cations to problems of Physics, it is found that we may consider 
series containing only sines or only cosines. In such cases the 
function f(x) may be regarded as arbitrary only for a half period; 
for instance, if /(x)=Z6 n sin nx } we have f(—x) = —f(x), and so 
the values of f(x) from x=0 to 7 r suffice to give the values also from 
x=—7r to 0, so that the function is really known over a complete 
period. 

Assume then in the first place that we have a uniformly con¬ 
vergent series from x=0 to ir, 

f(x)—'Zb n sin nx. 

2 r 

It follows that 6 n =- I f(x) sin nx dx. 

TT JO 

Thus, on summation we find 


s »( x )=^ Jo fit) ^(2 sin rx sin r i) 

= ” Jo fit) ( cos f ( x - i) — cos r ( x + i) }] 

= - J r f(fi\ sin(w+^)(x+#)1 

^ttJ o* tft> L sin l(x-g) Bin'i(*+f) J' 

Suppose first that 0 < x < ir ; then we write, as in Art. 126, 

1 


s nW = l [ ir /(,-2^ n M^* 

wj 0 sini? 

■Jo sin v 


+ ■ 


TrJjr Sinv 
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Thus, from Art. 174, we see that, when /( x) satisfies Dirichlet’s 
conditions, SJ®) {/(a:-0)+/(a:+0)}, as n->oo, 
or -*/($) at a point of continuity. 

It is evident that $ n (0)=0, =/S w ( 7 r), and that 


S n (-x) = -S n (x), 

so that in general 

S n (x) -» —f(—x) when ~7r <x <0 ; 

although this can, of course, be obtained at once from the integral. 
In like manner, by assuming a cosine-series, we get the formulae 

/($) = a 0 +2a n coswa; from x=0 to 7r, 


and 



a n =~ f f(x)cosnxdx. 
TTJO 


The sum to n+1 terms is then easily expressed by the integral 




+ 


sin(n+ 

sin 4 (a:+ ^) J’ 


and, as for S n (x), we obtain 

C n ( x )~*h{f( x — 0)+/(*+0)} as n-> oo, 
or C„(x) f(x) at a point of continuity. 


But we find 


and so 

C n (0)->/(+0) as w -> oo . 

Also 



rr Jo J sin v 

and so 

C«(7r)->/(7 t— 0) asn-^oo. 


It should be noticed that in most of the physical problems to 
which these series are applied f(x) is continuous between the limits 
x—0, 7 r; but it quite often happens that /(0) and /(w) do not 
vanish. Under these conditions the sine-series mil usually be dis¬ 
continuous (and consequently non-uniformly convergent) at x=0 
and it ; while the cosine-series remains continuous right up to the 
ends of the interval. 
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This remark is illustrated by considering the two series for (say) the 
function f(x) - x from x = 0 to tt. We find from (1*4) that 

x = 2 (sin x - \ sin 2x + J sin 3x - ...), if 0 fr x < ir, 
and from (2*21) that 

x = ^7r - “(cos x + — cos 3x + jjgcos 5x + if O^x^n. 

Of course series such as (1*1), (1*3) and (1*5) indicate that fairly simple 
cosine-series exist in which discontinuities occur at x = 0, or x — i r; but 
such cases usually correspond to an infinity in the function, and this is 
unlikely to arise in the ordinary applications to Physics. 

Ex. 1. Verify the two series for x by direct evaluation of the Fourier- 
seriea formulae. 

Ex. 2. Obtain similarly two series for x 2 from x = 0 to i r ; and confirm 
the results from (1*4), (2*7) and (2*2). 

Ex. 3. Confirm (1*9), (1*91), (2*4), (4*1), (4*2) by direct calculation of 
the Fourier-coefficients. 

128. Stokes’s transformation for finding discontinuities and 
for differentiating a Fourier series.* 

Consider first a sine-series for the interval (0, i r), and suppose 
that there is a possible discontinuity of amount jul in f(x ), at 
say x = ol\ but we assume that, in general, the differential co¬ 
efficients f'(x) and f”(x) exist throughout the interval. Then, 
on integrating by parts, we find that 

J/(£) sin ngdg= - ] -f(g) cos ng+ (g) sin ng- f"(g) sin ng dg. 

Write 6 n , b n " for the coefficients of sinnz in the sine-series for 
f(x), f"(x), respectively; then, on taking the last equation between 
the limits 0 and 7 r, we find that 

(8-1) = 1 {/(0) - ( -1)”/(t )+n cos na} 

ft 

~ ^ sin na-'-^TrK"), 

where /*' represents a possible discontinuity in f (x) at x=rx\ 

Thus, if the form of b n is known as an algebraic rational fraction 
of n, we can determine /(0), f(ir), jul and a. by considering the co¬ 
efficient of 1 In ; but, as a rule, we cannot find fi' and a' until b n ” 
is found. 

♦ Math . and Phys. Papers , vol. 1, p. 236 ; the paper is dated 1847 and contains 
Stokes’s views on uniform convergence (see Art. 49*1). 
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In many applications to physical problems we know that f(x) 
and f'(x) will have no discontinuities between 0 and 7r, and the 
values of /(0), f(ir) are known or can be determined without 
difficulty; then we find the result for b n " 

(8-2) b„'= — n?b „+ — {/(0) — (—1)-/(»)}. 

7T 

If in addition we know f"( 0), f”{i r), we can find the coefficient 
in the Fourier-series for f lv (x) by using the formula 

(8-21) &„*= - m 2 6 b '+ — {/" (0) - (-1 )•/' ( x )}, 

and so on to any order ; but it is usually unnecessary to go further. 
Now consider the cosine-series; then we have the equation 

j/(f) cos n i d i= lf(£) sin n i+ ~J' (£) 008 «£- “2 j/" (£) cos ng dg, 
leading to the formula 

(8-3) * 2 {"/*' 008 -/'(0)+(- 1 ) n f '{*)} 

where a n n refers similarly to the cosine-series for f"(x). 

Thus we can determine // and a (but not /(0), f(ir)) from the 
coefficient of 1/n in a n . If it is known that there are no discon¬ 
tinuities in f(x), f'(x) between x—0 and x=i r, then we have 
the formula for a n " 

(8-4) «„'= - w 2 a n +1 {(-1 Yf ( x ) -/' (0)}, 

with the special formula 

It may be convenient to note here the corresponding formulae when the 
function f(x) is given from x = 0 to x-l y and the Fourier-series are 
expressed in the forms 

£6 n sin (m tx/1), a 0 + cos (mrx/l). 

Then we have * 

(8-5) b,,^ I* f(g) Bin (n*g/l)dg 


* Stokes, l.c. pp. 256, 259, 287. 
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and in the sine-series for /*(£), 


2mr, 


(8-51) V - - y b ” + W°) - (- !)"/(*)}• 

Similarly for the cosine-series, 

(8-6) «o = 5 j‘f($) d£, a n =j I coa (mrf/l) d£, 

and in the cosine-series for /"(£), 

(8-61) a n " = - nt *\ n - ^{/'(0) - (- 1 )»/'(*)>, 

<= -j-tm-zm 

To illustrate Stokes’s methods, let us take 

&»=»/(»*+« 2 ), 
then we see from (8*1) that 

/(0) = £tt, /(•7r) = 0, 

because 6„— 1/n =0 (1/n 2 ). 

Further, (8-2) gives 

&/ = „*(!- * ) = (l 2 b 

\n n 2 +a 2 / 

so that finally /" (a;) = a 2 f(x). 

Thus ,, , Tsinha(Tr-x) 

sinhaTT ’ 

where the constants of integration have been found from the 
conditions /(tt)=0, /(0)=|x. 

Ex. 1. Discuss similarly the series (1*2), (1*4), (1*9), (1*91), (4*2). 

Similarly if we assume that 

f"(x)=a i f{x) 

/'(0)=0, /'(x)=a*x, 

v cosh ax 

f{x)=aiT r— • 

Jv ' smh ax 


and 

we find that 


Then (8-4) gives Q' 2 (a n ) — a n— --w 2 a n +- {(— l) n aV}, 


or 

while 


«n=(-l) n „ 


2o 2 


n 2 +a 2 ’ 

O0 _I,I(»V)=l. 


Hence we obtain again the series (4*1). 
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We conclude with one of Stokes’s own examples: To find the velocity- 
potential when a rectangular box of infinite length (containing fluid) is 
made to rotate with angular velocity <o about the line of centres. 

We have then to solve 


?!*+?**_ o 

Zx* ’ 

= - t0 (y - Jfc) at x=0 or a, 

^ = + oj(x - \a) at y =0 or b. 

<t>='2 l Y n coa ( mrx/a ), 
where Y n is a function of y. Then using (8*61) we find that 

rj.2 


subject to 


We assume* 


d'Y n _ 

dm* ^ 


•»(»-»*) 


by introducing the values of ^ at a :=0 and x-a. 

Now, from (2*21) we have 

x 1 ^ 4 fmrx\ , , 0 - 

- - - = -2 - 5 —«cos(-), where n = l, 3, 5,... . 

a 2 7i*7r* \ a r ’ 

Thus, using the values of ^ at y = 0 , y = 6 , we see that 


V =0,6, (» = 1, 3, 6, ...)• 


Hence finally 

v _ 4oja /„ im i 8fa> ° 8 " y)/ a > 

n n 2 jr 2 ^ * + wV 8 cosh(Jn7rh/a) * 

and this result is equivalent to the one given by Stokes, t 

Ex. 2. Solve similarly the problem of finding the velocity-potential of 
fluid motion inside a rotating sector. J 


Here 
and 

Then assuming 




+ ^_0 

+ dd*~ ’ 


= >r at 0 = 0 , 0 = a. and 2 ^ = 0 at r = l. 
<£ = 2 R n coa(nirOlcL), 


... D StoaV*^* 4<*>ar* . . 0 _ . 

prove that R n = — 7 — 5 — 5 —r—sr — 5—5 —. - 5 , (n = 1,3,5,...). 
r n nir(n 2 Tr* - 4a. 2 ) - 4 ol 2 ’ v 1 * * ' 


* It should be noted that we might equally well start from 2 X n cos ( niry/b ); 
to obtain the best results we suppose here b > a, so that the final series converges 
very fast. 

t L.c. pp. 288 and 101. 

X Stokes, l.c. p. 306. 
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Ex. 3. By assuming that f"(x) = a 2 f{x) and /'( 0) = 
prove from (8*4) that 

air sinh a(\ir - x) cos nx 

n —3, 5, ...» 

and verify this from the series (4*1). 


n -1,3, 5, 


Ex. 4. Similarly, by assuming that 

f"(0)- - 4/((9) from #=0 to # =«., 
and that /'(0) = 1 =/'(ol), 

prove that 


sin (20 - ol) v 4tfx. nirO 

2 cos cl " Z n s 7 r a - 4a. 2 COS a 


(n = l, 3, 5, 


Ja** =/'(*> 


Verify by writing a = 2toc/7r, x-irOjoL in Ex. 3. 

Hence sum the coefficient of r 2 in the formula for <£ of Ex. 2. 


129. Fejer’s theorem on Fourier’s series. 

It will be recalled that (in Ex. 2, Art. 51) we obtained the 
theorem (due to Frobenius) that if a n is the arithmetic mean 
of s 0 , s lf ..., s n „ l9 and if <r n has a definite limit, then 
lim (a 0 + «ir+a 2 r 2 + ...)= lim <r n . 

r —► 1 n—>x 

A specially interesting example of this mean-value is due to Fej6r, 
who applied the process to the Fourier-series for a function f(x) 
which does not satisfy Dirichlet’s conditions (Art. 126), so that 
the Fourier-series may not converge. 

In fact, if 

1 c 27r 1 r 27r 

a n ~-\ f (0)cos n6d6, b n = — l f{6) sin n6dd, 

T J 0 7r J 0 

1 r 27r 

ftnd a ° = 2^] 0 f{e)d6, 

and if we write u 0 =a 0 , u n =a n cos nx + b n sin nx, 

we find that s n = 1 [ /(0) —■$ — v— 
n 27 tJo ' sm|(0—s) 

and that the arithmetic mean of s 0 , s 19 ... , s n _i is 



/sin£n(0— x)) 
{ ,sin J(0—x) j 


2 

dd. 


By dividing this integral into two, as in Art. 126, we find from 
Ex. 7, Art. 173 (App. III.), that <r n tends to the limit f(x) if the 
function f(x) is continuous. The extension to cases when f(x) has 
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a finite number of ordinary discontinuities presents no fresh diffi¬ 
culty ; but the proof under the single restriction that f(x) must be 
integrable is beyond our range.* 

It is easily seen that if f(x) is continuous the convergence of <r n 
to its limit f(x) is uniform for all values of x from 0 to 2ir. Thus 
we have 2t 

lim [ {f(x)—(r n } 2 dx= 0. 

« -> -jo J j) 

Since n -~ (a r cos rx+b, sin rx), 

r=l ft 

we find that (paying attention to the definitions of a ri b r ) 

r 271 - 

J n= j o {f(x)-<T lt }*dx 

= J # * r • 

Thus «o a +Jg (o r 2 +6 r *)(l—~) < i-1 J n \, 

where m is any number less than n ; and, taking the limit as n 
tends to oo, we find 

m 1 /»2Jr 

«o 2 + Ig(«> 2 + b r % ) = 2ttJ {/(*)}*<&> because limJ n =0. 

oo 

Thus the series ^ ( a r 2 +b, 2 ) is convergent (Art. 7), and so we 
may apply Tannery’s theorem (Art. 49) to J n , which givesf 

^ \*J {f(x)}*dx=a !o»+*Jj (o,»+V). 

It follows that Sa n 2 , 2b n 2 are convergent; thus (Ex. 15, Ch. II.), 
we see that the series 

h|a n | and h\b n \ 

are convergent. 

* L. Fej4r, Math. Annalen, vol. 58, 1904, p. 51 ; Lebesgue, Series Trigono- 
mitriques, Paris, 1906, pp. 92-104. 

t This result is due to de la Vallee Poussin ; see also a paper by Hurwitz (Math. 
Annalen, vol. 57, 1903, p. 425). 
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Hence the series 

a Q x-\-y) - {a„ sin nx + b n (1—cos nx )} 

Yl 

is normally convergent; and its sum is therefore equal to the sum 
found by taking the arithmetic mean. But this is equal to 

= j o /(*) dx, 

because <r n converges uniformly to the value f(x ). * 

130. Poisson’s Integral. 

By applying Frobenius’s theorem (Ex. 2, Art. 51) to Fejer’s 
result (Art. 129), we now see that if a ni b n are the usual Fourier- 
constants of f(6), we have the result 
(10*1) lim {a 3 +S(a n cos7i0-f6„sin?i0)r n }==/(0), 

? ->i 

provided that/(0) is a continuous function from 0=0 to 2x. This 
result is easily seen to be the same as the conclusion obtained in 
Art. 87 above. 

There have been “ proofs 55 of Fourier’s series published which 
amount to proving the last equation, more or less correctly; and 
then assuming that the limit of the left-hand in (10*1) is equal to 
Fourier’s series. 

Naturally, if the Fourier’s series can be proved to converge, its 
sum is equal to the limit in (10-1) by virtue of Abel’s theorem (Art. 
51); but the only simple conditions under which we can infer the 
convergence of the Fouriei-series from the existence of the limit 
(10-1) are derived from Tauber’s (Art. 86*1). These conditions are 
lim (na n )— 0, lim (n& n )=0 ; but, as we have seen in Arts. 121-124, 
there are many interesting series for which these conditions are not 
verified. 

Thus, in general, it is easier to follow Dirichlet’s method, as given 
in Art. 126, rather than to attempt to build up a proof on these 
lines. On the other hand, in many physical problems, it is the 
existence of the limit (10*1), rather than the convergence of the 
Fourier’s series, which proves to be of importance, f 

*This result is also due to de la Valine Poussin. 

t Reference should be made to the paper by Stokes (frequently quoted in the 
foregoing Articles), Math . and Phys. Papers, \ ol, 1, p. 236—see, in particular. 
Section I., and the remarks on p. 237, 


lim l <r n dx 

-> CO Jo 
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131. Character of the approximation curves near a discon- 
tinuity in a Fourier-series. 

Assuming that the discontinuity is finite and occurs at 0=a, we 
can apply the process of Arts. 123, 128 to express the discontinuous 
part of the series by means of a suitable series of the type 

.42-sin n(0 —a), 
n v ' 

and accordingly the behaviour of any Fourier-series near a discon¬ 
tinuity can be determined by the study of the special series 
412(1 /n) sin n6 in the neighbourhood of 0=0. 

We have seen (Art. 121) that the discontinuity in this series is 
equal to Air ; and it is natural to conjecture that the approximation- 
curves tend to a limiting form which includes a straight line of 
length Air joining the separate parts of the curve representing f(6), 
as in the sketch below. 


Q 



This conclusion, however, is not quite correct. It appears from 
the analysis given in Art. 132 below, that the first maximum to the 
right on the approximation curve S n (6) tends to a limiting height 
41(1-85194) above the point P representing the sum of the series at 
the point 0=a; and similarly, by changing from 0—oc to a—0, we 
see that the first minimum to the left tends to a limiting depth 
41(1-85194) below the point P. 



It will be noted that P is midway between the points Q, R in 
virtue of Dirichlet’s analysis (Art. 126); and so the maximum and 
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minimum limiting points M , N are at distances .4 (-28114) above 
and below the points Q , R , as in the sketch below. 

The phenomenon just described was first definitely pointed out 
by Willard Gibbs,* * * § although once the remark has been made, the 
phenomenon is almost obvious on glancing at any carefully drawn 
set of approximation-curves. The most elaborate set of such 
diagrams was drawn by Michelson and Stratton,f who went up to 
w—80 ; but the phenomenon is clearly indicated in much less 
elaborate curves, such as those given by Byerly t and Carslaw.§ 


132. Fej^r’s lemma. j| 

Although it is not absolutely necessary for other applications in this book, 
it will be convenient now to investigate certain additional properties of the 
sum j 

S n (x) =sin x + £ sin 2x 4 - £ sin 3a; + ... + ^sin nx 


for values of x between 0 and 7 r ; the range from 7 r to 27r is then given by the 

relation S n ( 2tt -x) = -8„(x). 

To investigate the maxima and minima of S n ( x) we note first that 
S n '(x) = cos x + cos 2x +... + cos nx = cos £ (n +1) x sin £na:/sm £x. 

It is readily seen that the turning-points are as follows : 


Maxima x — -=•, 

n +1 


Sir 

n + V 


57r 

n+V "* 


Minima x- 


2tt 47r 

n ’ n ’ 



When n is odd the last terms are respectively mr/(n + l) and (n -1)7 rjn; 
so that the last maximum is the nearest turning-point to x= 7 r, which is an 
inflexion. 

When n is even, x=i r belongs to both sequences, and this is accordingly 
not a turning-point in the strict sense, but is again an inflexion, and is also 
the point of contact of the curve with y= 0. The immediately preceding 
turning-points are (n - 1)7t/(tm-1) and (n -2) w/n, of which the maximum is 
again the nearer to x =tt. 


* Nature, vol. 59, 1899, p. 606. 

t Phil. Mag. (5), vol. 45, 1898, Plate XII. 

X Fourier Series, etc., p. 63. 

§ Fourier's Series, etc., p. 49 (1st edition). 

|| For references to the earlier literature see Dunham Jackson, Rendiconti del 
Palermo, vol. 32, 1911 and Carslaw, American Journal of Mathematics, vol. 39, 
1917, p. 185. 

The investigation given here is more graphioal than any of those which have 
been published previously; but it is hoped that it will be found correot. 



384 TRIGONOMETRICAL SERIES [CH. XII. 


It follows that the character of S n (x) near to x=i r is represented by the 




Fig. 33. Fig. 34. 


The last minimum before x=rr always gives a positive value for S n (x) 
because, for example, 


a ( 7r\ . 7T 1 . 2ir 1 . 



...+(-I) n -— .sin 
v ' n-1 


f(tt-l)Tr) 
\-^ 


and in this series the terms are positive and steadily decrease, so that Art. 19 
may be applied. 

We consider next the relative positions of the two curves 
y=8Jx), y=S n _ l (x). 

These curves clearly intersect at the points given by sin nx=0, or by 
x=rmrln; these points are alternately maxima for 8 n ^ x (x) and minima for 
S n (x). Further S n (x) > 8^(x) from x ~(2r —2)7 r/n to (2r -1) 7 r/n, and this 
inequality is reversed from x =(2r - l)7r/n to 2nr jn. 

Thus the relative positions of the curves are as shewn in the rough graph 
below for part of the diagram between x=0 and x = 7 r. 



Plain curve y=S n (a). Dotted curve y = 8 n _ -(*)• 


From this figure it is evident that the V th maximum and r th minimum of 
y =8 n (x) are in each case above the r* h maximum and r* h minimum of y =S n . 
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Now the r th minimum occurs first on the curve n=2r + l—on the curve 
n—2r this point comes at x—i r, and so is an inflexion. 

On the curve n =2r 4- 1, the r th minimum is given by x =2rTr/n —(n - l)ir/n. 
and so is the minimum nearest to x = tt. 


Hence this minimum is positive by what has been proved above. Now, 
for n=2r + 2 the r th minimum is greater than for n=2r + l, and so is again 
positive ; similarly for n =2r + 3, the r th minimum is greater than for n -2r +2 ; 
and so this minimum is again positive. Hence, generally, if n < 2r, the r th 
minimum is positive. 

It follows that on the curve y =S n (x), all the minima between x—0 and 7 r are 
positive ; and so all the values of y between these limits for x must be positive. 

Finally, we shall prove that the greatest maximum is the first. For we 
can write in the form 


s n V)= Bia o {n --^-b 

n 2 sin \x * 

So S n (x) is the area between the curve y — £ sin (n + \) x/ain \x and the 
line y — \\ now this curve gives a sequence of decreasing loops alternately 
positive and negative (Art. 174). The effect of including the line y—\x is to 
decrease the positive loops and to increase the negative loops ; thus the first 
maximum of 8 n (x) is still the greatest, although it does not follow that the 
first minimum is the least. 

The general character of the graph of the curve y — \ sin (n 4- J) x/ain \x 
is indicated by the sketch below which may assist in following the previous 



Now we have seen that the height of the first maximum increases as n 
increases; and so this maximum can never exceed its limit when n tends 
to infinity. This limit is 


lim 


.w /(n + l) | s i n ( n +fc)x L 

Jo 1 2 sin \x 2 J 


dx 


Mn+lHn+Vr sin £ i 

“Jo L (2» + 1) sin {£/(2» +1)} 2n + iJ^ 

SII l.£(J£ =1-85194. 


K.I.S. 
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Thus, for aU values of n and for ad values of x between 0 and it the value of 

S n (x) lies between 0 and = 1-85194. 

It is not difficult to discuss the series 

f(0 )=»in 0+£sin20 + J sin30 + ... 

by a direct method. In fact, if S n (0) is the sum of the first n terms in f(0), 
we have, by differentiating, 

f sin(n+J)0 


Thus 


S n '(0) =cos 0 +cos 20 +cos 30 +... +cos nO * 

W-jf*-*• 


Now, by Art. 174, Ex. 2 (Appendix), the limit of this integral is Jf, pro¬ 
vided that \0 lies between 0 and ir ; and consequently 
f(0) =iOr - 0), if 0 < 0 <2tt. 

But /(0)=0=/(2ir). 

Thus the curve y-f{0) consists of a line making an angle arc tan \.with 
the horizontal and two points on the horizontal axis. 

A glance at Figs. 12 and 13 of Art. 43 suggests the conjecture that the 
limiting form of the curve y=S n (0) consists of the slanting line and two 
vertical lines, joining the slanting line to the axis (see the figure below). But 
as a matter of fact this is not quite correct, and the vertical lines really project 
above and below the slanting line. 

For clearly the point 

6=kin, y=S„(k/n), 

belongs to the curve y — S n ( 6), whatever the positive number A may be. Now, 

as n -> oo , this point approaches the limiting position 

n ~ C k sin t 

0=0, y = j —dt , 

in virtue of Ex. 3, Art. 174. Similarly the point 

q o /*sin<, # 

0=2tt, y=-j - j at, 

belongs to the limiting form of the curve. 



Now the integral J (sin t/t) dt can have any value from 0 to its maximum 

1-85194=^7r x (1-1790), which occurs for A =tt ; so that in the limiting form 
of the curve y =S n (0), the two vertical lines have lengths 1-85194, instead 
of $7r =1-57080, as conjectured. 



EXAMPLES A 


387 


XII.] 

Some of the approximation curves y=S n (0) are drawn for various values 
of n in Byerly’s Fourier Series, etc., p. 63 (No. II.), and in Carslaw’s Fourier's 
Series, etc., p. 49; and the curve n =80 is given by Michelson and Stratton, 
Phil. Mag. (5), vol. 45, 1898, PL XII., Fig. 5. 


EXAMPLES A. 

Asymptotic Series. 

1. Apply Art. 107 to the function f{x)-x~ ( l + A >, A > 0, and deduce in 
particular the formula 

1 i . 1 jl 1 . A+l (A -f 1)(A +2)(A +3) 1 

hi*'* ~io*U 20 1200 72 x10 s + **7 ' 


10 ltA 11 1+A 
Hence evaluate the sum 


, 1 1 
2* 3* 


to five decimal places. 

2. Shew from Art. 108 that 

3. In certain problems on the Theory of Probability it is of interest to 
evaluate the quotient 

q=n !/{2"(£n. - \p )! (£» + ip )'}, 

where n, p are large, but p is not of higher order than Jn. Prove that (to 
order l/n 2 ) 

[Compare Lord Rayleigh, Phil. Mag. (6), vol. 37,1919, p. 327.] 

4 . Obtain from Art. 107 the asymptotic expansion 

1 1 

e f -1 + e 2t -1 + e lt -l + “* 

t ( C lo S < > + 4. + 2! 2“ 4! 4 6! 6. 

and deduce the behaviour of the series 


X +1 X 


x 3 




1 -x 1 -a; 2 1 -a* 

as x approaches 1, by writing t =log (llx). 

[Schlomilch, Compendium, II., p. 238.] 

f c "* x ^ r dt ’ ft 1 2! ^ 4! 

6 - Jo 7 am «- k) ~h-v + F--’ 

the error obtained by stopping at any stage being less than the following 
term in the series. [Cauchy and Di rich let.] 

[For the first integral use the identity 

1 r 2n 

t = 1 -x 2 +** - ... ± a . 

1 +x 2 1 +x 2 

The equality between the integrals is suggested by the series and can be 
established directly.] 
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a - f ■ '3’ 

the error being again less than the following term. 

[Apply the same methods again.] 

By writing e~ t2 dt — j f e~ t% dt 

and integrating the latter by parts, we find that the first integral is equal to 

Efe* v fc " +i 1 

7. Generally, if 0 < 5 < 1, we find 

jo 1+a: J* sm( 57 r)L 7 I (nf5 + l J 

And similar expressions can be given for 

r e~ kx x~* j 

Jo TO ^ 


8. If 

f^a,, 

Jo 1 -X‘ 

shew that 

1 —2 w + 1 a zn+1 ’ 

and that 

“o=( e, ‘ dt - 

Hence prove that 




and that the value of the remainder is approximately ( a 2 - n + fr)/ K /{2n). 

In particular, for a= 4, by taking 16 terms we can infer that the value of 

the integral f e*dt lies between 1149400*6 and 1149400*8. 

J 0 

[Stieltjes, Acta Math., vol. 9, p 167.] 

0. From the equation 

i=i *-** =f 0 lQ g(rb)(! 

= J! 

= V [L _ t. 8...(r-l) n 

»«iLr J r(» + l)(n+2) ... (w+r)J‘ 


we obtain 
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1 + 1 + + L = 7r2 _L_- i _ __l __ . 

2 2 * n 2 6 n +1 (n + l)(n+2) (n + l)(n+2)(n+3) 


[SCHLOMILCII.] 


10 . Similarly prove that 

.11 1 „ , 1 1/12 
2 3 n ® 2n n(n + 


2 3 “* n 6 2 n n(n + l) w(7M-l)(n+2) *” * 

log (»!)=! log (fcr) +(» +i) log n - n - l M -.... 

11. Prove also that 

r 1 e-'dt = * e~* (l-~+ 1 

Jx t x \ x + \ (x + l)(x +2) \ 

the following numerators being 2, 4, 14, 38, ... . 

^ l 7< e ~' <ft= N /* e_X { 1 ~x\l + (x + IK*+2) 
the following numerators being g, .... 

[Sciilomilcii, Compendium, II., p. 270.] 

12. It must not be assumed that if lim (ajb n ) -1 and Sv” ™ convergent 
for all values of x, that the two functions '£a n x n , Vb n x n have- the same 
asymptotic representations. 

For example, consider the two series 

rfA -j.6 

*»*= l ~h.+rrh + -’ 

sinh x ( 1\ a; 2 /, 1\ ar 4 / 1\ a; 6 /.. 1\ 

COBX + "V + "3/ + 4!\ 1 + 5/~6!V 1 ~7/ + "“ 

13. Use the integral of Art. 180 to shew that 

and deduce the asymptotic expansion 

.i°g* + ? ?z ^^ a i)’ 

where <f> n (a) is the Bemoullian function of Art. 101. [Sonine.] 

14. Determine a formal solution of the equation 

xf£+(P+q+*) d £+py=o 
in the form e“ x ar«^l + ^ +... 

and express the result as a definite integral. 

[The integral is ^Lf’ *-»( 1 + dt, iiq> 0.] 
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15 . Obtain a formal solution of the differential equation 

g + (2»+l-*‘)y=0 

intheform e-*Al - 3 > - . 

L 4a; 2 * 4.8a^ 


and express this series by means of a definite integral. 

16. Obtain the asymptotic solution of the differential equation 

d 2 u . A 

d?-to u=0 ’ 

by writing y—Zz^, u=vz~' ; and prove that the equation reduces to 

*J 4 _i.U 0 

dz 2 V 36zV ’ 

which gives the solution 


‘(u-'-i* C + 1 -- 5 ^ 


where f = ± l/(144z). 

[Stokes, Math, and Phys. Papers, vol. 2, p. 329; vol. 4, pp. 77, 283.] 

17. Apply Euler’s formula (Art. 107) to obtain the asymptotic formulae 
(as a;->*0), 

iVi^ + s ( ii^ + -"“ a+k »i + I-^5 + ^¥--"- 

Use Ex. 26, p. 519, to prove that 

sech x + sech 2a; + sech 3a; + ... ~ \{(Tr/x) - 1}. 

If we attempt to continue the last asymptotic formula as a power-series 
in x, all the coefficients will be found to be zero : and as a matter of fact, the 
next term in the approximation is (2ir!x)e-*Vx. 

18. Apply the method of Art. 112 to the series 

F(q) = 2> n S n2 (*> 1, ? < 1). 

and prove that as g-*l, 

^~ ex p{iSif)}- 

Discuss in the same way the series 2 x n q n \ 


EXAMPLES B. 

Trigonometrical Series. 

1. Prove from (2*4) that if 0 < ft < a < \tt, 

2^- a sin»0sin na cos nfi=*\0{Tr -a),- if 0 < 6 < a -/?, 

or £7 t( 0 + a-/3) - Ja0, if a-/? < 0 < a+/?, 
or Ja(7T - 0), ifa+/3<0<7r. 

Write 0 — nxjl, a =7r6/Z,./? — 7 ratll; multiply by log 2c/a(7r - a); and so obtain 
some of the formulae for the vibrations of a plucked string. Similarly discuss 
the remaining formulae. [Rayleigh, Theory of Sound , vol. 1, Art. 129.] 
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2. Deduce from Ex. 1 formulae for the sum of the series 

2 - sin nd sin na sin nf3. 
n 1 

And interpret the results similarly in terms of the string. 

[Rayleigh, Theory of Sound , vol. 1, Art. 129.] 

3. Show that 

2jsin2»0sin’ W <#>=iir, 

Deduce that 

2 ~2 sin 2 n# sin 2 n<f> = £7 rO, 2 ^2 sin 4 n# sin 2 n<£ = |7r#, 


2 sin 4 n# sin 2 n</> = £ 7 r# 3 , 

with certain restrictions on 6 and <f>. [H. N. Davis.] 

4 . Show that, if O^y 

i { S CO, <2„») ) tll , 

11—I v m=l '»* n J 

where m~n is omitted from the series ; but that the sum is zero if x= y. 

Show further that the order of summation is immaterial, except when 
a;=0, y— 0. (See Ex. 12 , p. 101.) 

5. Deduce from series (1-7) the results 

I log (cos x - cos a ) 2 dx = -27r log 2 , 

J o log (cos x - cos a ) 2 cos nx da = - (2ir/n) cos na. 

6 . Another form of the first integral in Ex. 5 is 

f * r log (a 2 cos 2 # - 6 2 sin 2 #) 2 d#=7rlog {£|a 2 + 6 2 |} ; 

Jo 

hence shew that if r 2 < 1 , 

r* log 4 (cos x - cos a ) 2 , 2tt . ,, 0 

/ — 2 =- x =- - dx =, -~log(l -2r cos a +r 2 ). 

J 0 1 - 2 r cos x+r 2 1 -r 2 ' 

7. Prove from series (1*8) that 

f* . . f sin 2 £ (a; + a) 1 , 27T . 

/ sm na; log { • -=-£-7 -h da; = — sin na, 

J 0 6 lsin 2 £ (a; - a) J n 


and deduce that 


/> cos nx .dx smna /ft ^ . 

J -= 7T —- (0 < a < 7T). 

0 cos a; - cos a sm a 


The last result is easily verified by using the trigonometrical identity 
cos nx - cos na 1 


cos x - cos a sm a 


{sin na +2 cos a; sin(n -l)a +... +2 cos(n — 1)a; sin a} 
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8. Differentiate the series 

F / m _ ^cos (x + n)0 a ( 0 ) = Y sin (x+n)0 

' ' i x +n ’ ' ' i a?+w 

By integrating with respect to 0, deduce that 

“cos (x +n)0 _ 1 


a; + ? 


1 r cos (x-\)0 . *(-l) n 

=2 L —kir” ^+cos(ttx)S v 


sin £# 


T s+n 


£sin(* + »)0 1 r ain(*-|)g g 

0 x+?i sin o a:+ft 

00 

The series £( -l) n /(a;+n) is sometimes denoted by /?(a;), and can be 
o 

expressed by means of the ^-function (see Ex. 13, p. 115), since 


1 f 

2 t 




x\) 

2/J 


oo / 1 \n 


Thus, if x is rational , the series can be summed in finite terms; the case 
x = 1 has occurred in Arts. 65. Let us take a; = £ as a further example. 

We get 2 — ^ \ I cosec £0 dO =log cot \0 y 

o w+2 JL Jo 

(i) =2(1 -J +1 -...) = Jtt, 

0 » + t 

where 0 < 0 < ir. 

If O/tt is rational the series may be expressed by means of ^-functions; 
and so the integrals are then expressible in the same form. 

If we allow 0 to tend to 0 in the sine-series, we get the result (Art. 125) 

sin (x - £) 0 f 
sin £0 

9. Shew that if we attempt to find a Fourier sine-series for cot a; from 
x =0 to x =7r, we obtain the series 

2 (sin 2a; + sin 4x + sin 6a; -f...), 

and verify Fej6r’s general theorem (Art. 129) in this special case. 

10 . From 5T, p. 370, deduce that if A lies between the two even integers 
2r,2(r + l), 


*r 


dO = Jr - sin (7ra;) /3 (a;). 


[Hardy. ] 


zZo £+mr 

and examine the case A =2r. 

[Write 0 = (A - 2r) 7r, a = -£/tt.] 


sin £ * 


11. Shew that 

2(-D n , 


=(e' ,j: + e“ 2 “)log(l +e ,x ) -e" 


o (» + l)(n +2) 
and divide this equation into real and imaginary parts. 



XII.] 


EXAMPLES B 


393 


12. Shew that 




sin tir 9 


where 0 is the difference between v and the integer nearest to v. 

[Write 7r(1 + 20) for 0 in the series 5-1, p. 370, and observe that 

- J < 0 < +£.] 


13 . By writing ia and - ia for a in 5*1, p. 370, or otherwise, shew that 

O^x^ 27r, 


cosh a(7r - x) 1 n £ cos nx 

a i n z +a* 


sinh air 


sinha( 7 r -x) ® w sin nx _ _ 

7r —-V-= 22 - V7-I » 0 < x < 2 ir. 

sinha7r i n 2 +a 2 

Deduce each of these from the other by differentiating [Math. Trip. 1902.] 


14 . Prove that, if 0 ^ 
cos 40 cos 6 0 cos 8# 
T.1T + 2.3 + 3.4 
sin 4t0 sin 6 0 sin SO 
1T2 + 2.3 + 3.4 
and find the sums oi 


-0:S-7r, 

+ ... - cos 20 - ^ - O^j sin 20 + sin 2 0 log(4 sin 2 #), 

+... -sin 2 0 -(tv -2#)sin 2 # - sin #cos #log(4 sin 2 #); 


® cos n0 sin nS 
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ARITHMETIC THEORY OF IRRATIONAL NUMBERS 
AND LIMITS. 

133. Infinite decimals. 

If we apply the ordinary process of division to convert a rational 
fraction a/b to a decimal, it is evident that either the process must 
terminate or else the quotients must recur after (6—1) divisions at 
most; for in dividing by 6, there are not more than (6—1) different 
remainders possible (namely 1, 2, 3, ... 6—1). 

For instance, £ = -125, terminating after three divisions. 

Again ^ = -714285, recurring after six ( =7 -1) divisions. 

Also ^ = -3571428, recurring after seven divisions. 

And == *153846, recurring after six (= £ (13 -1)) divisions. 

If the decimal part is purely periodic and contains p figures, the decimal 
can be expressed in the form P/( 10 p -1), by means of the formula for summing 
a Geometrical Progression (Art. 6). Thus b must be a factor of, or equal to, 
10'' -1 ; and so b is not divisible by either 2 or 5. Conversely, it follows 
from Euler’s extension of Fermat’s theorem that when b is not divisible by 
either 2 or 5, an index p can be found so that 10^ -1 is divisible by b ; thus 
a/b is of the form P/(\0p -1) and so can be expanded as a periodic decimal 
with p figures in the period. 

But if the decimal part is mixed, containing n non-periodic and p periodic 
figures (as for y\), b must contain either 2 n or 5 n as a factor; because the 
decimal part of (a x 10 w )/6 will be purely periodic. The relation between p 
and the other prime factors of b cannot be discussed so simply. But it is 
proved in the Theory of Numbers (see, for instance, Gauss, Disquisitiones 
Arithmetics, §§ 83-92, 308-318) that if b=2 a 5 fi r p s*t T ..., where r, s, t, ... are 
primes (not 2 or 5), then n is the greater of a, /3, while p is a factor of the 

L.C.M. of fP'^r-l), -1), f-^-l), ,i. . 

If now we agree to replace a terminated (say *125) by an infinite 
decimal •126000... , it will be evident that any rational fraction can 
be expressed as an infinite decimal .* 

* According to the rules of arithmetic, we could also replace -125 by -1249, but 
it is more convenient to have a unique form, and we shall adhere to *125000.... 

394 
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But we can easily see that the rational numbers do not exhaust 
all infinite decimals. 

Thus consider the decimal 

•1010010001000010... , 

which consists of unities separated by zeros, the number of zeros 
increasing by one at each stage. Clearly this decimal neither 
terminates nor recurs : and it is therefore not rational . 

Similarly, we may take a.decimal 

•11101010001010001... 

formed by writing unity when the order of the decimal place is 
prime (1, 2, 3, 5, 7, ...), and zero when it is composite (4, 6, 8, 9, 
10, ...). This cannot be rational, since the primes do not form a 
sequence which recurs (in rank), and their number is infinite, as 
appears from the Theory of Numbers. 

If the primes recurred in rank after a certain stage, it would be possible 
to find the integers a, b, such that all the numbers 

a , a +6, a + 26, ... 

would be prime. Now this is impossible, since a+ab is divisible by a ; and 
therefore the primes do not recur. 

If the primes were finite in number, we could denote them by p l9 p 2 , 
p 3 , ••• > Pn 5 an d then the number 

(PlP 2 P 3 •••Pn)+ 1 

would not be divisible by any prime, which is absurd. Thus the number of 
primes is infinite. This theorem and proof are due to Euclid (Bk. ix, Prop. 20). 

As an example of a different type, consider the infinite decimal 
obtained by applying the regular arithmetic process for extracting 
the square-root to a non-square such as 2 ; this process gives a 
sequence of digits * 

1*414213562373... . 

This decimal has the property that, if A n denotes the value of 
the first n digits after the point, 

(*•+&)’>*>■*•?• 

which gives 2—A n 2 < 3/10", since 2A[ n +l/10 n < 3. 

♦ A rapid way of finding the decimal is to use the series of Euler, Ex. B. 14, 
Ch. VIII. 
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To see that this decimal cannot terminate or recur, we have only 
to prove that there is no rational fraction whose square is equal to 2. 

This is nearly obvious, but we can give a formal proof thus: Suppose, if 
possible, that (a/6) 2 = 2 ; we may assume that a, b are positive integers which 
are mutually prime, and therefore at least one of them is odd . Now since 
a 2 =2ft 2 , a cannot be odd ; so that b must be odd. But if we write a =2c, we 
get 2c 2 =6 2 , so that b cannot be odd ; we thus arrive at a contradiction. 


134. The order of the system of infinite decimals. 

It is possible, and in many ways it is distinctly best, to build up 
the whole theory of rational numbers on the basis of order , regarding 
the numbers as marks distinguishing certain objects arranged in a 
definite order. If, as usual, we place the larger numbers to the 
right of the smaller, along a straight line, we shall then regard the 
inequalities A > B, B> C simply as meaning that the mark A is 
to the right of B and the mark C to the left of B, so that B falls 
between A and C. 


i ‘ i j 

C B A 


We shall now prove that we can obtain the same arrangement by 
reference to the corresponding infinite decimals , without comparing the 
rational numbers directly. 

Suppose that we find 


A=zcl -4- ai 4-~ 2 4- _l -JL-L 
a a o+ 10 + 1 Q2+--- + 10n +, 


B- 


_ _L _1_ J I 


10 " 


and that the integers a r , b r are the same up to a certain stage; * 
say that we find 

••• f ^n —1 1 » but a„ > b n . 

Write 4 r =a 0 +^+^+... + ^-., 


with a corresponding interpretation for B r . Then we have 


^ n -5 w =K~6 n )/10^1/10-. 


* They cannot be always th* same, or A would be equal to B. Note that a 0 , 
b 0 may be negative, but that cq, <%,..., b v b %,... are all positive and less than 10. 
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Also 10 n (B— B n ) is a rational number, and is less than 1, in 
virtue of the method of finding B n from B. 

Thus B < B n +l/lO n , 

while A~A n 

and A n ~ B n + l/10 n . 

Hence A > B. 

Thus, in order to determine the relative position of two infinite 
decimals {derived from rational fractions), we need only compare their 
digits, until we arrive at a stage where the corresponding digits are 
different ; the relative value of these digits determines the relative 
position of the two decimals. 

By extending this rule to all infinite decimals (whether derived 
from rational numbers or not) we can assign a perfectly definite 
order to the whole system : for example, the decimal -1010010001... 
given in Art. 133 would be placed between the two decimals 

•1010000... (zeros) and -1011000... (zeros), 
and also between 

•101001000... (zeros) and -101001100... (zeros), 
and so on. 


Similarly, we may shew that the infinite decimal derived from extracting 
the square root of 2 must be placed between and For, by division, 

wefind =1-411... , =1-4146... , 

so that, in agreement with the rule, 

T* < 1-41421... < •>$>. 


It must not be forgotten that at present the new infinite decimals 
are purely formal expressions, although, as we have explained, they 
fall in perfectly definite order into the scheme of infinite decimals 
derived from rational fractions. 


135. Additional arithmetical examples of infinite decimals 
which are not rational. 

Consider first the sequence of fractions (a n ), where 

a « =i +2l^3 ! + "' + «r 

If m is any integer, and n> m, we find 

1 , 1 , ,1 

°* — (m+1). (m+2): ' ‘ + n! ’ 
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which is less than 


2J_J 

ml [m-\ 


+l + (m-f : l) 2+ "' + (»i+l) n 


'} < m\(m+l)/( 1 m+l)‘ 


Thus, if n> m+1, the decimal for a n lies between the decimals 
given by 

f 1 ~ “I" 77.. i i \ , a ** d d m |) * 


1 ~ a m + (m+1) , and 

In this way we find successively the limits 


166 and 1-75, m= 2 
1-708 and 1-720, m = 3 
1-7166 and 1-7188, ro=4 
1-71806 and 1-71834, m= 5 
1-71825 and 1-71829, m=6 

and so on. 

As m increases, these two decimals become more and more nearly 
equal; and we are thus led to construct an infinite decimal 
(1*718281828 ...), which we regard as equivalent to the expression 

(1) 1+ 2! + 3! + i! + " to ° 0. 

It will now be proved that this infinite decimal cannot agree with 
the one which corresponds to any rational number. 

For the decimal corresponding to 

1 , 1 , 1 , +1 

2i 31. 4i 

must be less than the decimal derived from 

1 , 1 ,1 , , 

2 2 .3 2 .3 2 ^2.3 n - 2 ’ 


And the last expression is 




Hence, no matter how many terms we take from J 

decimal derived from their sum will be less than the decimal *75. 
But if c is any integer greater than 1, 


2! > c+1’ 3 ! > ( c +l)(c+2)’ 4! > (c+l)(c+2)(c+3)’ 
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and so on. Thus the decimal representing any number of terms 
from 11 2 

c+l + (c+l) (c+2) + (c+l)(c+2)Tc+3) + '' • 
must be less than *75. 

Suppose now, if possible, that (1) could lead to an infinite decimal 
agreeing with the decimal derived from a/c, where a and c are 
positive integers. Multiply by c!, and (1) becomes 

{(2.3 ... c)+(3.4 ... c)+( 4.5 ... c) + ...+c+l} 

+A. + _ i_+ 

c+l + (c+l) (c+2) + 

The terms in {} brackets give some integer /, say, and so we find 
that i 1 

0(0-1)!-/=^+ ( c - I) ( c+ 2 ) +..., 

that is, an integer equal to a decimal which is less than *75, which 
is absurd. Thus no fraction such as a/c can give the same infinite 
decimal as (1) does. 

Consider next the continued fractions 


b n —1 +i 


... to n terms. 


Here, we recall the facts that if 

K=Plq, b m+1 —r/s, 

then \V S ~ flT | =1, 

while b n lies between b m and 6 m+1 if n > m+1. 

Thus we find for the successive values of b n , 

1. 2. f. h g. . 

and so, converting to decimals, we see that b n lies between the two sequences 
1, 1-5, 1-6, 1-615. and 2, 1-67, 1-025, 1-6191. 

As m increases, b m and 6 Wi . 1 become more and more nearly equal, 
and lead to an infinite decimal 1-6180340..., which can be con¬ 
sidered as equivalent to the infinite continued fraction 

( 2 ) I+ r+ i+i+i+- to °°- 

This infinite decimal cannot be derived from a rational fraction 
ajc ; for if it were we should have the inequality 


H< 

q c 


brl-A 


so that 


\pc—aq\ > c/s. 
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Since (pc—aq) is an integer, the last condition gives Os; but 
this is obviously absurd, because the denominator of the cth con¬ 
vergent is greater than c (if c > 5). 

Similarly, the continued fraction 


‘ 2 + 2 + 2 + 

can be proved to lead to an infinite decimal which is not rational. 

The reader who is familiar with the theory of continued fractions will see 
that the square of (3) converges to the value 2 ; while (2) can be interpreted 
in connexion with the first geometrical example of Art. .136 below. 

As a somewhat different example, it is easy to see that the infinite 
decimal 

(4) log 10 2 =-301029995663981... 

cannot be rational. For if it were equal to a/c , we should have 
10 a =2 c ; but 10 a must end with 0, whereas 2 C ends with 2, 4, 6 or 8. 
Thus 10 a =2 c is impossible. 

Similarly, we can see that 3, 5, 6, 7, 11, ... cannot have rational 
logarithms. 

136. Oeometrical examples. 

From the examples given in Arts. 133, 135 it is evident that 
the system of rational numbers is by no means sufficient to fulfil 
all the needs of algebra. We shall now give an example to shew 
that it does not suffice for geometry. 

Let a straight line AB be divided at C in “ golden section ” (as 
in Euclid, Book II., prop. 11), so that AC : CB=AB : AC. It is 

i i i i T 

A BBC 13 

then easy to see that AC must be greater than CB , but less than 
twice CB* Cut off AD equal to CB ; it follows at once that AC 
is divided at D in the same ratio as AB is divided at C. For we 

have AC: AD=AC : CB=AB : AC, 

and consequently 

AD : DC=AD : (. AC-AD)=AC : (. AB-AC)=AC : CB. 

Also AD is less than half of AB. 


♦The first follows from the definition; and so we see that AB—AC+CB is 
less than twice AC. Now, since AC : CB = AB : AC, it follows that AC is less 
than twice CB. 
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Thus if we repeat this process 2 n times, we arrive at a line AN, 
which is less than the 2 n th part of AB. 

Now suppose, if possible, that AC/AB can be expressed as a 
rational fraction r/s ; then AD/AB=CB/AB is (s—r)/s, and DC/AB 
is (2 r—s)/s. Hence AE/AB is (2 r—s)/s and ED/AB is (25— 3r)/s. 
Continuing this argument, we see that AN/AB must be some 
multiple of 1/5 ; and so cannot be less than I/ 5 . But we have seen 
that AN/AB is less than l/2 n , so that we are led to a contradiction, 
because we can choose n so that 2 n exceeds 5 . Thus the ratio 
AC : AB cannot be rational. 

It is not difficult to prove similarly that the ratio of the side to 
the diagonal of a square is not expressible as a rational fraction. 
In fact, let ABC in the figure represent half a square of which AB 
is a diagonal; it is at once evident that AB is greater than AC and 
less than 2AC. Cut off BD=BC , and erect DE perpendicular to 



AB at D ; then we have ED=DA, and EC=ED, because BE is 
a line of symmetry for the quadrilateral BCED. Thus EC=DA . 
If we repeat the same construction on the triangle ADE, we 6ee in 
the same way that AF=FG=GD 


Thus AD (=$FC) is less than half AC; and similarly, AF is 
less than half AD. Thus, by continuing the construction, we arrive 
at an isosceles triangle ANP , such that AN is less than the 2 n th 
part of AC. 

But if AC/AB is a rational fraction r/s, then AD/AB is (s—r)/s, 
so that AF/AB is (3r—25)/5; and continuing the process, we see 
that AN/AB is not less than 1/s, or that AN/AC is not less than 
1/r, which leads to a contradiction, as before. 

Ex. The reader may shew geometrically that the continued fraction (2) 
of the last article converges to the ratio AB: AC ; while (3) converges to the 
ratio of the diagonal to the side of a square, 

B,I.St 2 o 
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137. A special classification of rational numbers. 

The examples of Arts. 133-136 indicate the need for developing 
some theory of irrational numbers . But before proceeding to a 
formal definition, which will be found in the next article, we shall 
give some considerations which shew how infinite decimals which 
do not recur lead up to Dedekind's definition. 

The infinite decimal 1*41421... discussed in Art. 133 enables us 
to divide all rational numbers into two classes : 

(A) The lower class , which contains all rational fractions (such 
as if) less than or equal to some term of the sequence of 
terminated decimals 

1*4, 1*41, 1*414, 1*4142, etc. 

(B) The upper class , which contains all rational fractions (such 
as -J *) greater than every term of the sequence. 

It is then clear that 

(i) Any number in the upper class is greater than every number 
in the lower class. 

(ii) There is no greatest number in the lower class ; and no 
least number in the upper class. 

To see the truth of the second statement, we may observe that, if 
Z = (4 + 3fc)/(3 + 2fc), 

we have l-k = 2(2 - k 2 )j {3 + 2 k), 2 - l 2 = (2 - **)/(3 + 2 k)\ 

Hence, if k is any rational number of the lower class, we have l > k, because 
k 2 < 2; and, for the same reason, l 2 < 2, so that l will also belong to the 
lower class. There is therefore no greatest number in the lower class. 

If now we suppose k to be a rational number of the upper class, we prove 
by a similar argument that l is also a number of the upper class, but is less 
than k . 

Ex. 1. Prove similarly that if k 2 < N, then l > k, l 2 < N, where 
}~(Na + bk)/(b + ak) and b 2 > Na 2 . 

Ex. 2. Establish inequalities similar to those of Ex. 1, taking 

l = k(3N + k 2 )J(N + 3k 2 ). [Dkdekind.] 

Ex. 3. The formula, corresponding to Ex. 2, for the nth root of N is 
l = k{(n + 1) N + (n - 1) k n }/{(n - 1) N + (n + 1) k n ). 

Ex. 4. Utilise the last example to find approximations to 2 ^ ; the first 
two may be taken as I, J. 

The classification of rational numbers which has been just de¬ 
scribed can, however, be obtained by a different process. From 
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the arithmetical process of extracting the square-root of 2, it is 
evident that 

(1-4) 2 , (1-41) 2 , (1-414) 2 , (1-4142)2, ... 

are all less than 2 ; but the sequence contains numbers which are 
as close to 2 as we please. Thus the lower class contains every 
positive rational number whose square is less than 2 ; and it also 
contains all negative rational numbers. Since the two classes 
together contain all rational numbers, it follows that the upper 
class must contain every positive rational number whose square is 
greater than 2. 

Thus the same classification is made by putting, 

(A) In the lower class , all negative numbers and all positive 
numbers whose square is less than 2. 

(B) In the upper class, all positive numbers whose square is 
greater than 2. 

138. Dedekind’s definition of irrational numbers. 

Suppose that some rule has been chosen which separates all 
rational numbers into two classes, such that any number in the 
upper class is greater than every number in the lower class. Thus, 
if a number k belongs to the upper class, so also does every rational 
number greater than k. 

There are then three mutually exclusive possibilities : 

(1) There may be a number g in the lower class which is greater 
than every other number in that class. 

(2) There may be a number l in the upper class which is less 
than every other number in that class. 

(3) Neither g nor l may exist. 

The cases (1), (2) lend themselves very readily to geometrical interpretation, 
by representing any rational number by a point on a line. Thus OP will 


represent the fraction mjn, if the length OP is m times tne nth part of the 
unit of length. 

In case (1), the upper class consists of all rational points to the right of g 



on the line; and the lower class consists of g and all rational points to the 
left of g . 
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Similarly, we can illustrate case (2). It might be thought at first sight 
that g and l might exist simultaneously; but this is excluded by the hypothesis 

6 g l 

that all rational numbers are to be classed. Now £ (g + 1) is rational and falls 
between g and l; and this would escape classification. 

That there are cases in which neither g nor l can exist is clear 
from the example given in the last article, where it was proved that 
there could be no greatest number in the lower class, and no least 
number in the upper class. 

For example, let us illustrate on a straight line the approximations to 
which are derived from the convergents to the continued fraction 

l 1 1 L 
+ 2 + 2 + 2 +“" 

The convergents of the lower class are seen to be 

L b 2 "?)*•••> 

while bibib- 

are those of the upper class. 

It may be observed that if p/q is a convergent of either class, the next 
convergent of the same class is (3p-f 4g)/(2p + 3 q), while the intermediate 
convergent of the other class is (p + 2 q)l(p + q). 

The representative points are as shewn in the diagrams, the second figure 
being a large-scale reproduction of the segment of the first which falls between 
l and ■]. 

0 1.2 

_L_ __!_frj_•_ 

tf ' 1 I 

_JL_4 $_]__ 

«"H ' I 1 

It is clear that in case (3) the rule gives a cleavage or section in 
the rational numbers; and to fill up the gap so caused in our number- 
system, we agree to regard every such section as defining a new 
number , and in particular we may regard this new ( irrational) number 
as being equivalent to the lower class of rational numbers . This 
constitutes Dedekind's definition of irrational numbers .* For it is 
clear from what has been said that these new numbers cannot be 
rational. 

On the other hand, in cases (1), (2) there is no section, and so no 
new number is introduced. 


* Other definitions have been framed by Meray, Weierstrass and G. Cantor. 
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139. Definitions of equal, greater, less; deductions. 

For the present we use the following notation: 

An irrational number is denoted by a Greek letter, such as a, ft ; 
the numbers of the corresponding lower class by small italics, as 
a, b ; those of the upper class by capital italics, as A, B. The 
classes themselves may be denoted by adding brackets, as (a), (4). 
These definitions may be indicated graphically thus 

. | j 

a cl A 


It is an obvious extension of the ordinary use of the symbols 
<,>, to write a<oi<A, b<ft<B. 

In particular, we say that rx is 'positive when 0 belongs to (a); 
cl is negative when 0 belongs to {A). 

Two irrational numbers are equal , if their classes are the same ; 
in symbols we write a=/3 if (a) — (b) and (^4) = (JB). 

The reader who is acquainted with Euclid’s theory of ratio will recognise 
that this definition of equality is exactly the same as that which he adopts 
in Book V. of the Elements. Euclid in fact says that A : B = C : i>, provided 
that the inequalities nA ^ mB are accompanied by nC Jr mD, for any values 
of m, n whatever. In Dedekind’s theory, the inequality nA > mB implies 
that m/n iB in the lower class defining A : B; thus Euclid’s definition implies 
that the two ratios A : B and G : D have the same lower class and the same 
upper class. 

On the other hand, the number cl is less than the number ft, when 
part of the upper class (A) belongs to the lower class (6), so that at 
least one rational number r belongs both to (A) and to (6). 

This definition of inequality also coincides with Euclid’s. 


It follows at once from the definition that if «. < ft and ft < y, 
then cx < y. 

Again, if ol < ft, an infinite number of rational numbers fall between 
cl and ft. For at least one rational number r exists such that 
CL<r<ft. Now there is no greatest number in the class (6), so 
that we can find another rational number s which belongs to (b) 
and is greater than r. Thus 

cl < r < s < ft. 

Then if x, y are any two positive integers, we have 


r< rx±s M< 

x+y 

so that all these rational numbers lie between a and /3. 
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140. Deductions from the definitions. 

Any irrational number (a) can be expressed as an infinite decimal. 

For there will be some integer n 0 (positive or negative) such that 
n 0 belongs to the lower class (a) and n 0 +1 belongs to the upper 
class (A). Then consider the rational fractions 

n o> n o vo > w o+ttf> n o + y cr > ••• > n o + 1> 

some of these belong to class (a), the rest to class (.4). Suppose 
that n 0 -\-nJ 10 is the greatest in class (a), so that we have 
■ n x ^ ^i+l 

w ° + io <a<w ° + 10"’ 


Continuing this process, we arrive at the result 



If we call these two decimal fractions a ri A r , it is plain that 
A r —a r ( = l/10 r ) can be made less than any prescribed rational 
fraction merely by taking r to be sufficiently great; and if we 
continue the process indefinitely we see that (x is the number 
defined by the infinite decimal w 0 ‘ n i n 2 w 3 .... 

The argument just given shews also that we can always determine 
numbers A , a belonging to the two classes such that A —a is less than 
an arbitrarily small rational fraction. 

It is useful to note further that a r can be chosen so as to exceed 
any prescribed number a' of the lower class. For let a" be another 
number of the lower class which is greater than a' ; and then choose 
r so that 10 r > l/(a"— a'). Then 

A r —a r <a n — a\ or a r —a!>A r —a n . 

But A r > a ", so that a r > a'. 

141. Modified form of Dedekind’s definition. 

Suppose that a classification of the rational numbers has the 
following properties: 

(1) if a belongs to the lower class, so does every rational number 
less than a ; 

(2) if A belongs to the upper class, so does every rational 
number greater than A ; 

(3) every number a is less than any number A ; 

(4) numbers A, a can be found in the two classes such that 
A—a is less than an arbitrary rational fraction. 
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Such a classification defines a single number , rational or irrational. 

For any rational number r which does not belong to either class 
must lie between the two classes, since any number less than a 
number of the lower class must also belong to the lower class ; and 
therefore r must exceed every number of the lower class : similarly, 
r must be less than every number of the upper class. Hence, if 
a, A are any two members of the two classes a <r< A. 

Suppose now that s is a second rational number which belongs 
to neither class; then a<s<A . Hence |r—s| must be less than 
A — a\ but this is impossible, since by hypothesis A , a can be 
chosen so that A — a is less than any assigned rational fraction. 

Consequently, not more than one rational number can escape 
classification; if there is one such number, the classification may 
be regarded as defining that number; but if there is no rational 
number which escapes classification, we have obtained a Dedekind 
section, and have therefore defined an irrational number. 

142. Algebraic operations with irrational numbers. 

The negative of an irrational number cl is defined by means of the 
lower class — A and the upper class — a ; it is denoted naturally 
by ~~a. 

The reciprocal of an irrational number a is defined most easily by 
restricting the classes at first to contain only terms of one sign; 
and then the reciprocal 1/a is defined by the lower class ljA and 
the upper class 1/a. Thus if the number a is positive, the complete 
specification of the classes for 1/a will be given by putting the whole 
of 1 /A in the lower class, together with all negative numbers, while 
the upper class will contain only the positive part of 1/a; and a 
corresponding definition is easily framed for 1/a when a is negative. 

The absolute value of an irrational number ol is always positive and 
is equal to a or —a, according as a is positive or negative ; it is 
denoted by | a |. 

Addition of two irrationals. 

Suppose a, f3 to be the two given irrationals, so that a <ol < A, 
b < (3 < B. Then we classify the rational numbers by making 
a+6 a typical member of the lower class and A+B of the upper 
class. This rule obviously satisfies conditions (l)-(3) of Art. 141. 
To prove that it satisfies condition (4) and so defines a single number, 
we note that (A+B)-{a+b)={A-a)+(B-b), 
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and, as explained in Art. 140, we can find a , A and b, B so as to 
make A— a and B—b each less than \e ; and then (A+B)—(a -f- 6 ) 
is less than e. Hence our classification defines a number which 
may be rational or irrational; this number is called the sum a+/3. 

It follows at once that a+( — a)= 0 ; for here the lower class is 
represented by the type a— A, and the upper class by A—a. That 
is, the lower class consists of all negative rational numbers and the 
upper class of all positive rational numbers ; hence, zero is the only 
rational number not classed, and therefore is the number defined 
by the classification. 

Subtraction of irrationals. 

In virtue of the relation /3+(—/3) = 0 , we may define a — j3 as equal 
to the sum a+( — / 3 ). 

Multiplication of positive irrational numbers. 

For simplicity of statement, we omit the negative numbers from 
the lower classes ; and then we define the product a/3 by using the 
type ab for the lower class and AB for the corresponding upper 
class. To prove that this classification defines a single number, let 
e denote an arbitrary positive rational fraction less than 1 ; and 
choose any rational number R which is greater than a +/3+ 1 . Next 
find numbers A , a and B y b such that A—a < e ls B—b< e v where 

e^e/R. 

The determination of A, a and B } b is possible in virtue of Art. 
140. Then we have 

AB—ab < ab 

or AB—ab < ^ 1 (^+ 6 +^) < e 1 (a+ 6 +l) < e X I2. 

That is, AB—abce . 

Thus, as in Art. 141, the classification by means of ab and AB 
defines a single number which may be rational or irrational; and. 
this number is called a/3. 

In particular, if /3=l/a, the product is equal to 1 ; for the lower 
class is represented by a/A and the upper class by A/a. That is, 
the lower class contain all rational numbers less than 1 and the 
upper class all rational numbers greater than 1 . Consequently the 
product is equal to 1 , the single rational number which escapes 
classification. 
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Multiplication of negative irrational numbers is reduced at once to 
that of positive numbers by agreeing to accept the ordinary “ rule 
of signs ” as established for rational numbers. 

Division of irrationals . 

In consequence of the relation (l//3)x/3=l, we may define the 
quotient cl ft as equal to the product a x (1//3). 

It is now evident that any of the fundamental laws of algebra 
which have been established for rational numbers remain true for 
irrational numbers. 

Thus, we have the following laws : 

a+0 —cl, a+/3=/3+a, a+(0+y)=(a+/3)+\y> 
a X1 =«., oft a fty) =(a./3) y, 

a(/3+y)=a/3+rx y , 

|a|+|/3|^|a+/3|^|a|-]^|. 

For example, let us prove the theorem cl 4- /3 = P + cl. 

By definition we have 

(a +6) < ol+/? < (A +B) 
and (b +a) < ft +cl < (B +A). 

But a +6 =& +a and A + B = B + A, so that rx. -h ft and /3 + «. are defined by 
the same two classes and are accordingly equal. 

The reader will find it a good exercise to write out proofs of the other laws 
in a similar way. After this he may attempt to construct a theory of irra¬ 
tional indices and of logarithms, on the foundation of Dedekind’s theory. It 
is necessary to define a. A first and then to prove that a* . ol m =ol a+aa , and so on; 
finally shewing that the equation in A, = /3, has a root; here /3 are positive 
and A, fx may be either positive or negative. 

143. The principle of convergence for monotonic sequences 
whose terms may be either rational or irrational. 

A monotonic sequence (a n ) leads to a section in the system of 
rational numbers as follows : 

Suppose for definiteness that the sequence is an increasing one, 
in which the terms remain less than a fixed number A, so that 

a 1 ~a 2 '^_a 3 ~ ... ^ a n ^ ... < A. 

Now if k is any rational number, one of two alternatives must 
occur; either some term in the sequence (a n ) will be equal to or 
greater than k , or else every term of the sequence will be less than 
k. We define the class ( b) as the class of all rational numbers k 
which satisfy the first condition, the class (B ) as the class of all 
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which satisfy the second condition. Typical numbers of the class 
(6) are the rational numbers which belong to the sequence; while 
(B) contains every rational number greater than A, and possibly 
some rational numbers less than A . 

It is clear that the classes (6), (B) together contain all rational 
numbers, and therefore give a section which defines some number 
/3y rational or irrational. We may call (5), (6) the upper and lower 
classes respectively, defined by the sequence (a n ). 

Now every rational number greater than /3 belongs to the upper 
class (B), and is therefore greater than any term a n . And the same 
is true of every irrational number y greater than /3 ; for there will 
be rational numbers between y and f3, and these rational numbers 
are greater than any term a n : thus y is also greater than any term 
a n . Consequently no term in the sequence (a n ), whether rational or 
irrational , can exceed /3. 

On the other hand, every rational number less than /3 must belong 
to the lower class (b). Now if e is any positive number, there will 
be rational numbers between /3 and f3 —e ; and, since these numbers 
are less than /3, they must belong to the lower class (6). That is, 
there must be some term of the sequence , say a m , which is greater than 
or equal to ft—e. 

Hence, since a n ~ a m , if n> m, 

we have /3 ^ a n ^ /3 —e, if n> m. 

That is, lim a n =/3. [By def. Art. 1.] 

A good example of such a sequence is afforded by the terminated decimals 
derived from an infinite decimal; and it will be seen at once that the section 
described here is an obvious extension of the method used in Art. 137 above. 

Suppose next that the terms of the sequence, while still increasing, 
do not remain less than any fixed number A. It is then evident 
that if a m > A , we have a n > A if n > m. 

Thus lim a n = a>. [By def. Art. 1.] 

oo 

Exactly similar arguments can be applied to a decreasing sequence. 

As an example we shall give a proof of the theorem that any continuous 
monotonic function attains just once every value between its greatest and least 
values. Suppose that f(x) steadily increases from x =a to x =c, so that 

b <d 9 if f(a) =6 and /(c) =d. 
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Then if l is any number between b and d f we consider / {\ (a +c)}, which 
is also between b and d ; suppose that this is found to be less than l, write 
then 

a x =\{a+c) t &!=/(«!) < l , 

Ci=c, d^f(c x ) > l . 

On the other hand, when / {| (a -f c)} is greater than l, we write 
cii —d, 6i=/(ai) < ly 

c i = i («+c), d l =/(c l ) > l. 

Continuing the process we construct two sequences (a n ), (c n ), the first never 
decreasing and the second never increasing ; and c n -a n — (c -a)/2 n , so that 
( a n)> ( c n) have a common limit h Also by the method of construction it is 
evident that/(a n ) <1 <f(c n ); unless it happens that at some stage we find 
f( a n) in which case the theorem requires no further discussion. 

Now since f(x) is continuous we can find an integer v such that 
f( c n ) ~/( a ») < c, if n > v; and both f(k) and l are contained between f(a n ) 
and /(c n ). Thus we can find v so that 

| f{h) - l | < c, if n > v, 

and therefore, as in Art. 1-2 (6), f(k)—l. From the method of construction 
it is clear that there is only one value such as k ; and this is also evident 
from the monotonic nature of f(x). 

144. Maximum and minimum limiting values of a sequence 
of rational or irrational terms. 

Suppose first that all the terms of the sequence are less than some 
fixed rational number R, and let r be a smaller rational number, 
such that an infinity of terms a n are greater than r. Then if we 
bisect the interval (r, R) by ^(r+i?), it is evident that either an 
infinity or a finite number of terms a n fall between %(r+R) and R ; 
in the former case we write r^Kr+R), R X =R ; in the latter we 
write r 1 =r, iJ 1 =J(r+jR). We have thus constructed a smaller 
interval (r lf R x ) which contains an infinity of terms a n ; and we can 
repeat the process as often as we wish. A few stages are indicated 
in the diagram. 



Fig. 39. 


Then the sequence r, r lf r 2 , r 3 , ... never decreases, and remains less 
than R ; and so the sequence (r n ) determines a number G (which 
may of course be either rational or irrational, as in the last article). 
Again the sequence ( R n ) has the same limit G, because 

Rn-rnHR-r)! 2 n ->0 
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as n -> oo . Thus, if e is an arbitrarily small positive number, we 
can find n so that r n = G— e, R n ~ (?+e. 

Consequently an infinite number of terms a n lie between G—e and 
G+e, but only a finite number are greater than G+e. 

Thus we can determine a sub-sequence from (a n ) which has G as 
its limit; and we can find a certain stage after which all the terms 
of the sequence are less than G+e ; thus no convergent sub-sequence 
can have a limit greater than G. These properties shew that G is the 
maximum limit of the sequence (a n ). (See Art. 5*2.) 

If no such number as R can be found in the foregoing argument, 
there are numbers of the sequence ( a n ) greater than any assignable 
number, so that the maximum limit is then oo . On the other hand, 
if no such number as r can be found, there will be only a finite 
number of terms greater than — N> however large N may be, and 
consequently lima„=-oo. 

For the sake of uniformity we may say even then that the sequence 
has a maximum limit, which is, of course, — oo . 

All the foregoing discussion can be at once modified to establish 
the existence of a minimum limit (g or —oo ). 

145. The general principle of convergence is both necessary 
and sufficient. 

The principle is stated explicitly in Art. 3 ; and it is understood 
that the terms of the sequence may be rational or irrational. 

In the first place, the condition is obviously necessary ; for if 
iima n =Z, we know that an index m can be found to correspond 
to e, in such a way that 

|Z—a n |<e, if n + m. 

Thus |a n —a w | = I I + | «m| < 2e, if n > m. 

In the second place, the condition is sufficient ; for let m be fixed 
80 that | a n -u m | < e, if n > m, 

or a m —e <a„ < a m +e, if n > m. 

Then it follows from the last article that the sequence (a„) has a 
finite maximum limit 0 ; and then an infinity of terms fall between 
G—e and (r-fe. Choose one of these, say a p , whose index p is 
greater than m. Thus we have 

G—e <dp<G +e. 
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Also 
Thus 
and since 
it follows that 


a p —€ <a m < a p +e, since p> m. 

G —2e <a m <G +2e, 

a m —e < a n < a m +e, if n > m, 

G —3e <a n <G +3e, if n> m. 


Thus a n ->G; and consequently the sequence is convergent. Of 
course in this case g—G, the two extreme limits being equal in a 
convergent sequence. 

Various proofs of this general theorem have been published, some being 
apparently much shorter than the foregoing series of articles. But on examin¬ 
ing the foundations of the shorter investigations it will be seen that in all 
cases the apparent brevity is obtained by avoiding the definition of an irra¬ 
tional number. This virtually implies a shirking of the whole difficulty; for 
this difficulty consists essentially * in proving that (under the condition of 
Art. 3) a sequence may be used to define a “ number.” 


146. First theorem on limits of quotients. 

If lim a n = 0 and lim b n — 0 ; and if, in addition, the sequence (6 n ) 
steadily decreases, then 


lim 



^n+1 

b n b n+1 


provided that the second quotient has a definite limit, finite or infinite. 

Suppose first that the limit is finite and equal to l; then if e is 
an arbitrarily small positive fraction, m can be found so that 


Z—e < --—< l+e, if n > m ; 
b n b n+1 

or, since (b n —b n+1 ) is positive, we have 

(Z—e)(6 n —& n+1 ) < a n -a n+1 < (l+e)(b n -b n+1 ). 

Change n to w+1, w+2, ... n+p—l and add the results; then 
we find 

(Z €)(&„ b n+p ) < a n a n+p < (Z t) n+p ). 

Now take the limit of this result as p -> oo ; we obtain 
(l-e)b n ^a n ^(l+e)b n , 
because by hypothesis a n + p ->0 and b n+p -^ 0. 


* Pringsheim ( Encyklopddie , I. a. 3, 14) says : “ As the truth of this theorem 
rests essentially and exclusively on an exact definition of irrational numbers, natur¬ 
ally the first accurate proofs are connected with the arithmetical theories of irrational 
numbers, and with the associated revision and improvement of the older geometrical 
views.” 
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Hence, since 6„ is positive, we have 

I K/h„)-i|~e, if n>m, 
or lim (a„lb„)=l. 

On the other hand, if the given limit is oo , we can find to so that 

a u n ~l^ > N, if n > to, 
b n o»+i 

however large N may be. By exactly the same argument as before, 

«n-«W> N{K-b n +p)> 

a n ~Nb n , 

aJb n ~N, if n>TO. 
lim (ajb n ) =oo. 


we obtain 

which leads to 
or 

Thus 


There is no difficulty in extending the argument to prove that, with the 
same restriction on the sequence (6 n ), 


lim 


a n ~ a n±l < 

K-K+ 1~ 


lim. 


aim. 


~ a n+i 

~b n+ i 


This theorem should be compared with the theorem (L’Hospital’s) 
of the Differential Calculus : 

If lim 4 > (z) =0, lim ^ ( x) =0, 

£-><» a;-> co 

then lim (x)/\[s (x) =lim 4>'(x)l\{s'(x), 


provided that the second limit exists and that \]s'(x) has a constant sign 
for values of x greater than some fixed value. 

147. Second theorem on limits of quotients. 

If h n steadily increases to oo , then 


lim^=lim 

K 


a n +1 a n 

bn+1 


provided that the second limit exists .* 

For if the second limit is finite and equal to I, as in Art. 146 
above, we see in the same way that we can choose m so that 

{l—e)(b„—b m ) < a n —a m < ( l+e)(b n -b m ), if n > to. 


Thus, since b n is positive, 



* Extended by Stola from a theorem given by Cauchy for the case l> n -v. 
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Now, since b n -> oo, we have 

limX.=lim{(i-e)(l-j“) + ^}=I-« 

and lim Y„=lim |(i+e)(l—^-) + ®-| =l+e. 

And so we can find n 0 such that 

X n > l—2e and Y n < i+2e, if n> n 0 . 
Hence l—2e < ajb n < 1+ 2e. if n > n 0 , 

or lim (a n /b n )=l. 

Similarly, if the given limit is oo , we can find m, so that 
«„ —a m > N ( b n -b m ), if n > m, 


however great N may be. 


and the limit of X n is N, as n->oo , so that we can find n 0 , such 
that X n > IN, if n> n 0 . 

Then ctjb n > %N, if n > w 0 , or lim {a n /b n )=co . 


There is no difficulty in proving similarly that with the same restriction 
on the sequence ( b n ) 


] im ®s±l_-lim ®« 
^n+i ~°n °n 


~ lim a '^ + — a y i . 

K+i-K 


The present theorem should be compared with the following 
theorem (L’Hospital’s) of the Differential Calculus : 

If \fs(x) increases steadily to oo with x, then 

i im 0(*) -lim & 
provided that the second limit exists. 


It is probably not out of place to say a word on this important theorem, 
since few of the commoner English text-books contain a correct proof. By 
the extended form of the mean-value theorem we have 


-4(a) Mg) 

no’ 


where x > £ > a, 


and yjs (x) - i/r (a) is positive by hypothesis. Thus, if <h\x)jylr\x) tends to 
limit l, we can choose a so that 

(l-e){\ls(x) -y/r(a)} < < 1>(x)-<l>(a) < (l + e){\lr(x) -f(a )}. 
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And from here onwards the argument proceeds as for sequences. 
Similarly, if <f>'(x)l\fr f (x) -> oo, we can find a so that 

t(x)-<f>(a)>N{+(x)-yl,(a)} t 

and again the same argument can be used. 


Ex. 1. If 


a n — \ l> + 2* 
6 n =w H ' 1 


we have f n+1 — _ 

K+i-K (n + l) t + 1 -n>'+ 1 (l+l/r^+ ] 


+ - + *'} p + l>ft 

- 


iim- ^-=p + l, asft-*0. 


Now 

by the fundamental limit of the Differential Calculus. 

a n+ l~1 


Hence, 

and so 
Ex. 2. If 
we have 

so that 


lim 


K+i -b n P + 1’ 
lim = * 


6 n p + I 

a n =logn, b n =n, 

K+i~b n V nj 
lim^^-^J=0. (Compare Art. 160.) 


Similarly, if a n ~(log n) 2 , b n =n, we find 

a n+ll ®« _ { Iog ra + log (re +1)} log (1 + 1 -) < 2 log(» + l), 

°n +1 _0 n \ n/ n 

which tends to 0 by the previous result. 

Thus lim {(log n) 2 /n} = 0. 

Similarly we can prove that lim {(log ny/n} =0. 

The reader may also verify this result by using L’Hospital’s theorem. 


Ex. 3. If %=P n > h= n > 

we have -® n =p n (p-1), & w+1 -6 n = l, 

and hence lim (a n+x - a n ) = 0, if p ~ 1, 

or oo , if p > 1. 

Thus lim(p n /w)=0, ifjp — I, 

or oo, if p > 1. (Art. 160.) 
Of course Ex. 3 is only another form of Ex. 2. 


Ex. 4. Even when ( a n ) and (b n ) are both monotonic , lim ajb n need not exist . 
In this case, the theorem shews that lim (a n+1 -a n )l(b n+1 -b n ) does not 
exist. An example is given by 

%=p n {q+(-m> K=p n (p>n 
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Here a n+1 -a„=p n {p 2 +p( -l)** 1 -? -(-!)"> 

= P n {(l> -1)? -(p + 1) ( - l) n }> 
and so a n steadily increases if q > (p + l)/(p -1). 

Then we have 


Hm 

"n+i “ °n 


“a 


p+1 

p-I 9 


lim j 


v n+i 


-K 


=q + 


p+1 

p-1’ 


while Um (ajb n ) =2-1, Um (a„/6„) =2+1- 

Since (p + l)/(p-1) > 1, 

these results agree with the extended form of the theorem. 


Ex. 5. Even when (a n+1 - a n )/(b n Hl - b n ) oscillates infinitely, ajb n may 
have a definite limit. 

Forif a„=3» + (-l)», 6 n =3»+(-l) 1 **, 

we see that a^ -a„=3 +2(-l)"+ l , 6^-6„=3+2(-1)”. 

Thus (a„ +l -a„)/(6„ fl -b n ) osoillates between 1 and 6, although 

lim (a n /6„) = l. 

Again, if o„=(w + l) a +(-l) n n, 6„=(n + l) 8 +(-l) n+1 », 
we find 

«Wi - 1 “n =2»+3 + ( -+ 1), b^x -6„=2n+3 +( -l) n (2« +1), 
so that (a B+1 -a„)/(6 n+1 -b„) is alternately 2{n + l) and 1/2(» + l); and so 


u n +l 


But 


Um (a n jb n ) =1. 


Ex. 6. // b n does not steadily increase, the theorem is not necessarily true. 

For example take a n =n +1, b n ={2 +( -1 ) n }n, 
so that a ,^ -a n = 1, &„+i - & n =2 + ( -l)"* 1 (2n +1). 

Consequently lim —?- = 0, 

& n+i "A 

but yet Km (a n /6 n ) =J, Em (a n /6 n ) = 1. 

Similarly L’Hospital’s theorem may fail when ohanges sign infinitely 
often. 

Thus consider </>{x) =x +1 +sin x cos x, yjs(x) =e? mX (x +sin x cos x), 
for which we find that, as x -+ oo, cf>\x)/\lr' {x) -> 0, while oscillates 

between 1/e and e. 


Ex. 7. Consider the case, 

<f>(x) =x +a sin x , ^0*0 =aJ » ( a > 0)» 
and prove that lim </> (a;)/^ (a?) = 1, 

.O’—►an 


while 

B.I.S. 


lim <// (x)/\lr'(x) = 1 - a, lim <l>\x)ly\r\x) = 1 +a. 
2 D 
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148. An extension of Abel’s Lemma. 

To determine limits for the fraction 

x _ 6 0 « 0 +y 1 +...+Mn 

" ao«0+«l%+-+ 0 n W n > 

where the terms a r , v r are all positive and the sequence (v r ) is monotonic. 

Write A 0 =a 0 , ^ 1 =a 0 +«i. — > ^n=«o+®i+-"+ 0 »> 
and B 0 =b 0 , B l =b 0 +b t> ..., B n =&o+&i+•••+&»• 

Then, as in Art. 20, 

X KZ±t) ±gl (% — p ») + • • • +^n-l fon-1 - p n) 

" +^1 K -v 2 ) + • • • + A n _! («„-!-«„) +A n V n ' 

First, if the sequence (v n ) steadily decreases, we can obtain an upper 
limit to X n by writing 

H m A r in place of B r (for r—m, m+1, ..., n) 
and HA r in place of B r (for r=0, 1 , ..., m— 1), 

where H, H m are the upper limits of 

(a’ Z* - > a")> and of (z 5 ’ T^> - ’ f)’ 

respectively. To see that this step is justified, note that 

A 0 , A v ..., A n and (Vq-vJ, (%-u 2 ), ..., K-i-*>«)> v n 
are all positive. 

Thus, on subtracting H m we find 

y _ ij ^ (tj _ Tj \ Aq (^o ^i) 7 b A 1 (Vi~~~ v 2 ) ~h • - -\-A m _i (y m ~i ym ). 

If we replace A r by its value a 0 +a 1 +•••+ «>•, we obtain 
X n -H m < (H-H m )■ 

a Q v 0 ++ • • • + a » v n 
Or, since H—H m is positive by definition, 

X n <H m + (H—H n ) “^*±^1+ . 

’ a 0 v 0 +a 1 v i -\-... + a n v n 

In like manner we prove that 

x n >h m -(h m -h) 

a 0 %+<h v i+ ■■■+ a » v n 

where h, h m are the corresponding lower limits for BfA,-. 
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Secondly , suppose that the sequence (t; n ) steadily increases . In the 
numerator of X n the factors i v i~ v 2 )> •••> ( v n-i~~ v n) are 

now all negative, while v n is positive; thus the value of the 
numerator is increased by writing 

hA r in place of B r (for r = 0, 1, ... , m—1) 
and h m A r in place of B r (for r=m, m+1, ... , n— 1), 
while in the last term we put H m A n in place of B n . This changes 
the numerator to 

h {A 0 (v 0 — v ± )+.... + A m _i (v w _! - v m )} 

h m { A m (v m v m+ 1 ) -f -A n _i (Vn —i v n )} -|- H m A n v n 

= K («o^o + • • • + Wn )+ (H m - h m ) A n v n 

ifim h)(A m v m UqVq ... a m v m )y 

and, since h m ^ A, this will not be decreased if we omit the negative 
terms in the last bracket. Hence, as the denominator is essentially 
positive, we obtain the result 

y ]i _l_ A n v n -f- (h m h) A m v m 

n m “ a fl ^¥i+- + ¥n‘ 

Similarly, we find 

Y ^ zj _ h m ) A n v n -\- {H H m )A m v m 

a 0 v Q +a 1 v 1 + ... + a n v n 

Thirdly, if the sequence (v n ) first increases and afterwards decreases .* 
Suppose that the term v p is the greatest in the sequence, and 
let m be less than p. Then the factors (Vq—v^, .... are 

negative, while (v p —v p+1 ), ..., {v n _i — v n ara. positive. Thus 
the numerator of X n is not greater than 

h {4„ (%- vj +... + A m _ x (v m _ x -v m )} 

+ K {A m (v m - v m+l ) +...+ Ajj^ (v p _! -v p )} 
+H m {A p (v p —v p+1 ) + ■••+A n _ l (v n -. l —v n )-\-A n v n } 
=H m (a 0 v 0 +-+a n v „) 

+ (H m -h m )(A p v p -a 0 v 0 - ...~a p v p ) 

+ (K-h)(A fn v m -a 0 v 0 - ...~a m v m ). 

Hence, by an argument similar to the last, we deduce 

X H \ Ap'Vp ~i~ (j^«t h)A m v nx 

n m “ r ' a 0 v 0 +«i^i+7.. + a n v n 

* In this case the sequence {v n ) is not, strictly speaking, monotonic ; but it will 
save repetition to discuss the corresponding result here. 




420 


IRRATIONAL NUMBERS 


[ap. I. 

and similarly 

y 7 _ (fim (j? H fn )A. m V rn 

n> w ^ 0 +a^+... + a nVn 

Ex. Provo that if a n ->a and 2*> n “ divergent, although b n need not be 
positive, 

lim a °^° + ai ^ x + ••• + a n^n _ n 

hm ~ b Q +b-+-—tb~ °> 

provided that ^ * * +b ' [* ~ < Km [Jensen.] 

149. Cauchy’s theorems. 

It follows at once from Art. 147, that if ( s n+1 —s n ) has a definite 
limit, sjn tends to the same limit. Thus, by writing 

Sn ==a l + a 2+ •••+#»> 

we obtain Cauchy’s first theorem, if a sequence (a n ) has a limit, this 
limit is also equal to 

lim^(a 1 +a 2 +... + a n ). 

Vh 

A direct proof is very simple, however; if a n -* l, we can find m so that 
l - c <a n <l+ e, if n > m. 

Hence, by addition, we have 

(« - m)(l - t) < a + ... +a„<(n- m)(l + e). 

Thus, writing (a x + a 2 + ... + a n )/n =A n , 

we Bee that (l - - «) + < ^ < ( l ~ + «) + ™ A,„ 

If then n 0 is found so that 

wi>€ >m{|i| + € + |A W |}, and n^m, 
we have l - 2e < A n < l + 2c, ifn>tt„. 

Hence lim A n = i. 

Similarly, if a n -> oo, we oan find m so that a n > N, if n > m. 

Proceeding similarly, we get 

>(>-?)» 

Then choose n 0 so that n 0 > 2m{N + \A m \}/N, 
and we have A n > N - = JN, if n > w 0 . 

Thus lim A n = oo. 

When a n *-► - oo, we need only change all the signs to deduce the final 

result. 
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Of course the second limit may exist, when the first does not; thus, with 
a an-i = l> a 2n = 0, the second limit becomes J, although the sequence (a n ) 
oscillates. 

Cauchy’s second theorem. If all the terms of a sequence (a n ) are 

'positive, and if lim (a n+l ja n ) exists , so also does lim a n n ; and the two 
limits are equal. 

For, if lim(a n+1 /a n ) is finite and equal to l, we can find m, so that 
1(1 — e)<a n + 1 la n <l(l + e), if n^m. 

By multiplication, we obtain 

ln-m _ € )»-m < a Ja m < ^ + 

so that |^(l_ e )»<^<^(l + e )n > 

Now, as n-> oo , (Ex. 6, Ch. I.), and so we can 

find n 0 ~m, such that 



1—2<r /a m \»^l+2<? 

1-e "\lmj " 1 + e > 

if w>w 0 . 

Hence 

1 — 2c < c ? n n /1 <C 1 -|- 26, 

if n>n 0 , 

or 

1 _ 

lim a n n /l—l. 


Thus 

lim a n "=l= lim (a n+1 /a„). 


Again, if lim(a n+1 /a n ) = oo , we can find m , so that 
«n+i/ a n>^ if n~m, 
however great N may be. 

Hence, as above, a„/a m > 

i i 

or a n n >N ( a m l N m ) n . 

Bat, as » -»■ oo, lim ( a m IN m ) n = 1 (Ex. C, p. 22); 

thus we can find n„, such that 

{aJN m y>>l, if » > w 0 . 

Then a n n > £N, if n>n 0 , 

or lim a n n = oo . 

The case when lim (a n+1 /a n )=0 can be reduced to the last by 
writing a n =l/6 n , because a n is positive. 
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It is not difiioult to extend the previous argument to prove that in general 

J _ 

(a n ,Ja n ) lim a n * i im (a n+ 

For if lim a n+1 /a n = g, and lim a n+1 la n = G, we can find m so that 
0(1 - <0 < a n+1 /a n < G( 1 + c), if n > m. 

Repeating the previous arguments, we find that 

T > (rJ {l ~ t)>l ~ 2e ’ * n>n °’ 

1 L 

% < + *) < 1 + i f »> n o- 

Hence lim a n " ^ gr, and lim a n u 2 

Similarly it may be proved that 

i _ i_ _t 

lim (a n+ i/a n Y“ g lim a n ! ‘" lim (o n+1 /a B )°', 
and 6 n steadily increases to oo . 


and 


Ex. 1. To find 

we write 
so that 


lim ^ (n !) n , 

=(» '•)/»". 

«„ + +!)”=(!+!/»)-”• 

lim 1 (n !)» =lim aj> =lim “ n -* 1 = 1 
n ' n n. t 


Thus . . .„ _ 

«n « 

by Art. 155. This result can be verified at once by reference to Stirling’s 
formula for n ! (see Art. 179). 


Ex. 2 . To find 
we write 


1 ! 
lim - {(m + l)(ra +2) ...(m +ri)} n , where m is fixed, 

71 


a n =(m + l)(ra +2) ... (m + n)/n n , 

and then o^n+m + 1 /, 1\- 

a n n +1 \ nj 

so that the limit again is 1/e. 


Ex. 3. Similarly we find that 

lim- {(n + l)(n +2) ... 2 n}n =^, 

71 C 

because S+i = *®L+JL> (\ + 1 )"”. 

a„ to+1 V »/ 

150. Ceshro’s theorem. 

7/ the sequences (a„), (6 n ) converge to the limits a, b, then 

lim 1 (o 1 6 n +a 2 6 n _ 1 +... +o„&i) =06. 

Write a„=a+p„, and |p„|=P„. 

Then 0, and consequently -P„—> 0 also. 
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Hence, by Cauchy’s first theorem, 

(Pl+P* + «" +P*)M —> 0 . 

Now, on substituting for (< a 1 , a 2 , ... , a n ), the given expression 

becomes a 

-(bi J rb 2 +---+b n )+R n9 


where 


\Rn\ <J(P X +P 2 +...+P n ), 


and C is the upper limit to |6J, |6 a |, ... |6 n |. 

Now as oo, C remains finite, because b n ->&; and so |i2 n |-vG. 
Further, from Cauchy’s theorem, 

(&i+& 2 +”‘ -\-b n )/n->b, 

and so the given expression tends to the limit ah. 


151. The Hardy-Landau converse of Cauchy’s first theorem. 

If (i) a n is real , (ii) either n(a n —a n+1 ) < K or n (a n +i“ a n) < 
(iii) b n — (a 1 +a 2 +...+a n )/n tends to the limit Z, then a n also tends to the 
limit l. 

Without loss of generality we can suppose that Z=0, /£=!, and 
that the first form of the two conditions (ii) is given.* 

Now a n+1 =(n + l)b n+l -nb n , su that (b n+l -b n )=(a n ^~b n+1 )ln 9 
and thus, on taking the sum from n—m to n=m+p- 1, we find 
that 


(1) 


bm+p b m = 




' b m +i | a 


m+2 b m +2 ■ 

m+f 


*171 W 


u m+p 


m ' m+i ' ' m-fp—1 

Since b n -> 0 , we can find a value of v such that | h n I < e , 
n > v, however small e may be. 

Further, we have seen (in Art. 147) that 


if 


lim a n ~ lim b n ^ lim b n ~ lim a n9 
and so here Urn a n ~0~ lim a n . 

Thus there are three possibilities only : 

(a) lim a n =0 = lim a n9 so that a n -> 0, 
(/3) lim a n ^0 , lim a n > 0, 

(y) lim a n < 0, Um a n ~0. 


♦Write c n =(a n -i)jK, then it ia easy to see that + c n )jn -* 0, and 

that n (c n - c n+1 ) < 1 if the first form of condition (ii) is given ; when the second 
form is given, we use d n —(l-a n )!K and then again n (d n -d n+1 ) < 1. 
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It will be noticed that (/3) and (y) are not exclusive, since they 
include the common possibility 

Urn a n < 0, lim a n > 0 ; 

but one at least of (3) and (y) must be true, unless a n -> 0. Let us 
suppose that (3) is true; then a positive number X exists such that * 
a n > 2\ for one infinite set of values of n, and for another infinite 
set of values a„ < X. 

Choose any value wt+1 > v-fl from the first set of values of n, 
and let w+p+1 be the next value of n belonging to the seoond set; 
then we have 


(2) a, B +i > 2X, a m+P+ 1 <x, (m+p> m> v) 

and also a m+1 , a m+2 , a m +— a m+ P are all greater than, or equal to, X. 
Consequently in (1) we have 

<W ^m-HL — X 6, &m+2 2 = X f, ... Qm+p ^m+p = ^ 

and thus we find 

(3) b m+/ —b m — (\~e) ■ 

Further, condition (ii) gives, on summation. 

a lll+1 -a nupn < <!, 

and thus (2) yields the inequalities 


X < £ , p > mX, — 7 — 
m r m+p 


> 


1 -j-X 


Hence, substituting in (3), we have 

X(X-e) 


(4) 


bm+2> b/n ^ 


1+X 


But, since m > v, | b m | < e and | b m+p | < e, 
so that 2 e> | b m+p —b m |, 

and thus (4) yields the conclusion 

2e(l+X) ^ X(X — e) 

or 6 (2+3X) > X 2 , 


* If lim a n =G > 0 t there is an infinite set of values of n for which a n > G -rj, 
where rj is any positive number; and thus (putting 77=3$) an infinite Bet for which 
a n > %G. Now Um a n £ 0, and so there is another infinite set of values of n 9 for 
which a n < 0 + tj or a n < lG. So the conditions are satisfied by taking X = 3G. 

But if Jim a n = co,\ may be taken as any positive number. 
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which contradicts the hypothesis that e is arbitrarily small. Accord¬ 
ingly hypothesis (/3) is inconsistent with condition (ii). 

If hypothesis (y) is true we can choose similarly * a positive 
number X, and a value of m > v, such that 

P ^ ®m+ji 2X, 

while —a m+v — a m+2 ,..., —a m ^ p are all greater than, or equal to, X. 

Thus we can now write 


b m +i~ ®>n+i== —e+X,... b m+p —a mH> fL — e+X, 
and so, reversing all the signs in (1), we find that 


(3') 

Also 


bm b m +p ^> 


®m ®m+;> ^ 


(* 


+ ■ 


m+1 

and so (2') gives the inequalities 


y(A-f) 

m+p 

+- 


m+p 


-v -1/ m 


X < 


P 

m’ 


p>m\, —f—> 


P ^ * 
p+m l+\' 


From here onwards the argument proceeds as before; and we 
conclude that hypothesis (y) is also inconsistent with condition (ii). 

Consequently the hypothesis (a) must be true, and so the theorem 
is proved. 

The most interesting cases of the theorem arise (a) when a n - a n+1 
is never negative (or never positive) t and ( b ) when 


n | a n ~ a n+i ! < 


* If lim a n ~g < 0, while lim a n ~ 0 , we can find an infinite set of values of n, 
for which a n < g + 77 and a second set for which a n > 0 - 77, where 77 is any positive 
number. We take now 77 = - \g , and A = - ; then for the first set a n < - 2\ or 

- a n > 2 A and for the second set a n > - X or - a n < X. 

Now choose a value m l > v from the second set, and the next following value 
m 2 from the first set; then if no values between m v / m z belong to the second set, 
we can write m=m lt m + , p=m 2 . 

But if some further values (between m v m t ) belong to the second set, we take 
m to be the greatest of these values, and again put m +p —m^ 

In either case there are no values between m and m+p which belong to the 
second set: thus 

If lim a n = - oo, X may be any positive number, the first set of values of n being 
defined by a n < - 2A or - a n > 2A ; and the second set by a n > - X or - a n < X. 

f In this form of condition the proof may be simplified by observing that the 
sequence (a n ) is monotonic and so has a limit; and in virtue of Art. 149, the 
limit of (a n ) can have no other value than l. 
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In case ( b ) the theorem may be extended at once to complex 
sequences, by considering the real and imaginary parts of a n 
separately. 

The above proof was suggested by Mr. A. E. Jolliffe ; other proofs 
have been given by Hardy ( Proc. Lond. Math. Soc. (2), vol. 8), 
Landau ( Prace Matematyczno-Fizyczne, vol. 21), de la Vall6e Poussin 
(Cours d’Analyse, vol. 2, ed. 2, p. 157), and Cipolla (Mem. Acad. 
Napoli). 

It is easy to modify the above proof to give a theorem for continuous 
variation, analogous to Hardy’s theorem for sequences. 

Iff(x)/x -> l as x -> qo , then- also f\x) l, provided that either - xf”(x) < K 

or xf'(x) < K. 

As before, we can take l =0, K — 1 (and use the first condition), without loss 
of generality; and let us write for brevity 

<M*) =/(*)/*• 

Then we oan find £ so that | <£ | < €, if x > £: and as in the foregoing, 
if we suppose that 

fim/'(£) ^ 0 and lim f'[x) > 0, 

we oan ohoose an infinite set of values suoh that f'(x) > 2A, and another set 
for which f'(x) < A ; so choose X (> £) from the first set, and let X+h be 
the next greatest value belonging to the second set. 

Then f'( x ) > A from X to X +h. 

Also f( x ) =&</>'(&) + (f>(x), 

bo that xcf)'(x) =f'(x) - <f>(x) — A - c from X to X + h. 

Thus <HX+h) - $(X)^ j™±Zldx> (A. - £ ) ^. 

Also f\X) -f(X+h) = -/'(*)> dx < f* +h ~ < 

and so A < h/X, giving h/(X +h)> A/(l + A). 

Hence finally 

2e>\<f>(X+h) - <t>(X) | > A(A -€)/(l +A), 
leading to €(2 +3A) > A*, which is contrary to the hypothesis that € is arbi¬ 
trarily small. 

Similarly we deal with the other alternatives. 

Ex, 1. If {a 1 +a 2 + ... +a n )(n -► l and the product n(a n + l -a n ) steadily 
increases, prove that a n -> L 

Ex. 2. State and prove the theorem corresponding to Ex. 1, for a con¬ 
tinuous variable x . 

Ex. 3. If both b n and ajb n tend steadily to infinity with to, prove that 
(a n+ i -a n )/(6 n+l -b n ) also tends to infinity, with a rapidity not less than that 
of ajb n . 
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Ex. 4. If a n and b n both tend steadily to infinity with n 9 and if ajb n tends 
steadily to zero, prove that (a n+1 -a n )f(b n+l - b n ) tends also to zero, with a 
rapidity not less than that of ajb n . 

[For a discussion of Exs. 3, 4 and allied theorems, see Bortolotti, Anrudi 
di Matematica (3), vol. 11, 1905, p. 29.] 


152. Theorem. If 2c n are two divergent series of positive 
terms , then 

Ji m Vo+Vi +...+Cn Sn =lim b Q s Q +b 1 s 1 +...+b n s n ■ 

~ \+Cl+-+C n &0+*l+-+ 6 n 

provided that the Second limit exists , and that either (i) cjb n steadily 
decreases , or (ii) cjb n steadily increases subject to the condition * 

C<n ^ TT b n 


C 0 +Cl + ...+C„ 

where K is fixed. 

Let us write for brevity 

B n —K +&i+... +b n , 

P n =b 0 S 0 +&!$! + • • • -\-b n S n , 


<K 


b 0 -\-b 1 +...b n 


C n =c 0 4-Cj+... +c n , 

Qn o +C 1 S 1 +... +C n S n . 


Let us also write cjb n =^v n ; then 

Qn = ( W^0+-+(Mn)^ # 
b Q V 0 -\-... J [-b n V n 

To this fraction we can apply the result of Art. 148 above, and 
we find, in the first case, when (v n ) decreases , 

(1) h m -(h m -h)°^<^<H m +(H-H m )^, 

where H , h are the upper and lower limits of P 0 IB 0 , PJBi, •••, to oo > 
and H mi h m are those of PJB m , P m+ i/B m+1> ..., to oo . 

If lim P n /B n =l , we can find m so that h m ^l—c and Hm^l+e, 
and then we find from (1) 

(l—e)—(l-h)^< < (l+e)+(H+l) G rf ■ 

O n t/ n 

Now C n —> oo , so that we can choose w 0 , such that 
l-2e <QJC„<l+2e, if n > % 

Hence, lim ( QJC„) = l. 

* The theorem is due to Cesiro, Atti d. R. Accad. d. Lincei, Eendieonti (IV.), 4, 
1888, p. 452 : it was rediscovered by Hardy, Quarterly Journal, vol. 38, 1907, 
p. 269. Of course K > 1 in case (2), in virtue of the fact that c n /b n increases. 
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In like manner, if P„/B n -> oo, we can find m so that h m rl N, 
and then QJC n > N-(N-h) CJG n . 

Since G n oo, we can find n 0 , so that 

{N—h)G m jG n <iN, if n > n 0 , 
or Qn/On tin> n 0 , 

and so lim ( QJC n ) =oo . 

In the second case, wfon v n =cjb n increases , we see that Q n /C n 
lies between 

7T /nr i \ /rr rj \ ^rrfirn 

V"m j V“ **rn/ £» ^ 


and 


Now, by hypothesis, 


Cn ^ v bn 

cr, <K B„’ 


and 


where K is constant and greater than unity. Hence Q n IG n lies 
between n 

h m +K(H m -h m )+K(h m -h)0*. 

Then proceeding as before, we see that n 0 can be found so that 
l-2Ke < Q n /C n < l+2Ke , if n > n 0 , 
so that lim (QJG n ) =Z. 

Similarly we prove that when P n /JB n -> oo , so also does Q n /C n . 

It is instructive to note that in the first case the series 2c n diverges 
more slowly than 2fc n , wftife in the second case 2c n diverges more 
rapidly than 26 n , the final condition excludes series which diverge 
too fast. 

It should be noticed that if s n tends to a definite limit, this theorem is an 
immediate corollary from Art. 147 ; for then both fractions have the same 
limit as s n . 

The applications of most interest arise when 
b 0 =b 1 ==...==b n ==l, 
and then we have the result: 

If 2c n is a divergent series of positive terms , then 

c o+ c i+***+ c » n+1 9 
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provided that the second limit exists and that either (i) c n steadily 
decreases , or (ii) c n steadily increases, subject to the restriction 
nc n <K(c 0 +c 1 +...+c n ), 
where K is a fixed number . 

Ex. 1. A specially interesting application arises from applying the theorem 
of Frobenius (Art. 51) to the series 

a 0 +a& c <>+ c ' +a 3 x Co + Cl+C2 +..., 

where Cq, c l9 c 2 , ... form an increasing sequence of positive integers, satisfying 
the condition last given. 

Here it is evident that the series should be written in the form 
a 0 +(0) x +(0)x* + ... 4-0^° + (0)a Co+1 + ... +a& r °+ Cl + ..., 
so that A v =o 0 +a 1 + ... +a n , 

if Co-H?!*... +C n _ 1 < V < Cq +c t + ... + c n . 

Thus, if 8 n =Oo +a x +... +a n , we have 
Aq + A ± +... +A y ^SqCq +8 1 c l +... +3 n _*c n _ 1 +8 n (v -c 0 ~c x -... 
and therefore Frobenius’s mean, if it exists, is given by 
lim SqCo +g i c ! +1H + 8 n c n 

CO+CJ + ... +C n ’ 

which we have proved to be the same as 

lim (s 0 +5j +... +8 n )/(n +1), 
provided that the last limit exists. 

Ex. 2. Interesting special cases of Ex. 1 are given by taking 
Co+Cx + ... + c„=(n + l) a , (w + l)», etc., 
for which K may be taken as 2, 3 respectively. 

Thus we have the results 

lim (oo+axsc+aja; 4 +a 2 x 9 +...) =lim — + % ~~~ — n 

x-*l n—>an Tt+l 

and lim(a 0 +a x a? -fo^a? -fagS* 7 + ...) =lim ^ -* n • 

Ex. 3. But if we write * c 0 +c x +... +c n =2 n+1 , 
we have c* =2, c n =2 n , and so 

ncj(c ^+61+... +c n )=Jn. 

* It is perhaps worth while to call special attention to the fact that the sequence 

2, 4, 8, 16,... 

does aotually increase faster than 

1, 8, 27, 64. 

In fact the 10th, 11th and 12th terms are 1024, 2048, 4096 in the first sequence 
and 1000,1331,1728 in the second. 
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That is, our condition is broken, so that we have no right to anticipate the 
existence of the limit , 

lim (a 0 + CL&* + a a x 4 + a^ + a 4 jc 18 +...) 

X —>1 

when the limit of (s 0 +s 1 + ... +s n )ftn +1) exists ; and as a matter of fact the 
partioular series 1 -.r 2 +x 4 -x 8 +x 19 -... can be proved to oscillate as x tends 
to 1. [Hardy. ] 

Ex. 4. We can use this theorem to establish Cesaro’s theorem of Art. 23, 
by taking s n = ± 1. Thus, in the notation of that article, 

*i+*« + ••• +8 n =p n -q n 

and lim {(£<v«r)|(2 c r ) j =0, 

X X 

because 2 M r converges, while 2 c r diverges. 

i i 

Thus (p n - q n )/n cannot approach any limit other than zero. [Cesaro. ] 


F n =A+fi+- +/„=C n -f n+l B n . 

°n+l 

Also let A n =P n /B n ; then prove that 


or 


Q n =ZKfr+K(C n -Fn) 

<?« =A + ^n/2A r / r X 

C„ ” C n V F n V 


Prove that, in case (i) of the theorem,* F n ->co , but that FJC n < 1; and 
by applying Art. 147 deduce that 

(QJC n -h n )-+ 0. [Cesaro. ] 


EXAMPLES. 

Irrational Numbers. 

1. (1) If A is a rational number lying between a 2 and (a + 1)*, prove that 


a 


- < V A < a + 


A- a*+l 


2a + 2a +1 ‘ 

(2) If (a + VA) n =p n +g n V^» 

where a, p n , are rational numbers, prove that 

Pn + i=*Pn+ A Vn> Qn+i^n+Pn* 
and that p n 2 - A<7 n a = (a 2 - A ) n . 

Thus if a is an approximation to y/A, pjq n is a closer approximation. 

[The approximation p 8 /tfs is the same as that used by Dedekind (see Art. 
132). ] 


* This is the only point in the proof at which care is necessary. 
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2. (1) If a, by x , y are rational numbers suoh that 
(bx -ay)* +4 (x -a) (y-b) =0, 

prove that either (i ) x=a and y=b, or (ii) ^(\ -ab) and \/(l -xy) are rational 
numbers. [Math. Trip. 1903.] 

(2) If the equations 

ax* + 2bxy +cy* = l, lx* +2mxy +ny 2 = 1 , 
have only rational solutions, then 

i/{(b-m)*-(a-l)(c-n)} and <*/{(an-d)*+4 (am-bl) (cm-rib)} 
are both rational. [Math. Trip. 1899. ] 

3. If ol is irrational and a, b, c, d are rational, then aa +6 is irrational unless 
a = 0 ; and 

(aa. +6)/(col +d) 

is irrational unless ad =bc. 


4. Any irrational number a. can be expressed in the form 


«. =C 0 +- 


i , I , , 


a a* a 9 

where a is an assigned positive integer and c lf c 2 , c 3 , ... are positive integers 
less than a . Thus, in the scale of notation to base a, we may write a as a 
decimal, 

C 0 *CiC a C 8 ... • 

For example, with a = 2 , that is, in the binary scale, we find 

V2 =1*0110101000001... . 


5. If a l9 a 2 , a 8i ... is an infinite sequence of positive integers such that n 
can be found to make (a-^a^a^ ... a n ) divisible by N, whatever the integer N 
may be, then any number a. can be expressed in the form 


=c 0 + - C, +-^-+-^- 

a i a^a a a^a 


+ ..., 0 <c„<a„ 


When c n —a n - 1 for all values of n, the fractional part of the series reduces 
to unity ; and in order that a may be rational, c n must be equal to a n -1 
after a certain value of n . [Cantor. ] 

For instance, 1/2 = 1 +~ +~^+ 4 , +^j + 4 g,^» 0 < 0 < 


The restriction that {a x a t ... a n ) must be divisible by N is essential; thus, 
if c„ =», a n =2n + 1 , we find 

12 3 . . If, 1 \ 

3 + 0 + OT7 + - *0 n terms =2 {1 - 3.5.7... ( 2w + 1 )| > 

and so the sum to infinity is J, which is rational , although c n is not equal 
to a n - 1 . 

6 . If we can determine a divergent sequence of integers (q n ) such that 
lim (p n -q n cL)=0, 

where p n is the integer nearest to q n m f then «. must be irrational. Apply this 
(a special case of Ex. 8 ) to the series in Ex. 7. 
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Establish also the converse theorem, and deduce that when a. is irrational 
we oan find an integer N such that Nol - M is as near to any assigned number 
ft (0 < /3 < 1) as we please, where M is the integral part of Nol. 

[For the first part-, note that if ol were equal to r/s, 

I Pn-1n°- I-*/®- 

Compare Hardy and Littlewood, Acta Mathematica, t. 37. ] 


7. The sums of the series 


?ar- ?(-r 



where p, q are any positive integers (such that q < p*), are irrational numbers. 
The same holds for the product II (1 -p~ n ). [Eisenstein. ] 

[For simple proofs and extensions, see Glaisher, Phil. Mag . (4), vol. 46, 
1873, p. 191, and F. Bernstein and O. Sz&sz, Math. Annalen, Bd. 76.] 


8 . If ol is the root of an algebraic equation of degree k (with integral 
coefficients), we can find a constant K such that 

where p, q are any two positive integers. Thus if we can find a divergent 
sequence of integers (q n ) such that 

I Pn -?»«•! <2,;S 

where p n is the nearest integer to ol q n , then ol is not an algebraic number of 
degree k. 

Conflequently.il “• =c » + I5 + j^l + — + nj»! + — > 


where c v c„ c 8 ,... are less than 10, by taking the sequence q n ~ 10 n! , we can 
prove that ol is transcendental . [Liouville. ] 

[See Borel, Legons sur la Theorie des Fonctions , ch. 2. ] 

9. Suppose that a is an irrational number which is converted into a con¬ 
tinued fraction 

1 1 1 
00 +®!+ + 


and p n /q n is the convergent whioh precedes the quotient a n ; write further 

Qn +1 = Qn^n 1 » 


where 

Then shew that 


A n —a„ H--K. 


| sinwwx.Tr | > K/Q n+U 


if q n <m < q n +i ; 

and also that | sin q n a7r | =sin (7r/Q n+1 ) =(1 +c n ) tt/Q n+1 , 

where e n tends to zero as n tends to oo. 

[Hardy, Proc. Lord . Math . Soc. (2), vol. 3, p. 444. ] 
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Monotonic Sequences. 

10., ( 1 ) If in a sequence (a n ) each term lies between the two preceding 
terms, shew that it is compounded of two monotonio sequences. 

(2) If a sequence of positive numbers (a n ) is monotonic, prove that the 
sequence (b n ) of its geometric means is also monotonic, where 

6 n n =a x a a ... a n . 

(3) If c lf c it ..., c p are real positive numbers, and if 

t L n = ( c i n + c t n +... + c p n )/p, 

prove that the sequence (/u nfl //x n ) steadily increases ; and deduce that the 
same is true of /m n *. 

u. « s --l {‘-©‘K 

where a r is positive and independent of n, shew that if 'Za r is convergent, 
its sum gives the value of lim S n (see Art. 49). 

Conversely, if lim S n exists, shew that 2a r converges, and that its sum is 
equal to the limit of S n . 

Apply to Ex. 12, taking & = 1 , 

[The converse theorem is no longer true if a n is not positive : it then forms 
a case of Riesz’s definition for the “ sum ” of 2> r . See Cambridge Mathe¬ 
matical Tracts , No. 18.] 


12. Apply Cauchy’s theorem (Art. 147) to prove that 


Um Ml + V’ +! T^ + - + ^- lo 8( w! ))= c? ’ 


where C is Euler’s constant (Art. 11 ). 

Prove also that for all values of n, the expression lies between 0 and 1 . 

[Math. Trip . 1907.] 

13. Prove that if 


lim | A (a n+1 - a n ) + (1 - A) ~ =1, where A is positive, 

then lim (a n+l - a n ) = lim = l. [Mercer. ] 

ri 

[It follows at once from Cauohy’s theorem (Art. 147) that if (a n+1 ~a n ) 
tends to a limit, so also does b n =ajn f and that these limits are equal; thus 
their common value must also be equal to l. We have now to prove that 
the sequence (a n+1 -a n ) cannot oscillate; and it is clearly sufficient to shew, 
that b n cannot oscillate. Now the given expression is oqual to 

c n =A{(w + l) 6 n+1 - nb n } + (1 - A) b n , 
and so {n + 1 ) A b n¥l = {(n + 1 ) A - l} 6 n +c n . 

Hence 6 n+1 falls between b n and c n , provided that n + 1 > 1/A. 

Suppose next that we choose m so that 

l-t <c n <l+e $ if n > 1/A. 

B.I.S. 2e 
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Then b m may be (i) greater than l + e, (ii) less than l-e, or (iii) in the interval 
(l-e, l + e). 

(i) When b m > l + e, it follows that b m > c m , and so b tn > b m+1 > c m > l - c; 

thus either b nt+l > l+e, or b m+1 falls between l-e and l + e. Continuing the 
argument,, we see that either b m > > b m f2 >...> I +e or at some stage 

b P falls between l-e and l + e. Under the former conditions, the sequence 
(b n ) steadily decreases and so tends to a limit V not less than l+e ; but this 
contradicts the previous result that if ( b n ) has a limit V, the value of V must 
be equal to l. Hence at some stage b J} must fall between l-e and l+e. 

(ii) If b m < l - e, an argument similar to that used in (i) will shew that 
the sequence increases until at some stage b p falls between l-e and l+e. 

(iii) We have now to consider the consequences of having l -e <b p <l +e 
for some value of p > rn. 

Since c P falls in the same interval, and b p t x lies between b p and c p , it follows 
that b P+1 also lies between l-e and l + e ; thus the same is true for n —-p 4- 2, 
and so for n =p f 3 and for all values oinrlp. Hence 
l - e <b n <1 +e, iin^p, 
and so (b n ) must tend to the limit l in all cases. 

This theorem has proved of great interest in establishing the equivalence 
of the means of Cesaro and Holder ; see I. Schur, Math. Annalen, vol. 74, 
p. 447. Other proofs of the theorem have been given by G. H. Hardy, 
Quarterly Journal, vol. 43, p. 143 ; and by K. Knopp in a paper immediately 
following Schur’s. The proof by Schur does not differ substantially from that 
given in the first edition of this book. ] 

Infinite Sets of Numbers. 

14. For some purposes of analysis we need to use infinite sets of numbers 
which cannot be arranged as a sequence ; when a set can be arranged as a 
sequence, it is often called countable or enumerable. 

The set of all real numbers lying between 0 and 1 is not countable. 

[Cantor. ] 

[A proof will be found in Hobson’s Theory of Functions of a real variable, 
§66.] 

16. Given any infinite set of numbers (k) we can construct a Dedekind 
section by placing in the upper class all rational numbers greater than any 
number k, and in the lower class all rational numbers less than some number k. 

This section defines the upper limit of the set ; prove that this upper limit 
has the properties stated on p. 16 for the upper limit of a sequence. Frame 
also a corresponding definition for the lower limit of the set k ; and define 
both upper and lower limits by using the method of continued bisection (as 
in Art. 144). 

16. The limiting values of an infinite set of numbers consist of numbers A. 
such that an infinity of terms of the set fall between A - e and A + e, however 
small t may be. 
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Given an infinite set of numbers ( k ) we can construct a Dedekind section 
by placing in the upper class all rational numbers which are greater than all 
but a finite number of the terms k 9 and in* the lower class all rational numbers 
less than an infinite number of terms k. 

This section defines the maximum limit of the set ; prove that the maximum 
limit is a limiting value of the set, in accordance with the definition given 
above ; and further that no limiting value of the set can exceed the maximum 
limit (compare Art. 5*2). Frame a corresponding definition for the minimum 
limit and state the analogous properties. 

Continuous Functions. 

17. lff(x) is continuous in the interval (a, 6), prove that it assumes, at 
least once in the interval, 

(i) every value between f{a) and /(6), 

(ii) the upper and lower limits (II and h) of f(x) in the interval. 

[Apply the method of continued bisection. 

In case (ii) we get an infinite sequence of intervals ( a n , b n ) such that II is 
the upper limit of f(x) in the interval (a n , b n ) ; let (a n ) 9 (b n ) tend to the common 
limit l Then if /(/) <H, choose S so that 

f(x) -f(l) < \{H -/(% if I *-l I < & 

Then choose n so that b n -a n ^S; and we find that f(x) <\{H +f(l)} 
at all points of (a n9 b n ), contrary to hypothesis. ] 

18. Prove that if f(x) is continuous in an interval (a, 6), then the interval 
can be divided into a finite number of parts (the number depending on c) 
such that 

1/(^2) ~f(x 1 ) | < e, 

where x 19 x 2 are any two points in the same sub-division. [Heine. ] 

[See G. H. Hardy, A Course of Pure Mathematics (2nd edit.), §§ 105-100.] 

19. A function is said to be finite in an interval if its absolute value has 
a finite uppor limit in the interval. 

Deduce from Ex. 18 that if f(x) is continuous in an interval, it is also finite 
in the interval; and also that 8 can be found so that 

1/(1.) -/(£.)!<«. 

where are any two points of the interval satisfying | £2 " 4 * 1 1 < 5. 



APPENDIX II. 

DEFINITIONS OF THE LOGARITHMIC AND EXPONENTIAL 

FUNCTIONS. 

153. In the text it has been assumed in Chapter II. that 

and a number of allied properties of the logarithm have been used 
from this point onwards. It is customary in English books on the 
Calculus to deduce the differential coefficient of log x from the ex¬ 
ponential limit (Art. 57) or else from the exponential series (Art. 58). 
It would, therefore, seem illogical to assume these properties of 
logarithms in the earlier part of the theory ; although, no doubt, 
we could have obtained these limits at the beginning of the book. 
But from the point of view adopted here it seemed more natural to 
place all special limits after the general theorems on convergence. 
It is, therefore, desirable to indicate an independent treatment of 
the logarithmic function ; and it is often convenient to adopt this 
way of introducing the function in a first course on the Calculus.* 

154. Definition of the logarithmic function. 

There appears to be no real need for the logarithm at the beginning 
of the Differential Calculus, but we require the function in the 
Integral Calculus as soon as fractions have to be integrated. At 

first it is probably best to denote ^dx/x by L(x), and to postpone 

the discussion of the nature of the function L(x) until after the 

♦ Historically, this is' effectively the way in which Napier originally defined the 
logarithm (see Art. 156); more recently the same method has been advocated by 
Bradshaw (Annals of Mathematics (2), voL 4.1903, p. 51) and by Osgood, Lekrbuch 
der Function entheorie, Bd. 1, pp. 487-600. 

436 
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definite integral nas been introduced. We shall assume, for the 
present, the theorem that I y dx represents the area between a 

Ja 

curve, the axis of x and the two ordinates x=a, x—b ; an arithmetic 
treatment of the theorem will be given below (Art. 161). 



Fig. 40. 

Let the rectangular hyperbola j/=l/x be drawn, then we shall 
denote by L (x) the area AMPB bounded by the curve, the fixed 
ordinate AB (z=l), the axis of x and the variable ordinate MP ; 
or, in the notation of the Calculus, we write 

( 1 ) L(x)^ X d£l£, 

where, as will be evident from the figure, x is supposed positive . 

It is obvious from the definition that 

(2) L( 1)=0. 

Further, if parallels are drawn through B and P to the axis of x , 
we obtain two rectangles, one enclosing the area AMPB and the 
other entirely within AMPB . 

Thus we have 

(3) x —1 > L(x) > (x—l)/x, 
or, with a slight change of notation, 

(3a) x> L{ 1 +x) > x/(l +x). 

Although (3) has only been proved when x >*1, yet it is easy to shew 
similarly that the inequalities (3) hold good algebraically, when x < 1. But 
care must be taken to notice that when x is less than 1, in (3), or negative, 
in (3a), all the members of the inequalities are negative ; thus, for the numerical 
values the inequalities would have to be reversed. 

For instance, we get from (3), 

-*>£( *)>-l. 

But in numerioal value £ < | L($) | < 1. 
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Again, if we take an ordinate NQ , such that ON - it is clear 

that the area PMNQ—L(2x) L{.c) and lies between the rect¬ 
angles MN . NQ and MN . MP. The areas of these rectangles are 


respectively 




so that 


(4) l>L{2x)-L(x)>\. 

Thus, writing x~l , 2, 4, ..., we get 

1 > L( 2) > J, since L (1)=0, 
1>L(4)-Z(2)>£, 

1 > Zr(8)—L(4) > £, 

and so on. 


It follows by addition that 

n > L(2 n ) > £n. 

Now, if x > # 0 , it is evident from the figure that 

L(x)>L(x 0 ). 

Hence, if 2 n+1 >x>2 n , 

we have X(2 n+1 ) > L(x) > L(2 W ), 

and so n+ 1 > L(z) > \n ; 

thus it is clear that L(x) tends to infinity with x (Art. 1-2, Note 2), or 

(5) lim L(x)=oo. 


Again, if we write x=l It, we have 

dx dt 


x t * 


so that L(x) = f — = — f L(t), or 

Ji % Ji * 

(6) L{x)=-L{ l[x). 

Hence, since 1/x tends to infinity as x approaches zero, L(x) will 
tend to negative infinity, or in symbols 

(7) limX (£)== —oo . 

rc->0 

Again, the function L (x) is continuous for all 'positive values of x. 
For as above we see that L (x-\-h)—L (x) lies between two rectangles, 
one of which is numerically equal to hjx and the other to h/(x+h). 
Thus, if | h | < (5, 

| L(x+h)—L(x) | < Sftx—S), 
and so | L(x+h)—L(x) | < e, if | h | < exftl +e), 
which proves the continuity of L(x). 
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It follows from the fact that integration is the reverse operation 
to differentiation that 

( 8 ) 

but without appealing to this general fact we can obtain this result 
(8) by noticing that {L(x+h) —L ( x)}/h is contained between 1/x and 
1 /(x+h). Thus 

{L(x)}=\im l h [L(x+h)-L(x)]= l x . 

If a?=a, 6 are two ordinates such that b> a> 1, we find that 
L(b)—L(a) < (6— a)/a 

by using the same argument as we used to establish (4). Further, 
from (3), we have L(a) > (a— l)/a. 


L (“l > \ > L(b)~L(a) 

a — 6 —a 


Hence 

or, by adding numerators and denominators,* we find that • 

where b > a > 1. 


L(a) 4(6) L(b)—L(a) 

a —1 6—1 b~a 


Consequently, the function L(x)/(x— 1) decreases as x increases ; 
which corresponds to the nearly obvious geometrical fact that the 
mean ordinate between AB and MP decreases as x increases . 


As an exercise, the reader may prove this result by differentiation. 

The figure below gives a general idea of the course of the 
logarithmic function. 



The dotted lines represent the curves 

y=(x - 1) - £ (# - l) a + l (x -1) 3 . 


*If - > - then -> provided that q and s aro both positive. 

q s 9 q <Z + * 
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155. Fundamental properties of the logarithmic function. 

In the formula 




change the independent variable from x to £ by writing *=£/«; 
we find then 



dj 

r 


or, going back to the definition, 

L(u)=L(uv) —L(v). 

Thus 

(1) L(uv)=L(u)+L{v). 

From equation (1) it follows at once that 

(2) L(u n )=nL(u), 
where n is any rational number.* 

Now we have proved (Art. 154), that L(x) is a continuous function, 
which steadily increases from — oo to +oo as x varies from 0 to oo . 
Thus there is one and only one real root of the equation L(x)=\ 
(see Art. 143); let this root be denoted by e, as usual, so that 

L(e)= I- 

Then equation (2) gives, for rational values of n, 

(3) L(e n )=n, 

which proves that L{x) must agree with the logarithm to base e, 
as ordinarily defined ; we shall therefore write log x in place of L(x) 
in future. 

We can obtain approximations to the numerical value of e by 
observing that equation (3) of Art. 154 gives, on writing x—l -f 1/n, 

or 

Thus, as n increases, log (l+l/m) n tends to 1 as its limit; and, 
since the logarithmic function is continuous and monotonic, (1 +1 /»)“ 
must tend to e. 


* Equation (2) may be used to establish the existence of roots which are not 
evident on geometrical grounds ; for example, the fifth root. Of course, from the 
point of view adopted in this book, it is more natural to establish the existence of 
sueh roots by using Dedekind’s section (see Art. 138;. 
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Similarly, we prove that 

(5) l<l°g(l-n) "<«=+’ ifn>L 


Thus, we find two formulae 



It is easy to give a direct proof that the two expressions in (0) have a 
definite limit. For we have proved (Art. 154, end) that (logx)/{x -1) 
decreases as x increases. 

Thus, if x - 1 + l/n 9 we see that log (1 +1 /*i) n increases with n ; And therefore 
( 1 +l/n) n does so. In the same way we prove that (1 - ljn)~ n decreases as 
n increases. 

But from (4) and (5) we see that (1 +1 /n) n is less than (1 -1/»)“*, and is 
therefore less than (1 - l/2)~ a if n > 2. 

Thus (1 + l/n) n < 4, and consequently (1+1 /n) n converges to a definite 
limit e (by Art. 144). 

As a matter of fact, however, these limits for e are not very con¬ 
venient for numerical computation ; and their geometric mean gives 
a better approximation. 

For it will be seen that 


± i 


Hence 




or 


Thus we have 

(7) 

11 

1+ 3n 2<log C-l) <1 + 3(n 2 -l)’ 

so that ( 

J£ 

) differs from e only by terms of order 1/3» 2 , 


With n = 100 it will be found that 

the third of which is only wrong by a unit in the last place. 
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156. Napier’s Logarithms. 

The recent tercentenary* of the publication of Napier’s loga¬ 
rithms has revived interest in the details of Napier’s methods. 


Najpier's definition of Logarithms . 

Suppose that a point P moves on a straight line CA , starting from 
a point A with velocity u, and moving so that the velocity of P is 
always proportional to CP ; and that simultaneously a second 
point Q moves on a second straight line, starting from a point B 
with constant velocity v. Then in Napier’s original definition BQ 
was called the logarithm of CP, when the constant velocity v was 
equal to the initial velocity u, 

Napier’s tables were constructed for trigonometrical purposes ; 
and before Napier’s time the current trigonometrical tables gave the 
various functions in the form of whole numbers, taking the radius 
CA (Fig. 42) as a suitable power of 10, and tabulating the values 
of PT and CP as the sine and cosine of PCT, respectively. Thus, 
to obtain an accuracy corresponding to modem 7-figure tables, the 
radius was taken as 10 7 ; and this was the value chosen by Napier. 



To compare the present definition with Art. 154 above, let us write in the 
figure c =CA, x = CP, y = BQ ; then we have 


dx 


dy _ 


dt V dt 1 


Hence 
and so 


dx~ 


v c 

U X 


if v—u, 


y=-j^=oio *g). 


♦John Napier (1550-1617) was Baron of Merchiston, near Edinburgh. The 
Mirifici Ijogarilhmorum Canonis Descriptio was published in 1614: tercentenary 
celebrations were held in Edinburgh in July 1914. For additional details the 
reader may consult the Tercentenary Memorial Volume published by the Royal 
Society of Edinburgh in 1915. 
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Thus, if log N denotes Napier’s logarithms, we have the funda¬ 
mental formula 

log. v a;=c log (~) > 

where, actually, c= 10 7 , and the range of values of x in Napier’s table 
is from c to 0. 

It is easy to prove, directly from Napier’s definition, that to 
numbers in geometrical progression correspond logarithms in 
arithmetical progression, and similarly 

-log*^ =log iV z 4 -log*z 3 

if X 2 • 2/j == 2? 4 ! 2/g. 

This formula was the basis of Napier’s rules for applications of 
logarithms, and was used also in his fundamental calculations 
described in the following Article. 


Subsequently Briggs * remarked that the rules of calculation would be 
simplified by choosing v/u so that the value x—cj 10 should correspond 
to y=c; thus in general 


y=c 


But Napier pointed out that the rules of calculation would be still further 
simplified by supposing y=0 to correspond to x = 1, so leading to the relation 


log (x x x 2 ) = log x l +\ogx 2 . 

Thus finally Briggs adjusted the constants so as to make y =0, c correspond 
to x = 1, c, respectively. This gives in general 

y=c i^ =10 * ,ogM *' 


if c = 10 10 ; and this forms the basis of Briggs’s Arithmetics, Logarithmica of 
1624. 


157, Napier’s method of calculating logarithms. 

In order to calculate his fundamental table of logarithms, Napier 
adopted an approximation for the difference between the logarithms 
of two nearly equal numbers. Thus suppose that P v P 2 represent 
two positions of the point P in Fig. 42, with CP 1 > CP 2 ; then 
Napier pointed out that the time taken in passing from P x to P 2 
must‘be longer than it would be for a constant velocity equal to the 
actual velocity at P l9 and, on the other hand, it must be less than 


* Henry Briggs, sometime FeUow of St. John’s College, Cambridge; Gresham 
Professor of Geometry, London, at the date of his correspondence with Napier; 
subsequently Savilian Professor, Oxford. 
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if the constant velocity were supposed equal to the actual velocity 
at P 2 . Thus 

Pf^QiQ^PiP*. 

CP\ < CA ^ CP, ’ 

and a closer approximation is to be anticipated by taking 

Q 1 Q,_l/P 1 P,.P 1 P t \ 

CA 

the arithmetic mean of the two limits assigned previously. 

In symbols this approximation may be written 

log„6-log,,a=|(a-&) (!+£), (A) 

or 

which is practically the same as (7) of Art 155. 

To estimate the error in the approximation we may use the equation 

i(a ~ b) (a + J) " l0 «(?) =j> -*><* - h) S 

f 1 pH {1 -t)dt 

~Jo (i+ptr ’ 

where t=(x-b)/(a -b), p =(a -6)/6. 

Thus when p is small and positive, the error is less than 

p'j\(l-t)dt=}p «, 
but is of this order of magnitude. 

The error in Napier’s approximation (A) is therefore of the order 

lc{(a-b)lb }*; 

and it seems certain that Napier was aware that his method of 
approximation was very close, although probably he had to depend 
only on arithmetical tests of its accuracy. 

Another approximation was used by Napier in calculations of a 
less fundamental type; this was obtained by using a constant 
velocity equal to that at some point between Pj and P t . 

Thus in symbols log^h—log^a^^—6), (B) 


where 


b <k<a. 
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If Jc=i(a+b), the approximation (B) corresponds to (7) of Art. 155, and 
the error is easily found to be of the order 

*c{(a -&)/&}». 

But in general k will differ from \{a-\-b) by an amount less than 
\{a—b ); and then the error in (B) is seen to be of the order 

lc{(a-b)lb}\ 

Thus with c = 10 7 and (a -b)/b < £ x 10~ # , the errors involved in using (B) 
can never be as much as ^ (or say ; that is, the approximation (B) can 
be applied with safety to interpolate from Napier’s Third Table (for which 

the ratio of consecutive entries is 1 - g : 1) by selecting the number given 
in the table which is nearest to the number whose logarithm is required. 

The approximation (A) is used in calculating the logarithms in 
Napier’s First Table : this table contains the values of 

x '“"( 1 “ ! o) r “ 10 ’( 1- ra>) ,> ,_1 - 2 - - 10 - 

and then log A Jf r =r logyA^. 

Applying the approximation (A) to the values c, and X x =c— 1, 
it follows that 

log^Z, =+ (1 +- C - i) =1 + 2 c > 

the final error being actually of the order ^c ~ 2 ; Napier then took 
log A ,Xj =1 00000005, 
and so log A X 10O =100-000005, 

the error in the second being of order £ x 10~ 12 . The effect of this 
error in the Third Table is at most multiplied by 

50x20x70=7x10*, 

and so is at most 2 in the eighth decimal. 

Napier’s Second Table contains the values of 

r = c ( 1 - 5 f)'- 10 ’( 1 -i?»)'- r = 1 ’ 2 ’-' ti0 ' 

and then log A Y =r log A Y v 

To approximate to Y lt Napier used the fact that 
X 100 - F x =-0004950, Y 1 =9999900, 
and applied approximation (A) again, giving here 
logy Y j=log A X 100 +-0004950 
=1000005000, 
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the error in which is of order $ x 10 -8 , so that the ultimate effect in 
the Third Table is at most x 10 - *, or say 2 in the fourth decimal. 

The value of X m can be verified at once from the binomial series; this 
gives 

Xjm 100 100 99 100 99 98 

c c + c ' 2c c * 2c' 3c ’ 

or X m -Y l = , neglecting J x 10~ 8 . 

The error in logy Y, is estimated most readily from the fact that 

. „ . /, 100\ 1/100N 1/100\» ) 

log*= -clog^1 - — j = 100 |l + 2 ( c -)+g(-) +•••/• 

using the logarithmic series. 

Then log iV Y 50 =5000-025000, 

the error in which is of order .] x 10~ 7 ; but the value given in the 
Second Table for r 50 is in error owing to some arithmetical slip. 
The table gives 

9995001-222927 
instead of the value 9995001-224804, 
which is found by using the binomial expansion 


„=10’(l 


50 50 49 50 49 48 

' 10 6+ 10 5 2 X10 5 10® 2 x 10® 3 X10 6+ "• 


=10 7 —5000+1-225—•000196+.-., 

the terms omitted being of order 3 X10 -8 . 

This arithmetical slip affected the whole of the logarithms in 
Napier’s Third Table, which contains the values of the products 

ZrWJc, for r=0, 1, 2, ..., 20, and s=0,1, 2, ..., 68, 

where Z .““( 1_ 2Vw) ' ‘ F *“ 0 ( 1 T5o)' ; 

and the corresponding logarithms are given by 
(rlog.vZi+slog^TFi). 

To calculate logZ x , Napier took a fourth proportional V, such 
that* 

_ c:V=Y B0 :Z 1 , 

* Most rapidly calculated, as Napier remarked, in the form of 
c-V,c=(r„-Z t ):Y sa . 
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and then the value of log iV F can be found from the first table. 
Napier found that 

c- F=1 *2235387, instead of 1-225417, 
which would follow from the value of Y^ given above. 

Then approximation (A) gives 

lo&A — log A Y 50 ==c F, 

neglecting terms of order 10~ 7 here ; and so Napier gave 
log V Z X =5001 *2485387 
in place of logvZj =5001 *250417, 

which follows by using the correct value of Y 50 . 

That this value is correct to the last figure given follows from the loga¬ 
rithmic series, which shews that 

log \Z 1 = -clog(l -200o) =5000 ( 1+ 4xl0 3+ 12"xi0“ + '") 

=5000+ 1-25+-0004166..., 
the terms omitted being of order 2 x 10 -7 . 

The last of Napier’s fundamental logarithms is log v lf\ ; now we 
find from the binomial theorem that 


■^20 

or 


f 20 20 19 20 19 18 

t 2xl0 3+ 2xl^’4xl0 3 2x 10 3 ‘4x 10 3 ’6X10 3 
Z 20 — Wi —475—1-425+-003028125 — -00000484... 
=473-57802 


+- 


} 


with an error of order 10~ 6 ; this was found by Napier with an 8 
in the last place instead of 2. 

From this Napier calculated that 

log* W 1 - log^Zgo =478*3502551, 

which is in error by about *00006, corresponding to the error in 
Napier’s value for Z 20 . 

It is possible to calculate this result from the approximation (A) directly ; 
but Napier derived it by finding first U, such that 

c: U =Z 20 : W v 

Then U is most nearly equal to Y 5 , in the Second Table ; and U' is formed 
such that 

c:U' = UiY h . 

It is found that U' is nearly equal to X Z2 in the First Table; and then 
the approximation (A) is applied in the form 

log, U'-log x Xn =-(*/'- A 82 ). 
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Thus finally the result is 

log* W x -Iog*Z M =log* =log*7 5 -log*U' 

=51og iV Fi -221og*.X 1 +(U — Jfjt) 

=478 0026+*34770. 

Actually U need not be calculated out completely, U' being given by 

Z7'i 7 h =Z %0 : W x . 

This leads to the value 

U' = 10 7 - 22 + 34772, 
while X t2 = 10 7 - 22 + 00002. 

It follows that the errors in Napier's Third Table, and in the 
derived logarithms, are all due to the errors in and ; and 
thus the resultant errors can be estimated as a defect of 
•001878 --00006 in 5000, 
or say -364 in 10 6 . 

For instance Napier gave the result 

log* 10 6 =23026842*34,, 
while modern calculations lead to 

log 10 =2 3026860930 
or log*10 6 =23025850-93. 

There is thus an error in defect equal to 8*59 ; while the error estimated 
at the above rate would be equal to 8-37. 

Similarly Napier gives for 9° 

sine = 1564346 (= 10 7 x • 1564346), 
and the corresponding value of log* is given as 

18651174. 

The actual value should be 

10 7 log coseo 9° =23025850*93 x log 10 cosec 9° 

=23025850*93 x 0*8056676 
= 18551182, 

so that the error in defect is about 8 ; and by the above rule the error .would 
be 6*73. 

On the other hand, the value given by Napier for his logarithm of the 
cosine of 9° is 123881, which agrees exactly with the value derived from the 
produot 23025850-93 x log 10 sec 9°. 

158. The exponential function. 

Since the logarithmic function logy steadily increases as y in¬ 
creases from 0 to +oo , it follows from Art. 143 that, corresponding 
to any assigned real value of x , there is a real positive solution of 
the equation 

log y=%. 
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We call y the exponential function when x is the independent 
variable and write y—expx ; the graph of the function can be 
obtained by interchanging x and y in Fig. 41, p. 439, and then 
reversing the direction of the axis of x. The figure obtained is 
shewn below : 



Fig. 4S. 

It is evident that the exponential function is single-valued* because 
log y% > l°g Vv ^ V 2 > Vv '-Thus two different values of y cannot 
correspond to the same value of x in the equation log y=x, so that 
y is a single-valued function of x. 

Suppose now that 

jy=exp x , y+k=ex])(x+h), 

so that x=logy, x+h=\og(y+k), 

then h=log(y +£) —log y= log(l +k/y). 

Thus, from equation (3) of Art. 154 we have 

(1) k/(y+k) <h< k/y , 
or, since y and y+Jc are positive, 

(2) hy< Jc< h(y+k). 

Accordingly k has the same sign as h , or the function exp x increases 
with x , and consequently the exponential function ts continuous. 

* Generally, the function inverse to a given function is single-valued in any 
interval for which the given function steadily increases (or steadily decreases). 

B.I.S. 2 F 
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We have proved in equation (3) of Art. 155 that, when x is 
rational , the exponential function is the 'positive value of e®. If now 
x is irrational, defined by upper and lower classes ( A ), (a), we have 
eP =exp a < exp x < exp A =e A , 

because the exponential function increases with x. Also since exp# 
is continuous, e A —eP can be made as small as we please ; and con¬ 
sequently (compare p. 407) exp x is the single number defined by 
the classes (e°), (e 4 ). Thus exp x coincides with Dedekind’s defini¬ 
tion of e x , when x is irrational; and so for all values of x, the ex¬ 
ponential function is the positive value of e x . 

Since log 1=0, it follows that e°=l ; thus from the continuity of 
the exponential function we see that 

(3) lim e x =e°=l. 

®-*o 

Again, because log y +log y'= log (yy')> we have 

(4) e x + x ’=e x .e x '. 

Of course (3) and (4) agree with the ordinary laws of indices, as 
established for rational numbers and rational indices in books on 
algebra. 

From the definitions of the logarithmic and exponential functions 
it follows at once that 

ify=expx, so that ^=y. 

Thus the exponential function has a derivate equal to itself, that is, 

(5) ^{e x )=e\ 

This result can also be deduced at once from (2) above. 

Again (3a) of Art. 154 gives 

#>log(l+#), 

or (6) e x > 1+#, for any value of #. 

If we now change the sign of x , we get e~ x > 1—# * from which 
we deduce 

(7) e x < 1/(1 —#), if 0 < x < 1. 

These simple inequalities are often sufficient to obtain useful pro¬ 
perties of the exponential function. * 

♦The geometrical meaning of (6) is simply that the exponential curve lies 
entirely above any of its tangents. 
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159. Some miscellaneous inequalities. 

When x > 1, (3) of Art. 154 gives 

(1) logger—1 <a?; 
thus if «is any positive index, 

(2) log x n < x n or log x < x”/n. 

Again, from the same article, we see that if x and » are positive, 
x/(n+x) < log (1 +xjn) < x/n. 

Thus, we find 

(3) ef<(l+ X ) B <e*, if£=~-. 

' ' \ nJ ft -)-x 

Now, as w->oo, £->x ; and the exponential is a continuous 
function ; thus it follows from (3) that 

(4) e*=lim(l + -Y\ 

^->00 v n) 

Similarly, we can prove that if n > x > 0, 

(3a) e x ' > ( 1 — -) > e x , where x 1 = —-. 

v ' \ n) 1 n—x 

Here Xf > x as n->oo , so that 


e*==lim(l— 
n*oo V nJ 

When n is a positive integer, we have 





and since all the terms in this expression are positive, (3) gives 
e*>l+x+|-(l -J), 


and consequently, by taking the limit as ft , 

(5) e x ^l+x-j-jx g , ifx>0. 

Similarly, we can prove that, if x > 0, e* is greater than any finite 
number of terms taken from the exponential series. 


160. Some limits; the logarithmic scale of infinity. 
From the definition of Art. 154 it is clear that 
iogj-lo g a 1 jf 
x—a a 
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Hence also 

loga: < log a+e(a;—a), if*>a>l/e. 

log* l»ga /^ax a 1/t _ 

x x \xJ 1 

Now when x->ao, the expression on the right tends to e, and we 
can accordingly find * £~l/e, so that 

log xjx < 2e, if x > f . 

Thus 

(1) log x/x->0, as x-*oo. 

By changing x first to x n and secondly to x~ n , and noting that 
log x n =n log x, we now see that 

(2) lim (log x/x n ) =0, if n > 0, 

2 '->oo 

and 

(3) lim (x w log x) =0, if n > 0. 

x —►O 

Again, from (3) of the last article we see that 
e x > (x/n) n , if x > 0, n > 0. 

From this it is clear that e x tends to infinity with x, and with great 
rapidity. 

Again, changing n to n +1 in the last inequality, we find that 

e x x 
x n ^ (w+l ) n+19 

which tends to infinity with x, when n is any fixed positive index. 
Thus we can write 

(4) lim(e a: /x n )=oo , if n > 0. 

z->*> 

We can also obtain (1) and (4) by appealing to L’Hospital’s rule, Art. 146 
above. 

Thus lim lim ^—=0, 

Z—><X> X Z-+X 1 

but as a matter of fact the foregoing proof is actually the same as the proof 
of the general theorem given in Art. 146. 

gHX ae <iz 

Similarly, lim — =lim -=- = oo, a > 0. 

x-*oo X x —►» 1 

If we write a — l/n and raise the last to the nth power, we get (4). 

* For instance we might take 

log a ea „ log a 

or 

assuming this greater than 1/e, which is always true when e is small enough. 
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The limits (1)—(4) form the basis of the logarithmic scale of infinity. 
It follows from (2) that logo; tends to oo more slowly than any 
positive power of x, however small its index may be; hence, a 
fortiori , log (log x) tends to oo still more slowly, and so on. On the 
other hand, we see from (4) that e x tends to oo faster than any 
power of x, however large its index may be; and hence, a fortiori , 
e { tends to oo still faster, and so on. Thus we can construct a 
succession of functions, all tending to go , say, 

... < log(log x) < log x < x < e x < ef < ..., 

and each function tends to oo faster than any jpower of the preceding 
function , but more slowly than any power of the following function . 

It is easy to see, however, that this scale by no means exhausts all types 
of increase to infinity. Thus, for instance, the function 

gllog x) J 

tends to oo more slowly than e*, but more rapidly than any (fixed) power 

of x. 

Similarly, x r = e x]ogx 

tends to infinity more rapidly than e x , but more slowly than c x * or than e« x . 

Other examples will be fofand at the end of this Appendix (Exs. 11, 14 
p. 459). See also G. H. Hardy’s Tract, “ Orders of Infinity,” No. 12 of the 
Cambridge Mathematical Tracts. 

161. The existence of an area for the rectangular hyperbola. 

We give here a proof that the rectangular hyperbola has an area 
which can be found by a definite limiting process ; this seems 
essential, since comparatively few English books give an adequate 
arithmetic discussion of the area of a curve. The method applies 
at once to any continuous curve, although the diagram refers only 



to a curve like the rectangular hyperbola in which the ordinate 
constantly decreases . 

Consider any strip of the figure, bounded by the curve ( PQ ), the 
axis of x ( MN ), and two ordinates MP and NQ. We can associate 
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with this strip an outer rectangle PMNP' and an inner rectangle 
Q’MNQ. 

Here of course the outer rectangle corresponds to the first ordinate 
MP and the inner rectangle to the last ordinate NQ of the strip; 
but if there are several maxima and minima on the curve between 
P and Q, the outer rectangle will correspond to the upper limit (or 
to the greatest maximum), and the inner rectangle to the lower 
limit (or to the least minimum).* 

Now bisect MN at M 1 and draw the ordinate M X R V This divides 
the original strip into two, and each strip has an outer and an inner 
rectangle ; namely, in the figure, PM Xi R X N outside the curve, R x M f 
QM X inside. But when the strip is subdivided into two, the upper 
limit (or the greatest maximum) in the whole strip is also the upper 
limit in one of the two subdivisions ; and (in general) is greater than 
the upper limit in the other subdivision. Hence the sum of the two 
new outer rectangles must be less than the original outer rectangle; 
thus in our particular diagram PM X +R X N is obviously less than the 
whole rectangle PN. 

By similar reasoning the sum of the two inner rectangles is greater 
than the original inner rectangle ; in particular R X M + QM X is greater 
than the rectangle QM . 

If we bisect MM X and M X N again, we obtain four outer and four 
inner rectangles; and again the sum of the outer rectangles has 
been diminished while the sum of the inner has been increased by 
the further bisection. 

When MN is divided into 2 n equal parts, let us denote the sum 
of the outer rectangles by S n and the sum of the inner rectangles 
by s n . Then 

S 0 >S 1 >S 2 > ... > S n > ... , 
and Sq < Sj <C ... <1 ^ .... 

Also S n > s n , (n=0, 1, 2, 3, ...). 

Now, in our special diagram, we see that the difference S 1 —s 1 is 
the sum of the two rectangles PR lf R^Q, which is equal to 

lMN(MP-NQ)=l(S 0 -s 0 ). 

♦ To follow the reasoning here, and in what follows, the reader will find it useful 
to sketch several curves with a number of maxima and minima of various relative 
. magnitudes: and other curves with (finite) discontinuities. 
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Similarly, S 2 -s a =l{S 0 -s 0 ), 

and generally (S 0 -s 0 ). 

It is therefore clear from Art. 143 that S n and s n approach a 
common limit as n increases ; this limit, say A , is called the area 
of the figure PMNQ. 



But it is essential to prove that we find the same area A in what¬ 
ever way the base MN is supposed divided to form the rectangles * 

Let 2 denote the sum of the outer rectangles when MN is divided 
up in any manner, regular or irregular; and let <r denote the sum 
of the corresponding inner rectangles. Then a glance at Fig. 44 (6) 
will shew that for any value of n we have f 

2 > s n , or < S w 

where of course 2, <r are quite independent of n . 

Thus, since lim S n —A =lim s n , 

we have %=A, a-lA. 

But 2 -<r±P(MP-NQ), 

where ft is the breadth of the widest rectangle contained in the 
sums 2, <r. 

Hence we can choose a value § such that 
2—cr < e, if ft <8, 

* This theorem was originally proved by Newton (see his Principia, Lemmas 
2, 3). The discussion given by Newton is a condensed form of the following proof : 
the additions made here are intended to lead up to Riemann’s condition, as Newton’s 
proof cannot be applied unless the curve steadily rises or steadily falls (as in the 
oase of the rectangular hyperbola sketched). 

t To avoid confusion we have only indicated the rectangles 2 and s nt the latter 
being dotted ; the reader will have no difficulty in constructing a similar figure 
for c and 8, 
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and therefore, since 2ii=ir, we have 

2 — A<e, A—ar<e, ii/3<S. 

Thus, lim 2 =A =lim <r. 

/9—>0 p -+0 

That is, we obtain the same area A , in whatever way the base 
MN is divided, provided that the largest sub-division tends to zero . 

162. Extension of the discussion to curves which are not monotonic. 

When the function to be integrated is not monotonio, but is finite in the 

interval ( a , b) (for definition, see Ex. 19, p. 435), we construct S n , s n as above ; 
and we can see that S n and s n are each monotonic, and so have definite limits 
as n tends to infinity. 

But we cannot make the inference that S n -8 n -+ 0, without introducing 
some further condition. The most natural condition is due to Riemann. 

Suppose that in any sub-division of (a, b) into sub-intervals rj 19 ?/ 8 ,..., r\ v> 
we denote by co r the difference between the upper and lower limits (or between 
the greatest maximum and the least minimum) of the function in the interval 
rj r , then Riemann assumes that it is possible to find a value for 8 so as to make 

V 

2 Vr<>>r < f, 

r -1 

for all modes of division of the interval such that rj l9 r/ 2 , ... , r) v are all less 
than 8. 

Now S n -s n =:'2r) r (>> r , if rj r refers to the subdivisions constructed by 
successive bisection. Thus under Riemann’s condition 

lim(S n -a„)=0, 

and so lim S n =lim s n =A, say. 

Then, just as before, we prove that for any mode of division 

<r^A, 

and by Riemann’s condition, we have also 

2-cr<€, if g r < 8. 

Thus lim 5 —A — lim <r. 

It is easy to shew that any continuous function satisfies Riemann’s condition ; 
for (see Ex. 18, App. I.) we can find 8 so that o> r < i/(b - a), if rj r < 8. Thus 
we find 2 ? 7 r cD r < c, because 2r; r =b - a. 

163. Extension of definition to double integrals. 

It is also easy to extend the definition of integration to a function of two 
variables, say x , y ; let us consider the meaning of 

///(*. y)dxdy, 

where x ranges from a to 6, and y from a f to b\ 

If we divide (a, b) into 2™ equal parts and (a', 6') into 2 n equal parts, we 
obtain two sums 

^»»,n—Sljfjui, V S m , n =^hfjL t y y. 
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where H^, v and v are the upper limit (or greatest maximum) and lower 
limit (or least minimum) in a sub-rectangle Then, just as above, we 

see that S m , n decreases if either m or n is increased, while 8 m , n increases ; 
thus S mt „ and 8 m , n have each a limit when w, n tend to infinity in any manner 
(see Ch. V., Art. 31). 

Further, if f(x , y) is continuous we prove as above that 
lim S m , n =lim 8 mt „~ V, say. 

Now we have, from the definition of single integrals, 

lim ( lim S m>n )-f dxf f{x 9 y)dy 

and lim ( lim S m , »)= f dyf f(x , y)dx, 

so that these 'two repeated integrals are each equal to V, and therefore to each 
other . 


EXAMPLES. 

1. Prove directly from the integral for log x that 2 J < e < 3. 

[For we have log (2£) = ~, log 3 =j^y- 

If we take these integrals from 1 to l£, from 1J to 1 J, etc., we find that 
l°g(2£) <i+ $■+£ + •••+&< L 
l°g3>Hi+l+-+iV>l.] 

2. Determine which of the two expressions 

(i«)' /S . V(2) i,r 

is the greater. [Oxford Sen . Schol. ] 

[Take logarithms and note that 

s/3l(sf3 + Jtt) < $J3 < -0929 < log 2, 
since (Art. 63) log 2 > *6931.] 

3. When x is positive, shew that the functions 

M and (l+,)!2£iLt3. 

X x 7 x 

are both monotonic; and sketch their graphs. 

4. If 1 > 0, prove that x % > (1 +s){log(l +x)} 3 . 

[Math. Trip. 1906.] 

[Write log (1 +x) =2£, and use the fact that > 2£ if £ is positive. ] 

5. Prove that as x ranges from -1 to oo, the function 

1 1 
log(l+:z) x 

remains continuous and steadily decreases from 1 to 0. 


[Math. Trip. 1894.] 
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[From the last example, we see that the derivate is negative; discontinuity 
is only possible at x =0, and when | x | is small we find that 

1 1 = 1 a; 

log(l +x)~x 2 12 + **' * 

the series converging if | x j < 1. ] 

6. Prove that to the base (1 +1 /p) p f where p is large, the logarithm of 
any number N is equal to 

log e Nx (l + 2p ~ i2p* + 24p* • 

7. In J. Burgi’s tables the value of log 10 is given as 2*30270022 (in 
modem notation). Verify that this is consistent with the value p = 10 4 * 
assuming log* 10 =2*3025850939. 

Shew also that Napier’s value (quoted in Art. 157) is not consistent with 
taking p = -10 7 . 

[This disproves the statement, made by some German writers, that Napier’s 
logarithms were calculated on the same lines as J. Burgi’s. ] 

8. If a n -* l as n tends to oo, prove that 

i 

lim ft(a n n -1) = log l, lim( 1 + ajn) n =e l . 

Deduce that 

{ 1 i 1 \ n i 

- (a t n + a 2 n +... + ap n ) J =(a l a a ... a p )p. 

9. If p n is numerically less than a fixed number A, independent of 

limcr n =lim p n . 

\ n n log nJ n n log n 
lim (r n =lim p n . 

[Compare Art. 12 2 (4). ] 

10. Use the last example to shew that if 

the series of positive terms 2<z n converges if p > 1, and otherwise diverges. 
Deduce that the series 

2(n\)*n nt ~ 1 e n (n - l)-<n+i>« 
is divergent. Compare (4) and (5) of Art. 12*2. 

11. Shew how to determine X so that 

e* > Mx y , if x > X, 

wherfe M, N are any assigned large numbers. 


and if 

then 
Also if 
then 



EXAMPLES 


459 


[We have to make * > log M + N log *, 

whioh (since log* < 2s/*) can be satisfied by taking * > 2 log if and 16NK 
But as a rule these determinations of X are unnecessarily large. ] 

12. What is the largest number which can be expressed algebraically by 
means of three digits ? Estimate the number of digits in this number when 
written in the ordinary system of numeration. 

[The number of digits in 9 9 ® is found to be 369,693,100. If they could be 
written 16 to the inch, this number would extend over 360 miles.] 

13. The logarithmic function log * is not a rational function of *. 

[Apply Art. 160. ] 

14. Arrange the following functions in the order of the rapidity with whioh 
they tend to infinity with x : 

**, * 1,,g *, (log*)*, (log *)( l0 «*) a , (log*) 10 * 10 **, (log log*)' 40 **. , 

Indicate the position of each of these functions amongst the members of 
the standard logarithmic scale. 

15. If we assume the binomial series for any integral exponent, and suppose 
n to be an integer greater than |* |, we find 

0 + D" = 1 +x+ ( 1 -i)f| + (* -^)( 1 to (» + l> terms, 

( 1_ I) =l+* + ( 1 +^)f-,+( 1 +J)( 1 +^)|*+...to». 


Deduce that, if * is positive, 

/_ x\ n , * 2 * 3 

( 1+ n) <1+ * + 2l + 3l + - 
and so obtain the exponential series. 


to oo < 


nr 


16. Shew that 


95 - 


[If the product on the left is called v, we get 

dv e* -1 . * ** 

- v - -=1 . 

dx x 2 ! 3! 

Taking =2a n * n /w!, we get at once, since a 0 =0, 

a l = 1 * a n ~ a n—i = ^/ n ' 

If we obtain the series for v by means of the rule for multiplication, we 
find the identity 

1 n(n- 1) . 1 n(n -\)(n -2) ^ ,1 L 1 , ,1 

n -2~U + 3Si -to nterms=l+ 2 +g 

which is easily verified directly. ] 

17. Shew that, as *-> 0, 

x *^ e ’~ 1 [Eulee.] 
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18. If x» = (l+g+§+•••+^)- 2 1 °g{ w ( w + 1 )}“ Cf » where c 18 Euler’s 
constant (Art. 11), prove that 

0 < X« < i +1)}*” 1 - [Cesaro. ] 

[It will be seen that 

_ x*dx 1 1 

Xn-i “Xn-J 0 »(««_*«) <3 «(«»_!)’ 

which gives the result. ] 

19. A good approximation to the function of Ex. 18 is given by taking 

1 

Xn ~6{n(n + l) +£}’ 

the error in which is of the order l./(150n 6 ). [A. Lodge. 1 

[Apply Euler’s series (Art. 106). ] 


20. Prove that 


/ *"+ 1 

s ’* 1 

_J_ 

X «+> 1 
1 1 

_ ? L +± x * \ 

1(71 + 1)! 

( ti + 2 )! 

(ts+ 3)! + ’”j 

7 i ! \ti +1 w +2 2 ! ti+3 ' / 


Deduce that the expansion of 
n\) * «! 1 


1+-+S+- 


X 

n + 1 


1 


w+2 2 !(ti+3) 


as far as the term in * in+1 . 

[Differentiate the first equation, and both sides reduce to e~ 


n\(2n + 1) J 
*(x n /n !).J 


21. Shew that the sequence 

Ox® 1» «a=6 8 . a 3 =e ea , a € =e * e \... 
tends to infinity more rapidly than any member of the exponential scale. 

22. Prove that the series 

2(log nyrr 9 

converges ifg>lorifg = l and p < -1 ; and otherwise diverges. 
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SOME THEOREMS ON INFINITE INTEGRALS AND 
GAMMA-FUNCTIONS. 

164. Infinite integrals: definitions. 

If either the range is infinite or the subject of integration 
tends to infinity at some point of the range, an integral may 
be conveniently called infinite* as differing from an ordinary 
integral very much in the same way as an infinite series 
differs from a finite series. 

In the case of an infinite integral, the method commonly 
used to establish the existence of a finite integral will not apply, 
as will be seen if we attempt to modify the proof of Art. 161 . 
We must accordingly frame a new definition: 

First, if the range is infinite , we define the integral I fix)dx 

* . . . . 
as equal to the limit lim I fix)dx when this limit exists. 

\->oo J a 

Secondly, if the integrand tends to infinity at either limit 

(isay that fix) oo as cc-xz), we define the integral f fix)dx 

Ja 

as equal to the limit 

lim f f(x)dx ( 6 > 0) 

S —y 0 J (t+S 

when this limit exists. 

* Following German writers (who use uneigentlich ), some English authors have 
used the adjective improper to distinguish such integrals as we propose to call 
infinite. The term used here was introduced by Hardy ( Proc. Lond. McUh. Soc. 
(ser. 1), vol. 34, p. 16, footnote), and has several advantages, not the least of 
which is the implied analogy with the theory of infinite series. 
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If the integrand tends to infinity at a point c within the 
range of integration, it is usually best to divide the integral 
into two, and then we should define the integral by the equation 

[ f(x) dx = lim [ f(x) dx + lim [ f(x) dx. 

But in certain problems the two limits in the last equation 
are both infinite, while the sum of the two integrals tends to 
a finite limit if SJS tends to a finite limit; we then define 
the principal value of the integral by the equation 

P f f{x) dx = lim [" f f{x) dx+ f f(x) dx \. 

J cl $ — ►O LJfl J 

It is at once evident that we can extend the use of the 
terms converge, diverge, and oscillate * so as to apply to these 
definitions. 


Exs. (of convergence). 

L (arc tan *>-!• 


3. 

4. 


6 . 


flfaf=lim -(1 — e“ aA )=_, if a>0, 
A—►oc a a 


rf K 

J0 A—*cc Jo 

jf? ■= lim tSt “ 0 < * < l * 

/• va^) = ]^[ ar08in(1 ~ 8 ) ]= I 


['*%+ lim [*«r 
J~ a X ® fi—*0 J~ a X ’* #3 

= ( “ log I +l0g *) =l0g (a)’ 


S->0 ' 

where in the last two integrals we suppose a and b to be positive. It 
should be remarked that in the last case we should have 

Pt+H T“ l0 «5 +l0 * I’ 

which, of course, does not tend to a definite limit unless does so. 


Stokes, Math, and Phy8. Papers, vol.. 1, p. 241 
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144 ] 


(of divergence and oscillation). 

ro o r so 

/ diverges and I sin.rata? oscillates. 

Jo l+x Jo 

J Q ~ diverges and J Q ^ sin oscillates . 


It must not be supposed that the two types of infinite 
integrals are fundamentally different. An infinite integral of 
one type can always be transformed so as to belong to the 
other type; thus, if f(x)-+ oo as x->b, but is continuous else¬ 
where in the interval (a, b), we can write 


^ b — x 


or 


x ~ a ±M 

i+£‘ 


Then 

and the integrand in £ is everywhere finite.* 


Ex. 


n dx __ r 
Jo (i-aJ!)i~J0 


(l + £)(l + 2£)*' 


By reversing this transformation it may happen that an 
integral to oo can be expressed as a finite integral. 

Ex. When #=l/£, x~*dx becomes £‘~ 2 d£, which is a finite integral 
if « = 2 (both integrals still converge if 2>«>1). 


It is also possible in many cases to express a convergent 
infinite integral of the second type as a finite integral by a 
change of variable. Thus we have 

P f($ d x = P/(sin 0) do 
Jo(l-a; 2 )4 V v 7 

by writing x — sin 0, and the latter integral is finite if f(x) is 
finite in the interval (0, 1) (for definition see Ex. 19, p. 435). 
Kronecker in his lectures on definite integrals states that such 
a transformation is always possible, but although this is 
theoretically true, it is not effectively practicable t in all cases. 


* Care muBt be taken in applying this kind of transformation when the infinity 
of f{x) is inside the range of integration. Here it is usually safer to divide 
the integral into two, as already explained. 

t If /(#)-►<» as .r-*a, we can write j f(x)dx=^ and introduce £ as a 

new variable. Similarly in other cases; and in the same sense we can always 

/•« 

express a divergent integral in the foim I 



464 


INFINITE INTEGRALS 


[ap. in. 


166. Special case of monotonic functions. 

Although, as we have pointed out in the last article, the 
definition of a definite integral requires in general a modification 
for the case of an infinite integral, yet we can obtain a 
direct definition of the integral as the limit of a sum, when the 

integrand steadily increases or steadily decreases. 

/•00 

Suppose first that in the integral I f(x)dx the function f(x) 

J a 

steadily decreases to 0 for values of x greater than c ; we may 

poo 

then consider only the integral J f(x)dx, because the integral 

from a to c falls under the ordinary rules. Then let sc 0 ( = c), 
x v x 2 > x z> ••• be a sequence of values increasing to oo; we have, 
as in Art. 11, 

f*n+l 

On +1 - «»)/(*») > f{x)dx > (x n+1 - X n )f(x n+1 ) 

pco 

Thus, if the integral J f(x)dx converges to the value /, 

(!) S (*»+> - X n)A X n) = I = 2 (*»+• “ X *)A X n+l\ 

0 0 

Of the two series in (1), the second certainly converges, in 
virtue of the convergence of the integral and the fact that 
the series contaips only positive terms. The first need not 
converge, if the rate of increase of (x n ) is sufficiently rapid; 
for instance, with x n = 2 2n and f(x)— 1/x 2 , it will be found that 
every term in the series is greater than J. 

However, by taking x n to be a properly chosen function of 
some parameter h (as well as of n) y we can easily ensure the 
convergence of both series in (1); and we can also prove that 
the two series have a common limit as x n+l — x n is made to 
tend to zero by varying h ; this Common limit must be equal 
to /, in virtue of the inequalities (1). 

For example, suppose that x n+1 — x n is independent of n and 
equal to h t say; then x n = c+nh and we have 

(*«+i — *»)/(*») =h[f(c)+f(c+h)+f(c+2h )+...], 

2 (*•+» — x n)f (®*+i) =h[f(c+h)+f(c+ 2 h) +f(c +3 h) +...]. 

0 
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It follows that the difference between the two sums is hf(c ), 
so that both are convergent, and their difference tends to 0 
with h ; hence 

I = lim h [ /(c) +/(c + h) +/(c + 2h) + ... ]. 

h->0 

In like manner, if x n+l /x n is independent of n and equal to 
q , say, so that x n = cq n , we have 

S («»+i - «»)/(«„) = c(q -1 )[f(c)+qf(cq)+q 2 f(cq 2 ) +•••] 

0 

and 2 (*»+i “ *»)/(«»+:)=c [(? -1)/?] [qf(cq )++•••]• 

0 

Thus we can again infer the convergence of the first series 

from that of the second, and we see that 

I =lim c(q -1) [/(c) + qf(cq) + q 2 f(cq 2 ) +...]. 

<z->i 

Ex. 1. Consider xe~ x dx f with x n —nh. 

We have then /=lim h 2 [e~ h + 2e _2A + 3e~ 3 * +...] 

K-+0 

= lim h 2 e~ h ( 1 - e~ h )~ 2 

hr -*-0 


a value which can be verified by integration by parts. 

Ex. 2. Consider J* x~*dx^ (where s > 1). 

Here write < r n =C£ w , and we get 

= i im £^_£rIJU_I_ 

by applying one of the fundamental limits of the differential calculus. 

Ex. 3. It can be proved by rather more elaborate reasoning that 
if f(x) steadily decreases to 0 as x tends to oo, then 

r*> * /•* ® 

/ sin #/(#)<&?== limA2/(«A)sin/ coaxf(x)dx=\imh^f{nh)co^nJu 
Jo A —*0 0 Jo A—M) 0 

Let us consider the simple example 

r^d*, 

Jo x 


the sum is then 


4+(sinA+£sin 24+...). 
2o 
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Since h is positive (and less than 27 r), the sum of the series in brackets 
is by Art. 65, and so the whole sum is 

£(?r + A), 

which gives the limit ; that this gives the correct value for the 
integral can be verified by other methods (see Ex. 1, Art. 173). 

Ex. 4. The reader may verify in the same way that 
f* sin 2 x , , 

Jo 

El. 5. By means of the integral J o x k ~ 1 e~ x dx f we can prove that 

lim k k (e~ h + 2*“ 1 e“ 2 *-f3*” 1 e'* 3 * + ...)= f x k ~ l e~ x dx 
h—+Q JO 

a result which has already been found in Art. 51 by another method. 

In like manner, if /(#)-> oo as x-*0, but steadily decreases 

as x varies from 0 to 6, we can prove that when J f(x)dx 
converges, we have 0 

f f(x)dx = lim 6(1 - q)[f(b) + qf(bq) + q 2 f(bq 2 ) + ...]. 

JO 

Ex. 6. Take j^logxdx; we have to find 

lim 6(1- ?)[log 6 + q log(6^) -f q 2 log ( bq 2 ) +...] 

v—>i 

=lim [6 (log b) + bq (log 9 )/(l - <?)] 

=b{\ogb)-b, 

as we may verify by direct integration. 

In the previous work we have seen how to evaluate an 
infinite integral by calculating the limit of an infinite series; 
when the range is finite we can also obtain the result as the 
limit of a finite series; that is, we can replace a double limit 
by a single limit. 

Thus, suppose that in the convergent integral I f(x)dx the 

J a 

integrand f{x)->oo as x->a, and that f(x) steadily decreases 
from a to 6. Then write 6 — a = nh, and an argument similar 


to that of Art. 11 will shew that 
two sums 


f f(x)dx li 
J a+h 


lies between the 


and 


h[f(a+h)+f(a+2h)+... +/(6 - h )] 
h[f(a +2 h) +f(a +3 h)+... +f(b)]. 
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Now, as h-*-0, the integral tends to a definite limit; and the 
difference between the two sums is h[f(a+h)—f(b)\ which 
tends to zero with h in virtue of the monotonic property of 
/( x) (see pp. 470, 471 below). That is, 

[ f(x)dx =lim A[ f(a + h) +/(«+2 h)+... +f(b )], 

J a 0 

which gives the value of the integral as a single limit. 


Ex. 7. Consider where 0<5<1. 

Write h—-, and we have to find 
n 


liin 


V- ( 
n 1 - \ 




y- 


b 1 - 

1-5 


(by Ex. 1, Art. 147, above). 


Ex. 8. In the same way \ogxdx is found as 

lim- 2 log (-) = lim log = - 1 (Ex. 1, Art. 149). 

n—x» n r^=\ \nj n —►w \7l J 

Ex. 9. If we divide the last equation of Art. 69 by sin 6 , and let 0 
tend to zero, we find, if a — i r/w, 

7i = 2 ,l_1 sin a sin 2a ... sin (n- l)a. 

Now change from n to 2 n and write h for a ; we get, pairing the terms, 
2n = 2 2n_1 sin 2 A sin 2 2h ... sin 2 (/i -1)/#. 

Thus, extracting the square root, 

sinAsin 2A ... sin(7i-l)A = 7i^2 1-w , (if h — Trj2n\ 

and from this we can find j Q log sin .r. 

For this integral is equal to 

lim A[log sin h + log sin (2 h) +... + log sin (:nh )] 

ft—M) 

=lim ^[£logre-(m-l)log2] 

= -|irlog2. 


166. Tests of convergence for infinite integrals with a 
positive integrand. 

If the function f(x) is positive, at least for ^sufficiently large 
values of x, it is clear that the integral I fix') dx steadily 
increases with X \ thus in virtue of the monotonic test for 
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convergence, the integral to oo cannot oscillate, and will con¬ 
verge if we can prove that 

[ f(x)dx< A, 

J a 

where A is independent of X. 

In practice the usual method of applying this test is to 
appeal to the principle of comparison , as in the case of series 
of positive terms; in fact, if g(x) is a positive function for 

/•OO /*00 

which l g(x)dx converges, then I f(x)dx also converges if 

f(x)<^g(x), at any rate for values of x greater than some 

fixed number c. 

rx rx 

For then I f(x) dx < 1 g(x) dx < g(x) dx , 

J c J c J c 

and this last expression is independent of X. 


Thus, suppose we consider f{x) — x^e~ aX , where a is positive and /3 is either 
positive or negative ; from Art. 160 above, we find that #Pe~l ax -+0 as 
so that we can determine c to satisfy 

afi e -t aJe <l 9 if x>c , 

and then f(x)—x p e~ aX <e~^ aX , if x>c . 

Now (see Ex. 2, p. 462 t Art. 164) f e'^dx is convergent, and conse- 

/ oo J 

ofie-°*dx is also convergent. 

If we write X=e x , we find that 

J xfie-°*dx= J (log XfX'V+^dX, 

so that J (\ogx)^x~( a ' ^d.v is convergent. 

Examples of this type can be multiplied to any extent by the aid of 
the logarithmic scale of infinity (Art. 160). 


Thus if we can find a positive index a and a constant B, 
such that one of the conditions 

(i) /(*)<5(log >Q . 

<Bx*e-, ) a > Q > x > c ’ 

/•oo 

is satisfied, the integral J f(x)dx converges . 

The comparison test for divergence runs as follows: 

If 0(x) is always positive and I Q(x)dx is divergent, then 

J 

so also is I f(x) dx, if f(x) > 0(x), at any rate after a certain 
value of x. 
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We have proved (see the small type above) that if a is positive, c can be 
found so that 

J fi e ax >e l<tx i if x>C y 

whatever the index (3 may be. 

Now j\^dx = ^(e^-ei ac ) 

and this expression tends to oo with A, so that the integral to oo is divergent. 
,00 

Thus / also diverges. 

If a=0, it is easily seen that this integral diverges if /Jgl — 1. 

By changing the variable, we deduce as before that 

J (lo g.v)Px~( l ~ a )dx 

diverges under the same conditions. 

poo 

Accordingly the integral l f(x)dx diverges if we can find 

J a 

an index ag:0, such that one of the conditions 

(i) fix)>B(logxYx-V-'U a > 0 

(ii) f(x)> Bx^e**, ) or a = 0, /3~—l> 

is satisfied. 

These conditions are analogous to those of Art. 11 for testing 
the convergence of a series of positive terms; and, as there 
remarked, closer tests can be obtained by making use of other 
terms in the logarithmic scale (although such conditions are 
not of importance for our present purpose). But one striking 
feature presents itself in the theory of infinite integrals which 
has no counterpart in the theory of series. An integral 

poo * ' 

I fix)dx may converge even though fix) does not tend to the 

limit zero . Naturally, we must then have an oscillatory 
function, for lim/(cc) = 0 is obviously necessary in all cases of 
convergence; but we may even have lim/(cc) = oo. To see, in a 
general way, that this is possible, we may use a graphical 
method. 



Fig. 45. 


Consider a curve which has an infinite series of peaks , of 
steadily increasing height; then, it is quite possible to suppose 
that their widths are correspondingly decreased in such a way 
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that the areas of the peaks form a convergent series; and 
consequently J f(x)dx may converge. 

Let us consider in particular the function 

f{x)^xPj{ 1+# a sin 2 #), (a > /?> 0). 

Here in general f(x) is comparable with #^" a , but its graph comes up 
to the curve y—xP y at every point for which x is a multiple of ir. 

In the interval from ni r to (w4*l)7r, we have 

< f( x)< [(w+l)a-y 

14-[(ft 4-1) tt]® sin 2 a? 14-(ft7r) tt sin 2 .a? 

Now f (n+1)n dx = tc 

Jnw l + A sin 8 # (1+^)7 

so that w ^ +1 7 < 

[l 4 -(ft 4 -l)VP Jnn (1 +n a Tr a )* 

From this it is evident that J f(x)dx converges or diverges with the 

series 2ft^~* a ; that is, according as a>2(/?4-l) or «:g2(/?+l). 

And generally, if 4>(x\ yjr{x) steadily increase to oo with x, the integral 

r 4>(x)dx 

J 1 +yl/(x)ain 2 (x 7 r) 

converges if 2</>(ft4-1)/[V'M]^ converges and diverges if 2^>(n)/[^(^4*l)]^ 
diverges. 


e . 1 . r ~ 

Jo 1 


4-^®|sina7 


converges or diverges according as 
a>/?4-l or a^/3+l. 


[Hardy.*] 


2. J o <j>(x)e~ W*) 1 810 * I converges with and diver g® 8 


with 

Y(nir + €) 


[Hardy.] 


e. 3. j Q <j>(x)e~ *^ Bin2x dx converges with an d diverges 


With 2 . 

Vy(n7r4-€) 


Y(nir — c) 

[Du Bois Reymond.] 


In spite of the last result, we can prove (as in Art. 9 for 
series) that if f(x) steadily decreases , the condition lim xf(x) = 0 

is necessary for the convergence of j* f(x)dx. 


Messenger of Mathematics , April 1902, Note VUL 
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For here we have 

thus for convergence it is necessary to be able to find A so that (/a - A)/(/a) 
is less than € for any value of fx greater than A. 

Hence lim^/ r (^r)=0 is necessary for convergence. But even so, no such 
condition as lira (x log x)f(x)=0 is necessary in general (compare Art. 9); 
but it is easy to shew that if (for instance) xf(x) is monotonic, then 
x\ogxf{x) must tend to 0. More generally, if <f>(x) tends steadily to oc 
and f(x)l<t>'(x) is monotonic, then f(x)<f>(x)/<f>\x) must tend to zero ; this 
may be proved by changing the variable from x to <f>(x). [Pringsheim.] 

It is perfectly easy to modify all the foregoing work* so 
as to apply to integrals in which the integrand tends to infinity, 
say at x = 0. 

The results are: The integral I f(x)dx converges {if b is less 

Jo 

than 1), provided that we can satisfy one of the conditions 
/(,)<&-(log 

where either (i) a>0 or (ii) a = 0, /3<—• 1. 

On the other hand , the integral diverges when 

f(x)> Bx*-'(\og^y, 

where (i) a<0 or (ii) a = 0, /3 = — 1. 


167. Examples. 

To illustrate the last article, we consider two simple cases. 

I * ( i r 

o (e--e-*)^ (*><>). 

It is easy to see that the integral converges, so far as 
concerns the upper limit, by applying the tests of the last 
article. There is an apparent difficulty at the lower limit, 
because of the factor 1/x ; but since 



— e 



l ~ x +W\ 




x 2 t 2 

Tf 



the difficulty is apparent only. 


Or we may obtain the results directly by writing 1 jx for x in the integral. 
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/*°° dx 

Now the integral is lim I (e~ x — e ~ tx )—, and 

Jfi X Jtz X 
by changing the variable of integration. 

Hence our integral is 

r f* m dx 
lim I e ~ x —. 
fi->0 Jfi X 

f*» X dx 
I e ~*— 

Jfi x 


But 


lies between the values found by replacing 


e~ x by e~ 8 and by e~ ts ; these values are respectively 
e“ 6 log£ and e~ ts logt, 

both of which tend to logtf as S tends to 0. 

C ts dcr 

Hence lim I e ~ x — = log t f 

fi—>0 J 5 X & 

f 00 dx 

and accordingly I (e~ x — e~ tx ) — = log t. 

Jo x 

f 00 dr 

2. Consider J ( Ae- ax + Be- bx + Ce~ cx 

where a, b, c are positive and 

A -j- J9 -f* G =0, A a -f* JBb -{- Cc = 0. 

It may be shewn as above that the integral converges when 
these conditions are satisfied. 

Now consider 

In virtue of the condition 'ZAa = 0, it is now evident that 

But 


Thus J*(24e-°*) J = 2(4aloga)-~(24c* 2 )+..., 
and so j (24 = 2(4a log a). 
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3. The reader can prove similarly that, if p > n, 

jT ‘“s 0 " 

0. (k = 0, 1, 2, n—X) 


where 


168. Analogue of Abel's Lemma. 

If the function f(x) steadily decreases , but is always positive, 
in an interval (a, b), and if | <f>(x)\ is less than a fixed number 
A in the interval , then * 

hf(a) < f f(x)<j>(x)dx < Hf(a), 

Ja 

where H , h are the upper and lower limits of the integral 

X(£)= \*<t>(x)dx, 

Ja 

as £ ranges from a to 6. 

For, assuming that f(x) is differentiable, we have 

J= f f(x)<t>{v)dx=f{b) x (b )-[ f'(x) x (x)dx. 

J a J a 

Now, since f(b) is positive and f'(x) is everywhere negative, 
we obtain a value greater than J by replacing x0>) and x( x ) 
in the last expression by H , and a value less than J by 
replacing them by h. 

Thus we find 

hf(b)-h^f(x)dx < /< Hf(b)-H^f\x)dx 

or hf(a) <J< Hf(a). 

Similarly, if H v are the limits of the integral x(£) * n 
interval (a, c) and H 2 , h 2 in the interval (c, b ), we find 

hj(h) - h^f(x)dx - h^f(x)dx < J 

< HJ{b)-H^f{x)dx-H^f\x)dx 
or f(c)]+h 2 f(c )< J< H l [/(a) —/(c)] + HJ(c). 


* If /( x) should be discontinuous at x=a, f\a) denotes the limit of f{x) as x 
t snds to a through larger values. 
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When is a complex function of a real variable, it is 
easily seen that if u is any number, real or complex, and if 
t] x , t} 2 are the upper limits of 

I f { i 

II <f>(x)dx—U], 

‘ J a I 

as £ ranges from a to c and from c to b , respectively, then 

I | < r, x [f{a) 

When f(x) is complex, formulae corresponding to the 
lemma of Art. 81 can be obtained (see Proc. Lond. Math . 
Soc., vol. 6, 1907, p. 65); but these results are not needed 
for our present purpose. 

The first inequality on p. 473 is equivalent to the Second Theorem 
of Mean Value. To see this, note first that x(£) is continuous, and so 
(Ex. 17, p. 435) assumes every value between A, If at least once in the 
interval (a, b). Thus the inequality leads to Bonnet’s theorem 

J =f( a )x (€oX where a^.£ 0 ^.b. 

From this du Bois Beymond’s theorem, which is true for any monotonic 
function g(x), follows by writing \ g(x)~g{b) \ for f{x) ; thus we find 
the form commonly quoted 

f a g(x)4>(x)dx=g(a)J^<j>(x)dx+g(b)J^ <f>(x)dx. 

But, since the precise value of £ 0 cannot be determined, these equations 
contain no more information than the original inequality and not so much 
as the inequality at the foot of p. 473 

Although the restriction that f{x) is to be differentiable is of little 
importance here, yet it is theoretically desirable to establish such results 
as the foregoing with the greatest generality possible. We shall therefore 
give a second proof, based on one due to Pringsheim*, in which we 
assume nothing about the existence of f{x). 

Divide the interval into n equal parts by inserting points x lt :r 2 , ..., 
x n - 1, and write x 0 —a, x n —b\ then we have 

</= [ b f(x)<f>(x)dx = n 2J r , 

J a r=0 

( x r +1 

where / f(x)<f>(x)dx. 


* Munchener Sitzungsberichte , Bd. 30, 1900, p. 209; this paper contains a 
more general form of the theorem, which is also deducible from the first in¬ 
equality on p. 473. Another proof has been given by Hardy, Messenger of 
Maths. , vol. 36, 1906, p. 10. 
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Hence,* if /r+i=/0*V+i), 

r*r+ 1 c x r+l 

(1) Jr-fr+i] <f>(x)dx=l [f(x)-f r+1 ]if>(x)dx; 

JX r JX r 

but in virtue of the decreasing property of f(x\ \j{x) -/ r+1 ] is positive in 
the last integral and is less than (/ r -/ r+ 1 ), so that 

( 2 ) | f Xr + L/'C®) -/r+i] <j>(x)dx j <(f r -f r+1 )A(b - a)/n, 

because \<f>(x)\<A and x r +i-x r =(b-a)f'n. 

By adding up the equations (1), bearing in mind the inequality (2), we 
see that 

«—l C* r 4-1 

(3) J- I/ r+ xJ </>(x)dx = R n , 

r= 0 Jx r 

where | R n \< ^(6-a) (/„-/„)< ^(6-a)/ 0l 

because f n =f(b) is positive. 

If now we apply Abel’s Lemma (Art. 20) to the sum 

»-1 [*r +1 

2/r+1 / <f>(x)dx , 

r—0 *'*r 

we obtain the limits hf x and Hf x for it, because 

m-l r*r-fl r x m 

2 / <b(x)dx= / <f>(x)dx, 

r=0 J x r Ja 

and the sequence f v / 2 , ...,/« is decreasing. 

Thus, from (3), we find 

(’) ¥x ~ ~ «)/o< •'< #/i+^(6 - «) /# , 

where f x =/[a -f (6 - a)/»]. 

If now we take the limit of (4) as n tends to infinity, we obtain the 
desired result, t 

In exactly the same way we can make the further inference that if c 
lies between a , 6, and if H x , h x are the upper and lower limits of J*<f>(x)dx 
as £ ranges from a to c, while H 2 , h 2 are those as £ ranges from c to 6, then 
h , [/(a) -/(c)]+A 2 /(c) < J*f(x)<t>(x)dx < H x [/(a) -/(c)]+ H, f{c). 

*In case f{x) should be discontinuous at a? r+ i, we define f r +i as the limit 
of f(x) when x approaches x r +\ through smaller values of x; this limit will 
exist in virtue of the monotonic property of f(x). 

tit will be seen that the condition \<p(x)\<A is by no means essential, and 
that it may be broken at an infinity of points, provided that J b \<p(x)\dx con¬ 
verges ; for we can then make a division into sub-intervals', for each of which 

f*r+l 

L \4>{x)\dx is less than any assigned number. But Pringsheim has proved 
that it is only necessary to assume that <f>{x) and f(x) x <j>(x) are integrable in 
the interval (a, b); compare Proc. Lond . Math . Soc. t vol. 6, 1907, p. 62. 
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169. Tests of convergence in general. 

Applying the general test for convergence (Art. 3), we see that 
the necessary and sufficient condition for the convergence of the 

poo 

integral J f(x)dx is that we can find £ such that 



where may have any value greater than £ and e is arbitrarily 
small . 

However, just as for infinite series, the general test for con¬ 
vergence is usually replaced in practice by some narrower test 
which can be applied more quickly. The three chief tests are 
the following: 


1. Absolute convergence.* 

poo 

The integral I f(x)dx will certainly converge if l \f(x)\dx 

J a J a 

converges, because 

|J|/(a:)da;J^|||/(a5)|dx. 

But naturally the analogy between such integrals and abso¬ 
lutely convergent series is not quite complete, since there is no 
order in the values of a function. 

In particular, if \f(x)\ < — g'(x), where g(x) steadily decreases 

poo 

to zero as x increases, the integral I f(x)dx will converge. 

J a 

2. Abel’s test. 

An infinite integral which converges (<although not absolutely) 
will remain convergent after the insertion of a factor ivhich is 
monotonic and less than a fixed number (in numerical value), 

poo 

Suppose that I <j>(x)dx converges, and that \h(x) is a mono- 
J a 

tonic function, such that | \fs(x) | < A : it is then evident that 
yfr(x) tends to some limit l as x-*oo . 

Thus, if we write f(x) = l — \fs(x) when yfs(x) increases, or 
\fs(x)—l if \jr(x) decreases, we see that f(x) is positive and 


*The distinction between absolute and non-absolute convergence is clearly 
pointed out by Stokes [Math, and Phys. Papers , vol. 1, p. 241). 
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decreases to 0; and it is obviously sufficient to prove the 

poo 

convergence of I f(x)<f>(x)dx. 

J a 

Now, by the analogue of Abel's Lemma (Art. 168), we see that 
jj *f(x)<f>(x)dx < Hf(g) < 


where H is the upper limit to 


|J <f>(x)dx 

when X ranges from £ to Now, in virtue of the convergence 

poo 

of I <t>(x)dx, we can determine g so as to make H <^e/f(a), 

J a 

and then If*'-,. / v 7 

|J f(x)<t>{x)dx <e, 

poo 

so that the integral I f(x)(j>{x)dx converges. 

poo 

Hence also I \fr(x)<j>(x)dx converges. 


3. Dirichlet’s test. 

An infinite integral which oscillates finitely becomes con¬ 
vergent after the insertion of a monotonic factor which tends 
to zero as a limit. 

Here again we have 

^f{x)<t>{x)dx j < 

and H will be less than some fixed constant independent of * 
thus, since /(&)-*0, we can find £ so that Hf(£) < e, and con- 

p» 

sequently the integral I f(x)<f>(x)dx is convergent. 

Although the tests (2), (3) are almost immediately suggested by the tests 
of Arts. 21, 22, yet it is not clear that they were ever given, in a complete 
form, until recently. Stokes (in 1847) was certainly aware of the theorem 
(3) in the case <£(#)=sin# {Math, and Phys. Papers y vol. 1, p. 275), but he 
makes no reference to any extension, nor does he indicate his method of 
proof. The first general statements and proofs seem to be due to Hardy 
{Messenger of Math*., vol. 30, 1901, p. 187) ; his argument is somewhat 
different from the foregoing, and is on the lines of the following treatment 
of the special case <£(#)=sin#. 

* Since the integral J*<p{x)dx oscillates finitely it remains less than some fixed 
'number C for all values of £; thus we have H ^2C. 
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In this case, the curve y=f{%) sin x oscillates between the two curves 
y=f(x\ y = -f(x\ as indicated roughly in the figure. 



It is almost intuitively evident that the areas of the waves steadily 
decrease in value, and have alternate signs. In fact 

/(an+ ) g * n x £ x __ j ^ 2 nir ) 8 i n x dx> 

and since sin x is positive in the integral, this lies between 2/(2 twt) and 
2/(271 + 17r) ; so that it tends to zero as n increases to oo. Further, 

f(2n+2) w fw - 

ian+i) S * n x ^ = “ J 0 +2; n +1 it) sin xdx, 

which is obviously negative and numerically less than the area of the 
previous wave. It follows that j sin xf(x)dx is convergent, by applying 
the theorem of Art. 19. 

In general, if <f>(x) changes sign infinitely often we can apply a similar 
method, using Dirichlet’s test (Art. 22Y to establish the convergence of 
the series. 

If the integrand tends to oo, say as x->a, the general test 
for convergence and the test of absolute convergence run as 
follows: 

The necessary and sufficient condition for the convergence 
of the integral J f(x)dx is that we can find S such that 

| £"/<*)<& | < e , 

where S' hoc any 'positive value less thqn <5. 

This condition is certainly satisfied if the integral J \f(x) | dx 

converges ; and the original integral is then said to converge 
absolutely . 

It is possible to write out corresponding modifications of 
Abel’s and Dirichlet’s tests; but such tests are not often needed 
in practice and are better left to the ingenuity of the reader. 
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yir, 1. jf y co ^ .dx converge absolutely if />> 1 , and so does 

f dx if §<q< 1 ; because I sin #| 5=1, |cos#|^l. 

Jo x* 

Ex. 2. f ^-^dx t f dx converge if 0 <p< 1 ; and generally 
J i x p Ji x p 

/ <o r<o 

c }> (x) sin x dx, / <#> (x) cos x dx 

converge in virtue of Dirichlet’s test, if <f>(x) tends steadily to zero. 

For | J sin x dx j = | cos a - cos /• | ^ 2 , | ^ cos x dx J = | sin b - sin a 15= 2. 

Ex. 3. Further examples of Dirichlet’s test are given by 

f(x) = e ~ px , (log x)~ p ; </>( x ) = (sin #)“*, log (4 cos 2 #). [Hardy, LcJ] 


170. Frullani’s integrals. 

As a simple and interesting example of the tests of the 
last article, let us consider the value of 

f < ft( a,r ) ~ ( p 0 JX ) 

Jo x * 

where <p(x) is such that J <f>(x)dx oscillates between finite limits 
(or converges). 

Then, by applying Dirichlet’s or Abel’s test, we see that 

J & x 

is convergent and is equal to 

* «.*><>■ 

Thus [■•*<*> *._ 

h X J ad x Ja X 


and if <p(x) tends to a definite finite limit <f > 0 , as x tends to 0, 
the last integral has a finite range and a finite integrand; 
thus we have 


r <j>(<<x)- <l>(hx) 

Jo x 



In the same way we can prove that if 

Act- f- Bb -j- Cc = 0, 

then < ^[A<p(ax)+B<p(bx)+C<p(cx)]= —(2,Aa\ogo)<p'(0). 
For examples, take <p(x) = coax or sin x. 
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The former integral can also be evaluated if </>(x) tends to 
a definite value <p 1 as x tends to oo . For we have the identity 

£ 

by means of which the value of Frullani’s integral may be 
proved to be log (&/«)• 

The integral found in Art. 167 (1) is a particular case of this 
formula and also of that on p. 479. 

Extensions of these integrals have been considered by Lerch 
and by Hardy * 

171. Uniform convergence of an infinite integral, t 

If we consider the integral (supposed convergent) 

00 

f(x, y)dx, 

a 

the least value of £ for which the inequality 

|J x /(®»y)<*» < e > 0>£)> 

holds, is a function of y as well as of e. In correspondence 
with Art. 43, we say that the integral converges uniformly in 
an interval (a, ft), if for all values of y in the interval £ remains 
less than a function X(e) y which depends on e but is inde¬ 
pendent of y, But, if this condition cannot be satisfied for any 
interval which contains a particular value y 0 , then y Q is said 
to be a point of non-uniform convergence of the integral. 

Ex. 1. If /(#, y)=l/(#+y) 2 , where yg 0, we find that 
j [ f{x,y)dx=\l(\+y). 

Thus £=(1 /f)-y (if y<l/«), or £=0 (if y > 1/t), 

and so the integral is uniformly convergent for all positive values of y, 
since we may take X(c)=l/€. 

Ex. 2. If/(^,y)=y/(l+^y 2 ), we find that 

J[ f(x, y)dx=cot~ l (\y\ if y $ 0, or=0, if y=0. 

Thus £=cotc/|y|, i f y^Q, or £=0, if y »0. 

Hence y=0 is a point of non-uniform convergence for. the integral. 

* Lerch, Sitzungsberichte d. Jc. Bdhmischen OeselUchaft der WUs. , June 2, 1893; 
Hardy, Messenger of Maths ., vol. 34, 1904, pp. 11, 102, and Quarterly Journal , 
vol. 33, 1901, p. 113. See also Art. 173, Exe. 1-1,. 
t Stokes, Math, and Phys, Papers, yol. 1, p. 283. 


<t>(cuc)-<p(bx) dx _ f 6 <t>(xS)—<f>{x\) dx 
x J® x ■ 1 
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But, just as in the case of series, we have usually in practice 
to introduce a test for uniform convergence which is similar to 
the general test for convergence (Art. 169): The necessary and 
sufficient condition for the uniform convergence of ike integral 

I f( x > V)d x > an interval of values of y, is that we can find 

Ja 

a value of independent of y, such that 


I f f(x, y)dx | < e, 

i I 

where has any value greater than £ and e is a/rbitrarily 
small . 

The only fresh point introduced is seen to be the fact that £ 
must be independent of y. The proof that this condition is 
both necessary and sufficient follows precisely on the lines of 
Art. 43, with mere verbal alterations. 

But in practical work we need more special tests which can be 
applied more quickly; the three most useful of these tests are : 

1. Weierstrasss test. 

Suppose that for all values of y in the interval (a, /3), the 
function f(x, y ) satisfies the condition 

I f(x, y)\<M(x), 

where M(x) is a positive function , independent of y. Then } if 

poo poo 

the integral I M(x)dx converges , the integral I f(x, y)dx is 

J a J a 

absolutely and uniformly convergent for all values of y in 
the interval (a, /8). 

For then we can choose £ independently of y, so that 

poo 

J M(x)dx is less than e; and therefore 

j | f( x > y)dx J < | M(x)dx < | M(x)dx < e. 

Thus the integral converges uniformly; and it converges 
absolutely in virtue of Art. 169, (1). 

2. Abel’s test.* 

poo 

The integral I f(x, y)<p(x)dx is uniformly convergent in an 

J a p» 

interval («, (3), provided that I <f>{x)dx converges, and that, 

x j ^ 

* Bromwich, Proc. Lond. Math. Soc. (2), vol. 1, 1903, p. 201. 


B.I.8. 
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for every fixed value of y in the interval (a, ft), the function 
f(x, y) is positive and steadily decreases as x increases , while 
f{a, y) is less than a constant K {independent of y). 

For then, in virtue of the analogue to Abel’s Lemma, we have 

I [V(*> y)<P( x ) dx i < H fii> y ) < H f( a > y) < HK > 

I J £ i 

i rh 

where H is the upper limit to the expression 1 </>{x)dx , when 

poo I J £ 

£ ranges from £ to Now, since I <j>(x)dx is convergent, 

J a 

we can find £ independently of y , so that H < e\K ; and 
consequently the given integral converges uniformly. 

It is evident that <j>{x) may be replaced by <f>(x, y) f provided 

poo 

that I <f>{x, y)dx is uniformly convergent in the interval (a, ft). 

J a 

3. Dirichlet’s test. 

poo 

The integral I /(as, y)cp(x)dx is uniformly convergent in 

J a poo 

an interval (a, ft) if I <p(x)dx oscillates between finite limits , 

J a 

and the function f(x , y) is positive and steadily decreases as x 
increases {y being kept constant ), provided that f(x, y) tends 
to zero uniformly with respect to y in the interval (a, ft). 

For then I ? f{x, y)<p(x)dx <Hf{£, y), 

where H is less than some constant independent of y; we can 
then fix £ independently of y , to satisfy /(£ yXe/H. 

Again, <f>{x) may contain y } provided that the extreme limits 

of I <p(x)dx remain finite throughout the interval (a, ft). 

Ja 

Ex. 3. Weierstrass’s test. 

converge uniformly throughout any interval of variation of y. 

Ex. 4. Abel’s test. 

r e -^o«x d r e -«*jMdx, (a> 0 ), 

Ja X Ja x 

converge uniformly in any interval because the integrals 

Ja X Ja X 

converge in virtue of Art. 169, Ex. 2. [Stokes, t.c., p. 284.] 
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Generally j e~ z *<f>(x)dx converges uniformly in any similar interval, pro- 

/•oo 

vided that I <f>(x)dx converges. 

Ex. 5. Dirichlet's test . 

r° --COBg dx, r_ sin * dx 
J* (x 2 +y 2 )- - 1 (x 2 +y 2 )* 

converge uniformly throughout any interval of variation of y. 

And r*cos(^) rf r***_<&$a, r**Mdx 

J\ l+x 2 J 1 l+x 2 ’ A .v 

converge uniformly in any interval which does not include y= 0. 


Of course the definition of, and the tests for, uniform con¬ 
vergence can be modified at once so as to refer to the second 
type of infinite integrals. 


172. Applications of uniform convergence. 

noo 

An integral I f(x y y)dx which converges uniformly in an 

interval (a, /3) has properties strictly analogous to those of 
uniformly convergent series (Arts. 45, 46); and the proofs 
can be carried out on exactly the same lines. Thus we find: 

1. If f(x, y) is a continuous function of y in the interval 
(a, /3), the integral is also a continuous function of y, provided 
that it converges uniformly in the interval (a, /3)* 

Only verbal alterations are needed in the proof of the corre¬ 
sponding theorem for series (see Art. 45). 

Ex. 1. Thus (see Ex. 3, Art. 171) 

rc^{xy) d r*m(xy) d r *in{xy) d ( Q) 

Jl X l * a Jl x 1+a Jo 1 +x 2 Jo 1 + X 2 

are continuous functions of y in any interval. 

Ex. 2. If £ <l>(x)dx is convergent, then (see Ex. 4, Art. 171) 

[DIRICHLET.] 

Ex. 3. But we must not anticipate the continuity at y — 0 of. 

/ dx, r™M dx, 

Jo 14 - x 2 3 Jo X 3 

and it is not hard to see that they are actually discontinuous. 

(See Ex. 5, Art. 171, and Ex. 6, Art. 173.) 


Stokes, l.c ., p. 283. 
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2. Under the same conditions as in (1), we may integrate 
with respect to y under the sign of integration , provided 
that the range falls within the interval (a, /3). 

Again, the proof for series needs only verbal changes. 

Ex. 4. If «- r~M* l’udy= r 

Jo 1+x 2 ’Jo Jo #(l+x 2 ) 

and if t-= f'vdy= 

Jo l+.r 2 ’Jo J Jo .»(1 + ® 2 ) 

3. The equation 

is valid , provided that the integral on the right converges 
uniformly and that the integral on the left is convergent * 

Write <p(x, /*)=£ 
and let us find f so that 


r|<fc|<«, «j> f , 


where £ will be independent of y, and the inequality is 
correct for all values of y in the interval (a, /3). Then, 
UX>£, 

because the value of the double integral of a continuous 
function, taken over a finite area, is independent of the order 
of integration (see Art. 163, p. 457). 

Thus, | J y+ h ) -/(*. y)]dx\< e, 

in virtue of our choice of £ 

Now 4>(X, h)—</>(£, h)=\* [ f(X> y+ 
so that | <p(X, h)—<p(£, h) | < 2e. 

* The last condition is partly superfluous; compare the note on p. 133 for 
the case of series. 
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The last inequality holds for all values of X greater than 
and all values of | h | under a certain limit. If we make X tend 
to oo, we obtain 

10(°o, A)l=|0(£ h)\+2e. 

Since our choice of £ is independent of h 9 we can now 
allow h to tend to zero without changing and, by definition, 

lim h)=Q; 


thus we have 


lim|0(oo, h) | = 2e. 

h -*0 


Since e is arbitrarily small, and 0 (qo , h) is independent of e, 
this inequality can only be true if 

lim <f >{oo ,/*,) = 0, 

or lim p »+hy-M jo j,_ r 

A-*oJa k Ja oy 

Another theorem may be mentioned here, although the ideas involved 
are a little beyond our scope. 

If in the integral F(z) = I f(x, z)dx, the function f(x, z) is an analytic 

J a 

function of the complex variable z at all points of a certain region T of the 
z-plane, then F(z) is analytic within T, provided that a real positive function 

r° 

M(x) cdn be found which makes the integral J M(x)dx convergent and 

satisfies the condition |3^| < M(x) at all points of T. 

Ex. 5. To shew the need for some condition such as that of uniform 

convergence, we may consider the integral / dx ; if this is differ- 

J 0 X r oo 

entiated with respect to y under the integral sign, we find J q cos (xy) dx, 
which does not converge. 

Ex. 6. On the other hand, the equations 

d f" cos (xy) j _ x sin (xy) 

dy Jo l+a? Jo l+.r 2 

~ I e~ xy dx— - f sin xdx 
dy Jo x Jo 

are quite correct. (See Exs. 1, 6, Art. 173.) 

4. The analogue of Tannery’s theorem (Art. 49). 


If 

lim/(a;, n)=g(x), 

n->oo 

then 

f A n 

lim 1 f(x, n)dx 

n-r°oJa 



486 


INFINITE INTEGRALS 


[AF. m. 


provided that f(x , n) tends to its limit g(x) uniformly in 
any fixed interval , and that we can. determine a positive 
function M(x) to satisfy | f(x> n)\^M(x\ for all values of n, 

while I M(x)dx converges . 

Ja 

For, let £ be chosen so that I M(oc)dx is less than c, then, if n is large 

* £ 

enough to make An>£, we have (as in Art. 49) 

(*“.fdx - f gdx I < [ ( \f-g\dx+2t, 

Ja Ja I Ja 


Since £ is fixed, \f~g\ will tend to zero uniformly (as n tends to oo) 
in the integral on the right; and so this integral tends to zero (Art. 45 (2)). 
The proof can now be completed in exactly the same way as in Art. 49. 

Ez. 7. To see that some test such as Tannery’s is necessary, consider 
the integral 


I (l+s* ri*+J) dx ~ 


arc tan 


n + 1 


Since n/(n 2 +x 2 )^ 1/w, we have \imn/(n 2 +x 2 ) = 0, and so if we apply 
the rule, without reference to the existence of M(x\ we find the limit 

r dx^Tr 

Jo i +x 2 2* 

But (w-l)/(ra + l) tends to 1, so that the integral approaches the limit 
\tt and not far. 

The second type of infinite integrals. 

The reader should find little difficulty in stating and proving results, 
corresponding to (l)-(4) above, for the second type of integrals. 

There is only one case of practical interest which may be found to offer 
some difficulty; this is the problem of differentiating an integral of the type* 

F{y) = / 'fix, y)dx, b=b(y)>a, 

Ja 

in which the upper limit varies with y, and is a point of discontinuity 
for although / is continuous there. 

We assume that the integral P&dx is uniformly convergent for all 

Ja oy 

values of y belonging to the interval with which we are concerned, and 
that | b'(y) | remains less than a constant B for these values of y. 

Then we.can find a constant 8 such that, if 0<£<8, we have 

and 1/(6 y)\< Y _ 

Now, if we write 

<Kt, V)=Y- f*%dx+b’(y)/(b, y) 

* A very simple example is given by taking, say, 

F(y)=/; *J{x(y -x)}dx t - 0. 


_c 

l+£* 
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we have, by the ordinary theorem for differentiating an integral, 

and so, using the inequalities which define 8, we find 
|^-r|< £ , if0<££8. 

Also, 

»)-*(*, y)\= y», 

so that | y) - <t>(8, y)>| <«; 

and so, using a double integral as on p. 484, we see that 

| y+h)- <*>(£, y)\ -\{<f>(8, y +h)- *(«, y)\ | <c. 

In the last inequality, let £ tend to 0, and $(£, y) then tends to F(y\ 
so that 

\\{F{y+h)-F(y )]- J{^(8, y+h) -4>(8, y )\| 

Thus we see that 

| \{F(y + h)~ F(y)\- V\ < 2 * +1 \{<f,(8, y+h)-4>(8, .</)} - ^| • 

Take the limit of the last inequality as h tends to zero ; then the right- 
hand tends to 2c, because 8 is independent of h ; thus we find 

*—► 0 1 h 1 

and so by the same argument as before, we have 

f'Qj)= r. 

173. Applications of Art. 172. 

Ex. 1. Consider first the integral 

J=j i 

where a, b may be complex, provided that they have their real parts 
positive or zero. 

Then J is uniformly convergent for all positive or zero values of y.* 
Now differentiate with respect to y. We obtain 

-f «-*»(«-•»-«-**)«&=—r-+rr > 

Jo v ' a+y b+y 

and this integral converges uniformly so long as y~l > 0. Its value is 
therefore equal to dJJdy , in virtue of Art. 172 (3). 


It is understood that neither a nor b is zero. 
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Now, lim J=0, by Art. 172 (1), so that 

J y \a+y b+y) * 
Thus, using Ex. 2, Art. 172, we find 



= lim J 

y—H) 



1 



The last integral can be written as log(6/a), which has the advantage 
of being of the same form as if a and b were real; but owing to the many¬ 
valued nature of the logarithm of a complex number, it is often safer to 
appeal directly to the integral. 

In particular, if we write a= 1, 6 = t, we have 


f(e-*-«- to )f=f( T ^-^)rfy=[ log ; ^ ) +ttan-vX=i« 


or 


r, ,dv r . dx , 

cos^r) —=0, J o mnx—=iir. 


Ex. 2. Generally, we can prove in the same way that 

where 2,4=0 and the real parts of a, 6, c, ... are positive or zero. 

Ex. 3. By direct integration combined with (1) it will be found that 
f 0 [e _ax {l 4 -(a + c)x}~ e~ bx {\ + (6 + c)x\] ^ = b - a 4-c log 

where the logarithm is determined as before, and the real parts of a, b are 
not negative. 

For example, if we take 

a = 1, b= -i, c—i , 

we 8 et /„ -t'-i+l, 


l 0" x (H-*)-cos *]p=§-l» l (»- , -8iM)j= -1. 
As another illustration take 


6=1, - c~ 

Then we find 


e “* ) ]T = ( a+ l) 1<iga ~ (a " 1) - 


Ex. 4. It is easy to prove similarly that 

[2{A 1 (lH-flW7)4*A 2 a7}e~ a *]^= -2A 2 loga-2A 1 a, 

where 2A 2 =0, and the real parts of a, 6, c, ... are positive or 

zero. 
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Ex. 5, By differentiating ^= ( 0 twice, we find that 

cPJ t f m • t it -t ~^r\ 

the last result following from (1) above. 

Hence, since lim J=0, and J remains finite as y tends to co (see Ex. 1, 
v —>o 

Art. 172), we find ^=^(1 -e~ y ). 

Thus, on differentiating, we find, if y is positive, 

f" cos (ry) , _. _ f grain (ay) 

Jo 1+** * l+x 2 ‘ 

When y is negative we find 1), and so the other integrals 

become ^ire?, respectively. 

Thus J and the cosine integral are continuous at y=0. But the third 
integral is discontinuous there (see Exs. 1, 3, Art. 172). 

J*fl0 7 t 

In like manner, the integral j Q sin (xy) — has the value ± \ir, according 
to the sign of y, and vanishes for #=0. 


Ex. 6. As an example of Tannery’s theorem, we take the integral 

“><» 

in which | f(pc) | is supposed less than the constant H in the interval (0, 6). 


so that 
For 


f™ sin 2 x dx V_ ain 2 aT p f°° sin 2x ^_7r 

Jo ^• 2 L x Jo ^ Jo x ~~ 2 1 


this result following from (1) above. In applying Tannery’s theorem we 
can take M(x)=H(ain 2 x)/x*; and f(xjn) tends to the limit /(0) uniformly 
in any fixed interval for x. It is understood here that /(0) denotes the 
limit of f(x) as x tends to 0 through positive values. 


Ex. 7. 


It follows at once from (6) that if 


(0<6 <ir) 


then lim iir/(0). 

n—►» 

The reader should prove that if &= 7 r, this result must be replaced by 
lim J n =i?r{/(0) +/(tt) }. 

The integral J n is interesting on account of an application to Fourier 
8eries given by Fej6r (see Art. 129). 
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174. Some farther theorems on integrals containing another 
variable. 

Just as Tannery’s theorem (Art. 172) resembles Weierstrass’s 
test for uniform convergence, so there is a theorem related 
in a similar way to Abel’s test (Art. 171). 

If f(x, n) is 'positive and steadily decreases (as x increases, 

poo 

n being kept constant) and if I <f>(x)dx is convergent , then 

fAn f 00 

lim I f(x, n)<f>(x)dx = I g(x)<j>(x)dx , 

n—*oo J a J a 

provided that lim\ n =oo, that f(x, n) tends to the limit g(x) 
uniformly in any fixed interval , and that f(a , n) is less 
than a constant A for all values of n. 

For then we can write, by Art. 168, 


J f( x > n)<f>(x)dx 


<Mn)H<f(a,n)H<AH, 


where H is the upper limit to | j* <p(x)dx as ranges from 

£ to oo. Since the last integral converges when extended to 
infinity, we can find £ so as to make AH<^e ; and then also 


j g(x)<t>(x)dx 


<g(£)H<AH<e, 


because, as x increases, g(x) decreases and does not exceed A. 
Consequently we find 

| J "f(x,n)<p(x)dx-^ g(x)<j>(x)dx 


<C 2e+ 


f * {f(x,n)-g(x)}<j>(x)dM 

J a 


Since £ is fixed the limit of the last integral as n tends to oo, 
is zero by Art. 45 (2); and so we have 


lim | f f(x , n)<p(x)dx— f g(x)<f>(x)dx 
n-*Go I J a Ja 

It follows that this maximum limit is zero, or 

lim f f(x,n)<j>(x)dx= \ g(x)<f>(x)dx. 

n—*oo J a J a 


2 2e. 
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Dirichlet’s first integral. 

As an application of this theorem, consider the integral 
j _ P 6 sin nx 

n Jo 


f(x)dx t (b > 0). 


If we change the variable of integration to xjn , we have 


■=f>© 


since 7 

- ax. 

x 


Hence, if f(x) is positive and never increases, our theorem 
can be applied, because* 

f(0)^f(x/n)>0, 

and f(x/n) tends to the limit /(0) uniformly in any fixed interval. 

5 sin a? 

nf'-r* —_ 

2- 


Hence 


lim J t 

n—>oo 


poo 

W (0) j o - 


X 


dx = ~f(0), 


in virtue of Art. 173, Ex. 1, above. 

It is, however, easy to remove the conditions from the 
function f(x) of being positive and never increasing. Suppose, 
for example, that f(x) first decreases in the interval (0, c), and 
afterwards increases in the interval ( c , b). Now consider the 
functions F(x), G(x) defined by 

F(x)=f(x)+A, 

G(x) = A 

and F(x)=/(c)+A, } ( b) 

G(x)=f(c)+A-f(x)J ( - ’ 

where A is a constant such that f(c)+A and f(c)+A —f(b) 
are both positive. Then the conditions of being positive and 
never increasing are satisfied by both F(x) and G(x), so that 

, sin nx 


| (O^x^c) 


lim 

n—>oo 


\ b F(xf 

Jo 


X 


■dx^FiO), 


with a similar equation for G(x). But F(x) — G(x)— f(x), so that 
lim [>(*)—efo=f/(0). 

n —JO ^ " 


It is easy to see that this result can be at once extended 
to any case where f(x) has a limited number of maxima 
and minima and no infinities between 0 and b . 


* Here we use /(0) to denote the limit of f(x) as x approaches 0 through 
positive values; this limit exists in virtue of the monotonic property of f{x). 
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Dirichlet’s second integral. 

Consider now 

<•<*<-> 

where n is an integer. We can write 
„ f 6 sin vx J . . , 

Kn= )o — ^ X)dx ’ 

where „=2n+l, <t,(x)=-^f(x). 

Since x/sinx steadily increases and has no infinity in the 
interval ( 0 , 6 ), it follows that <}>(x) will satisfy the conditions 
set forth in dealing with Dirichlet’s first integral, provided 
that f(x) satisfies them.* 

Hence lim K n = J 7 T 0 (O) = 

n —>oo 

If, however, the range of integration extends up to 7 r, we 
may write the integral in the form 

(ir + D£>>* 

and then change the variable in the second part to nr—x; 
this gives 

rsw**--** 

Hence lim [ — ^~ l)X f(x)dx = ?[/( 0 ) +/(*•)]. 

n —>qo J 0 Hill — 

Ex. 1. As a verification we note that 

— —- — dx — 1+2 cos 2 # + 2 cos 4 .r +... +2 cos 2 nx, 
sin x 

80 that /> 8 in( 2 ^ 1 )^ 

Jo sin x 4 

and f !i£l 2 !i±l)£ (to= 

Jo sin x 

which agree with the general theorems on writing /(a?)=l. 

# For then we. can write 

xlBinx=B-x{x), f{x) = F{x)-G{x), 

where x(x), F(x), <7(x) are positive and never increase in the interval (0, 6), 
while B is a positive constant. Then 

*{x )={ BF(x) + x [x)G (x)} - \ BG{x) + X (x) F(x)}. 
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Ex. 2. It is instructive to investigate the value of the integral 

by means of the curve ?/={sin(2w + l)#}/sin.r. This curve is of the same 
general type as the one given in Fig. 46, Art. 169; except that the initial 
ordinate is y=2n+l and that the points of crossing the axis are 
7r/(2w4-l), 2 tt/(2w + 1), ..., W7r/(2w + l). 

Then, using the argument given there, we see that the value of the 
integral K n is expressed by a finite series of the form 

where k is an integer such that (2?i + l )b lies between (&-1 )tt and kir , and 

V 0> V l > V 2> > °* 

Hence (if r is any integer less than k ), the value of the integral K n 
differs from Vq - v x + v 2 -... + ( - l) r - l v r ^ 

by less than v r . Thus, changing the variable to x/v, K n lies between 

f rir sinx - - f (r+1 > w 

Jo v sin (x/v) 


dx and 


f 


vain (x/v) 


dx, 


where v=2»+l. If we make n tend to oo, we find that the limit of 
the integral K n lies between* 


f rir sin x 

Jo x 


dx and 


JO X Jo 

where r is any positive integer. Thus 
lim 


r( r +V" B inx 
Jo 


dx , 


lim K n = £ 


sin*^ it 
o x ' 2* 


[Dirichlet.] 


Ex. 3. It is easy to see (as in Ex. 2 or otherwise) that 


lim 


/. 


h n sin(27i + l)x 


dx 




A sin x 


dx , 


;o sin x jo x 

where A==lim(2n6 n ). The maxima of this integral are given by A=tt, 37t, 
57t, ... and the minima by X. — 2ir f 47r, 67r, .... 

Glaisher (Phil. Trans ., vol. 160, 1870, p. 387) has given the following 
numerical values for the maxima and minima, where 


/** sm x 


dx 


=-- f 

2 Jo 


rn sin x 


dx , 


4=r 

Ji'ir 

-0*28114, 7 3 = -0*10397, 7 6 = -0*06317, 

7 2 = +0*15264, 7 4 = +0*07864, 7 0 = +0*05276. 

Thus the greatest value of the integral is ^tt- 7^ 1*85194, and the 
least (if A>?r) is \jt- 7 2 =1*41816. 


*From the inequalities proved in Art. 59 and in the footnote p. 213, we 
see that (since x/v<\tt). 


x . x 
— sin - 
v v 


la: 3 x 2v 

<z. cosec-<—, 
6 j> 3 v x 


Thus 


sin x sin x 

= 

sin a; 

1 

x v Bin {x/v) 

X 

sin (xjv) 


sin x j 
x | 
*1 


< 1 . 

la : 2 


— sin o 

v v\ 3 v 2 —3 


7T 2 (r+1) 2 


and so this difference tends to zero uniformly in the interval 0^a:^(r+l)* 
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Ex. 4. If f(x) is positive and steadily decreases in such a way that 
2/(n7r) is convergent, we can prove that 

^^ 1 ^/(^=l[/(0)+2/( 5 r)+2/(2r)+...] j 
and again, if f(x) tends steadily to zero, 

/ 0 " 5i^g±l>£co8^)cte=|[/(0)- 2/(x)+2/(2x) - ...]• 

In particular, if /(^-^(oO), the first limit is \tz coth(£c7r) and the 
second is ^7r tanh (£ctt). 

Ex. 5. Shew that if f(x) satisfies the conditions of Dirichlet’s integral, 
and 0<s<l, then 

lim n* f f(x) —” dx — /(0) f x *~ 1 sin xdx—f( 0) T(s) sin (£s7r), 

n ^oo J 0 X 1 JO 

lim n* f S f(x) co -^ dx — /(0) f oc*~ l cos xdx= /(0) T(s) cos (i«7r). 

n xc J 0 * X y JO 

For the values of the integrals, see Ex. 36, p. 521. 


Jordan’s extension of Dirichlet’s integral. 


Suppose that I n = f <f>(x, n)f(x)dx, where f(x) is positive and 
J o 

never decreases in the interval ( 0 , b), while <f>(x, n) has the 
properties 

I ff 

(i) |J (j>{x i n)dx <A, if 0 = 

(ii) lim f $(x,n)dx = l, if 0 <C.^~i=b f 

n—► oo JO 


where A is a constant and c is arbitrary, but must be regarded 
as fixed in taking the limit (ii). Under these circumstances 

lim I n = If ( 0 ), 

where /( 0 ) denotes the limit of f(x ), as on p. 491. 

For we have from Art. 168, if 0 < c < 6 , 


(h-h')[f(0)-f(c)]+h'f(0) < I n < (H-H')[f(0)-f(c)]+H'f(0), 

where H , h are the upper and lower limits of I <j>(x f ri)dx as 

Jo 

£ varies from 0 to c and H\ h' as f varies from c to b. Now, 
from (i) \h-h'\<2A, \H-H'\<2A, 

so that \I n -lf(0)\<2A[f(Q)~f(c)]+tif{0), 
if 9 is the greater of H'—l and l—h\ 
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Now choose c so that 2A[/(0) — /(c)] < e; and having fixed 
c } make n tend to infinity. Since limjy = 0 by condition (ii), 

it follows that _ 

lim|/ n —Z/(0)|^e. 

n~> oo 

Hence lim/ n ==£/(0). 

This result can be at once extended to any function f(x) of the 
type considered in dealing with Dirichlet’s integral (see p. 491). 


175. Integration of series, when infinities of the inte¬ 
grand occur in the range. 

It is obvious that infinite integrals are excluded from the 
discussion of Art. 45': one case of practical importance presents 
itself when the terms of the series are of the form <f>(x)f n (x), 
where <f>(x)-+ oo at, say, the upper limit b. Then we can easily 
establish the following result: 


A. If TZfnix) converge# uniformly in the interval (a, b) and 

f | (j>{x) | dx is convergent {and has the value J ), then 

a 

f <p(x)[Ef n (x)]dx=I, ( <p(x)f n (x)dx. 

J a J a 

For then we can find ?n, independently of x, so that 

I £/«(■*) I < e > if p>m. 

I m I 

t'b . 


Thus i; I ${x)fn(x)dx <el | <f>(x) | dx=tJ. 

m •'a " a 


m •'a 


w I 0 

It follows that 2 I <^{x)f n {x)dx converges, and that 
0 Ja 

III [ b <f>(x)f„(.v)dx I 
I m Ja I 

At the same time we have 


UJ. 


2 /»(*)- 2 fn(x) | 
0 0 


|f+w[|/.C)] 

jofe- 2 jf <i>{x)f n (x)dx j 

find 


i/>(*)[?«*)] 

dx- 2 jf <t>(x)f n (x)dx j 


and, since J is fixed, we can determine m to make 2 eJ as small as we 
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please; but in the last inequality the left-hand side is independent of m, 
and therefore must be zero. 

Thus £ 4>{x) [|/ n («)] dr -1 £<f>(x)f n (x)dx. 

Sol 1. This case is illustrated by* 

Here the series for log(l+#) converges uniformly from 0 to 1; but 
log;r-*ao as 


On the other hand, the series may also tend to oo (or it may 
cease to be uniformly convergent) as x-+b ; when this happens, 
we can often justify term-by-term integration by means of 
the theorem: 

B. Suppose that is positive in the interval (a, b ), and 
that the terms f n (x) cure all positive , then the convergence of 
either the integral n 

I <t>(x)['Zfn(x)]dx, 

Ja 

or the series sf <j>(x)f n (x)dx, 

Ja 

is necessary and sufficient to allow of term-by-term integration . 


It is obvious that both conditions are necessary: the only point to be 
proved is that either of them is sufficient. 


Write F(S, m)= jP V(*){f /»(*)} dr, (8>0); 


then, since <f>(x) and /„(#) are never negative, the function F(8, m) never 
decreases as 8 tends to zero and m to infinity. Thus, as in Art. 31(5), 
we see that if either of the repeated limits 


lim / lim F(8, m)\, lim flim F(8, m)\ 

5—>0 —ko J m—*oo v.4—*0 J 1 

is convergent, so also ip the other, and their values are equal. 

Now Art. 45 applies to the interval (a, b - 8), so that 

lim F(8, m )=£ <^(ar)(S/«(«)|dr, 

and so lim jlim F(8, m)| = J </><ar)(2 /«(#)} dx. .(1) 
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Similarly the other repeated limit is seen to be equal to the series 

2 /%(*)/»(*)<&.(2) 

0 J a 

Hence the theorem is established; for if either the integral (1) or the 
series (2) is convergent, so also is the other, and their values are equal. 


Ex. 2. An application of Theorem B is given by the equation 




x n dx _ 4/_ 2 2.4 2.4.6 \ 

l-x)~ 3V + 5 + 5.7 + 5.7.9 + ‘*7 


This result is easily verified directly ; by integration by parts, the 
integral is found to be -4, and the sum of the series in brackets is 3 
(see Ex. 2, p. 48). 

We get another illustration by expanding 1/7(1 -x) instead of log(l -x\ 


Ex. 3. Another example is given by 

fo T* B+p - 1 i°g*<**= -£ 

where jo+1 is positive. Here we use Theorem A to include .r=0 in tho 
interval and Theorem B to include #=1. 

The special case p—0 gives 



and ii p— the integral can also be evaluated in finite terms. 


C. When the terms f n (%) are not all positive , we can apply 
a similar argument in case either the integral 

f \<h( x )\C£\fn(n)\} dx or the series sf | </> |. \f n | dx 

Ja Ja 

converges * Here we write 

0/n={0 + |0|}{/+|/»|}— I ^|{/+|/nl}—|/«|{0-f \<j> l} + |0M/n|» 

and then, under either of the given conditions, Theorem B can 
be applied to each term on the right-hand side. Of course 
these conditions are easily seen to be sufficient only and not 
necessary here. Thus, for example, if 

/n(*)=(-l) n *^ n > <*=0, 6 = 1, 


•Hardy, Messenger of Mathematics , vol. 35, 1905, p. 126; Bromwich, ibid., 
vol. 36, 1906, p. 1. It should be noticed that the argument fails if we only 

know that J* 4>{x)[2f n {x)]dx is absolutely convergent. 

21 


B.I.S. 
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we have 


f 1 

Jo 


dx 

l+x’ 


(see Arts. 47, 52) 


although here 2|/ w (a?) | = 1/(1— x) and f dx/(l — x) diverges. 

Jo 

Ex. 4. To illustrate Theorem C, consider 

Jo rri- log ***- ?<- ■ v " +p ~’ log vdx= ^ t^p) 2 ' p +l>0 - 

Here we take <f>(x)—x p \ogx and 2 !/«(#)! = 1/(1-#), and then the con¬ 
ditions of Theorem C are satisfied (compare Ex. 3). In particular, p=0 gives 


J \+x i n* 12 


But Theorems B, C do not suffice in a number of comparatively 
simple cases which present themselves in practice and do not 
come under any really general theorem. In dealing with power- 
series, the remark made on p. 151, lines 14-18, is often useful; 
and in some cases we can apply Theorem 0 to 'Z\a n _ 1 — \a n \x n , 
taking X to be lim ( a n /a n+1 ), and then proceed as in the 
following example: 


Ex. 5. Consider the integral f dx, 

(1 -\-x) 


p + l>0 


If l/( 1 + ^) 2 = 2a n x n = ^f n {x), 2|/„(r)| = 1/(1 -#) 2 , and Theorem C fails 
because the integral diverges if 1/(1 -x) 2 is put in place of 1/(3 -h^?) 2 . 

Now a w = (-l) w (n + l) and X=-l. Also 1/(1 + #)=2(a rt _i + a n )a; w ; and 
by Theorem C, 



+ a„)x n =2(a»_i + a„) f 0 


dx. 


The coefficient of a n on the right is 

j * x n+p logxdx= - l/(n+p-{- 1) 2 ; 

and so we find 


f 1 x p log x 

( 1+#) 2 


dr=2(- l)"- 1 


n+\ 

(n +p + 1) 2 * 


In particular, if p=0, the series reduces to -log2, and it is easily 
verified that this is then the value of the integral; thus our work is 
confirmed. 


Ex. 6. To illustrate the result given on p. 151, consider the equation 

(p+l>0); 


i 


l J?Ldx=- 1 _ 1 , 1 

1+# jo+l p + 2 p + 3 


this is valid, because the resulting series converges. 
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Art. 100, 


Ex. 7. Further applications of Theorems B, C are given by the equations 

From the last integral we can obtain the results 

r■"><>. 

or = 0, if y=0 f 
or = - 7r 2 , if y < 0. 

Ex. 8. By changing the variable in Ex. 6 from x to t , where x=e~ 2at y 
we find 

Similarly, starting from the equation 

ri i +iii| (p> 0 ) 

Jo 1 — X) p 2 p + 1 * y 

which can be established by Theorem B, we find 

Jtwf3*-£ tan O’ 0<i<a - 


176. Integration of an infinite series over an infinite 
interval. 

The method of proof employed in Art. 45 does not justify 
the deduction of the equation 

f $( X )\'£tfn( X )\ dx = 1b f <f>( X )M X ) dx > 

Ja L. o -J o Ja 

from the knowledge that 2/ n («) is unifonnly convergent for 
all values of x greater than a. 

^ poo 

A. However, if in addition we know that I | </>(x) | dx is con- 

Ja 

vergent, the method used to prove Theorem A of Art. 175 can 
be at once modified to establish the desired result. 

But it is often necessary to justify the equation when either 

poo 

I \<j>{x)\dx is divergent or S/ r „(x) can only be proved to con- 
Ja 
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verge uniformly over a fixed interval;* and then some new test 
must be introduced. 


Thus, for example, if 

fu( x )+A( r )+ — +fn (x)=S„(.v)=(2x/n 2 )e- x '‘l"\ lim S n (x)= 0; 

n—►» 

and the maximum of S n (x) is yjSjnJe, so that 8 n (x) converges uniformly to 
its limit in any interval for x. But yet we find, taking <£(#) = 1, 

[ S n (x)dx =1 ; so that lim f S n (x)dx= 1, 

JO n—van Jo 

and this is not the same as f [ lim $ n (.r)] dx. 

Jo n —►od 
r%) 

This illustrates the case when / \<f>(x)\dx diverges (because <f>(x) — l); 

the other difficulty arises in the integration of series such as the exponential 
series Xr M /n!, which converges uniformly in any fixed interval (which may 
be arbitrarily great) but does not converge uniformly in an infinite interval. 

B. Many cases of practical importance are covered by the 
following test: 

If 2/ n (cc) converges uniformly in any fixed interval a^x^b, 
where b is arbitrary , and if is continuous for all finite 

values of x f then 

f $(x)[If n (x)]dx = I,[ <p(x)f n (x)dx ; 

Ja Ja 

provided that either the integral I | <p{x)\ {2 \f n (x)\}dx or the 

f ao J a 

\<f>(x)\.\f n (x)\dx is convergent. 

For, by means of the identity 

we can at once reduce this theorem to the case in which <f> and f n are 
never negative 

In this case the function 

F{\, /*)= r<Kx)[lf n (x)]dx 

Ja o 

never decreases as A, [m increase; and consequently we can repeat the 


* The distinction between uniform convergence over a fixed and over an infinite, 
interval may be illustrated by the two examples S n (x)=x/n and S n (x) = l/{x+n), 
The former converges uniformly to zero in any interval (0, 6), where b is fixed, 
but may be taken arbitrarily great; the latter converges uniformly to zero for 
all positive values of x. 
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arguments given in Art. 31 (5) to prove that if lim (lim F{k p)) exists, 

A—*® 

so also does the other repeated limit, and the two limits are equal. 

But, in virtue of the uniform convergence of 2/»(#)> we have 

lim F( A, p)= (V(*>[2/«(*)]^ 

/a-*® J* 0 

so that lim {lim F(\ , /*)}= f <f>(#)[2f n (#)]dx. 

The other repeated limit is seen in the same way to be 

0 Ja 

and so the test is established. 

Ex. 1. Consider C^Midx, 

JO (r — 1 

where a is positive, and b=p+iq, where \q\~s<a \ since 
| sin (bx) | = [sinh 2 (qx) 4- sin 2 ( px)] ^ < cosh sx < e* x 
and the integral J [e >x !{ef lx - \)\dx 

is convergent, it follows from Theorem B that term-by-term integration is 
permissible,* because the terms in the series 

1 fte?* - 1) = *-« + e~ 2ax + e~ 3ax +... 
are all positive . Thus we have 

p ain (fa;) b b b 

Jo e«-l ~ d‘ + 6 2 + (2a) 2 + (3a) 2 + 6 2 + ‘ ‘ 

In the case when a=27r, this expression is equal (by Art. 100) to 

2 \e* — 1 * + 2/’ 

and so in general it is equal to 

*( 1 a ,i\ 

a \g2 nb/a _ ^ 2irb ^ 2/ 

Bx, 2. In like manner we prove that 

rsinjbx) _ b b b _ 

Jo e“+l ° W;_ a a +6 2 (2a) 2 +6 2+ (3a) 2 +6 2 - 

_ * R £ 1 

2 Li> a sinh (n-6/a)J’ 

by Art. 99. 


* Note that exactly the same argument enables us to include 0 in the range of 
integration, although the series diverges there. 
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Ex. 3. Taking the case a— 27t, expand both sides of Ex. 1 in powers 
of b. In this case the application of the theorem depends upon the integral 


r*° sinh {|6 |j?} , 

Jo e 2 **-1 ’ 


which converges if | 6 |< 27 i\ Thus we find 

f a V r ~ 1 cfa? _B r , 


f x 2 r ~ l dx_B r . 

Jo e 2 "*-l ~ 4r ’ 

see Art. 100 and compare Art. 175, Ex. 7. 

Ex. 4. Similarly, by expanding sin(6.r) in powers of x, we find that 
if 0 <b<a, 

l e ~ a ’ BiD (^-K 1 -3+S+-) 

And without restriction on b, we have from the values of T(J), T(f), ..., 

C. However, Theorem B does not cover all cases which are 
required. For example, it is not hard to see that the series 

(p>» 

can be integrated term-by-term between the limits 1 and oo, 
although the test given above fails.* This case and others are 
covered by the following test: 

Write I f n (x)dx = g n (x) and suppose that the series 2/ n (cc) 

Ja 

converges uniformly in any fixed interval (< a , 6 ), while the 
series 2g n (x) converges uniformly in an infinite interval 
(x^a)\ then 

( 1 ) s Q /„(*) cfc] converges , 

/•oo 

(2) l [ 2 fn(p^y] dx converges, 

Ja 

(3) the values of{ 1) and (2) are equal . 

[Dini.] 

For, by Art. 45, we have 

j [2f n (x)]dx=l,g n (x). 

And, since ~2g n (x) is uniformly convergent, we have (Art. 45) 

f [2/» (^) ] d# = lim ) ]=2 lim (.z)=2 [" / f n {x)dx\. 

Ja x—**o x —►« Wo —* 


See the second paper quoted on p. 497. 
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177. The inversion of a repeated infinite integral. 

It is by no means easy to determine fairly general conditions 
under which the equation* 

(!) [ dx\ f(x, y)dy = f dy\ f(x , y)dx 

J a J b J b J a 

is correct. 

Here we shall simply consider the easiest case, when either 
f(x , y) is positive or else the integrals still converge when f(c c, y ) 
is replaced by \f(x, y )|. 

Let us write 

F(\, /*>= I dx\ f(x, y)dy= \ dy\ f(x, y)dx, 

J a J b J b J a 

this equation being valid (see p. 457) if, as we suppose, f(x, y> 
is continuous for all finite values of x, y (or at least for all 
such as come under consideration). Further, write 

•p( x > y)= \ f( x > y) d V’ v , (*)= lim /*)= /(*> y) d v > 

Jb fJL—> CO Jb 

assuming the convergence of the last integral. Let the interval 
(a, X) be subdivided by continued bisection into n sub-intervals, 
each of length l , and let h r (/u) denote the minimum of <f>(x, fx ) 
in the rth interval; then, as in Art. 1G2, we have 

F{\, y) = lim 2 IMy)- 

71—> oo r=l 

Now this sum cannot decrease as n and ju tend to infinity ;t 
and so we may use theorem (5), Art. 31, which gives 

( 2 ) lim { lim 2 =lim { lim S lh r (/i )}, 

/U,->CO 71—>00 1 71—>00 fl —>00 1 

provided that one of these limits converges. Thus 

71 

(3) lim F(\ /z) = lim ^lk r> if k r — lim h r (y). 

/X—>00 7l-->00 1 fJL —>00 

Now we shall prove below (see the small type, p 504) that 


* For wider conditions, see a paper in the Proc . Lond. Math. Soc. (2), vol. 1, 
1903, p. 187, and other papers quoted there. Reference may also be made to 
Gibson’s Calculus , Ch. XXI. (2nd ed.), and Jordan’s Cours d'Analyse, t. 2, §§71, 72. 

t As regards n, see the argument of Art. 162; and <f>{x , n) increases with fu 
(because f{x , y) is not negative), so that the same is true of MaO* 
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k r is the minimum of \/r(a:)=lim <p(x, fx) in the rth interval; 
and so, using Art. 162 again, we have 

(4) lim 2 = I ^{ x )dx. 

«-> oo 1 Ja 


Since the integral in (4) is supposed convergent (otherwise 
equation (1) would be obviously meaningless), the equation (4) 
shews that the right-hand limit in ( 2 ) exists; and so the 
assumption made above is justified. From the equations (3) 

and (4) we see that* 

r°° ck ck r°° 

dy\ f(x, y)dx= dx\ f(x, y)dy. 

Jb Ja Ja Jb 


From (3) and (4) it is also clear that 

f dx f f(x , y)dy = lim { limF(X, fx )}; 

Ja Jb >ao ft —>oo 

and similarly, we find that the second integral in ( 1 ) is equal 
to the repeated limit of F(X , fi) taken in the reverse order. 

Now F(X y jul) cannot decrease, as X and fx increase, so that 
we can again apply theorem (5) of Art. 31; and we obtain 
de la Vallde Poussin’s theorem: 

Equation (1) above is correct , provided that both the integrals 

/•GO J»0O 

f(x, y)dx, f{x, y)dy 

J a Jb 

are convergent , and that either of the repeated integrals 
converges. 

It will be seen that (by using f+\f\ in place of f) we can 
extend the theorem to cases when / changes sign, provided that 
the integrals all remain convergent when |/| is put in place of /. 


We have still to prove that if h(fx) is the minimum of <£(#, jjl) in any 
interval ?)> then h(y) tends to a limit lc, which is the minimum of 

in the same interval . 

From the definition of h{\x\ we have 

4>(x, 

and so, on making /x tend to infinity, we find 
(5) 

If it happens that <t>(p, p) = k, it is evident that '/r(p)=k, also; and 
so we see from (5) that p)=k, and consequently k is the minimum of 
y)r(x) in the interval ( p , g). 


* Note that we do not use any condition of uniform convergence, as in 
Art. 172 (2); instead, we have the condition that / is nowhere negative. 
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But if <£(/?, p)>k^.h{p\ follows from Ex. 17, p. 436, that the equation 
fi)—k has at least one root in the interval (p, q ); let denote the 
least root.* Then, if i/>/a, we havet 

*<&, /*)=*, 

so that £v=.£n, and therefore tends to a limit £ as v tends to infinity. 
Again /*)=</>(£►. •')=*. 

so that, oji making v tend to infinity, we have 

Thus \lr(£)~k, and so from (6) we find that i/r (£)=*=£, which is therefore 
again the minimum of ^(^). 

Ex. As an application we shall establish the equations 

r e -«u _uiw* 

Jo \e*-l t + 2j at 2 Jo (**+y*)(^**-l)’ 

_l+iW=2 f?££tan(£^) (/ 

Jo t le‘-l < + 2/ Jo e 2 ”-1 

where the real part of y is positive and the arc tan function is determined 
so as to vanish with #. 

We have seen (Ex. 1, Art. 176) that 

J_1 + 1 = 9 P ain (gO /fo 

e'-l < + 2 2 Jo e 2 **— 1**’ 

and therefore 

! _!+i Ws r e -«dt rsg&jdx. 

Jo Vs* — 1 £ 2/ jo Jo e 2 * x — 1 

Now the last integral is absolutely convergent, since 






and |e -yt |=e~f*, if 

Thus 2 [*!«-** |dt r i*fefl *<' 

JO 1 1 Jo e 2 **— 1 12£2 

which proves the absolute convergence; we can therefore invert the order 
of integration without altering the value of the integral, and we then find 

Now, if we write y=£+irj in the last equation, we can integrate with 
respect to £ under the integral sign, between £ 0 and oo ; for 



_i+l)| 

1 V-l 

* + 2/| 


-1+1)1 

1 U-i 

t + 2/1 


* If the equation has an infinite set of roots, the limiting values of the set 
are also roots (because 4> is continuous); and so the set attains its lower limit, 
which is therefore the least root. 

fThe reader is advised to use a figure in following the argument here. 
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so that this double integral is absolutely convergent. Similarly we find 
that the right-hand side is absolutely convergent, since |# 2 +# 2 | = £ 2 , so that 

xdx < r-dg /** xdx 1 

' Ho Jo e 


which gives J 
where y 0 sa &+^ 


r d t r 

Jto 0 \x*+y i \.(# irx -l) — ho ¥ Jo e 2wx -l 24 | 0 * 
b find the further equation 

l__i + n^=2 (“arctany^ 

-X < ' 2/ Jo « 4 ”-l ’ 


, e~ Val ( 

~r\r- 


178. The Gamma-integral. 

In Art. 42 we have seen that 

r(1 +® ) -Jun (1+a , )(2+a;) (w+a .y 

We shall now express this function by means of an infinite 
integral when a, the real part of 1+x, is positive. 

Write I s = [ y x + s {\-y) n -*dy, 

Jo 

then, using the method of integration by parts, we find that 
II8 +1 = (n—8)/(l+8+x) 9 

and so I 0 /I n =n\/{(1 + x){2+x )... ( n+x )}. 

But I n = l/(n + l+x), 

so that r(l +x) = lim n x+1 7 0 , 

or, changing the variable by writing t = ny f we have 

r(1 +*)=Hm £ (l - j)V*. 

We can apply Tannery’s theorem (Art. 172(4)) to the last 
integral; for we have* 

| e-H x -(l-t/n) n t* | < t 1+a /(2n), 

and so (since a is positive) the integrand converges to the limit 
uniformly in any fixed interval for t Further, we have 

and the integral I e“ < £ a ~ 1 dt is convergent, because a is positive, 
Jo 

* Actually 1 - e‘^1 - ^ j gV (^ - l) 80 ^at, w ^ en * is positive, 

e”*-(l -tjn) n is positive and less than t 2 /(2n)» 
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Thus all the conditions are satisfied, and so we find 

r(l+£)=f erH x dt. 

Jo 

A somewhat similar integral can be found for Euler’s constant; we have 
seen (Art. 11) that 


But l-f~+... + -= f (l+x+x? + ... +af*- v )dx= f i— —dx. 
2 n Jo Jo l—x 

Thus we find, on writing x=l -tin, 


And 


hence 


7 • 

and, by the same method as before, we obtain as the limit 


Since 


/; 


dt . 1 8 

-^log-g-, 


Js £(lH-£) 

w. *» that C C (rb ~ 7 ~ l08( 1 + 

-r(r h-’-Yi 

Another form is easily obtained by changing the variable from t to \jt 
in the integral e~ l dt/t ; this gives 

C= f (1-e-‘ 

Jo t 

A number of definite integrals for C can be obtained from the expression 

- lim ["log 8 4- f 
6 —>0 L. Js t J 

Amongst them are the following: 

It is easy to see from Art. 180 below that 

Usefhl properties of the Gamma-function. 

1. When x is a positive integer, we can write 

n\.n x ,, x\.n* 


r(l + j7)=lim 


: = lim 


(l+.r)(2+a?)...(rc+:r) „_*«(1 + 7i)(Z + n) ••• (*+») 


r =X\ 


x\; 
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a result which is also easily obtained from the definite integral, using the 
method of integration by parts. 


i ! n *" 1 




n+x _ (n !) 2 _ 

n x( 1 — # 2 )(2 2 — x 2 ) ... (?i 2 — a?) 




or r(^)r(l-^)= 7 r/sin( 7 r^). (Art. 98 .) 

3. Writing #=£ in the last result, we find, since T($) is positive, 

IXiW7r * 

4 . r(*+*)r(*+i)=iim (i + , )(1 ^ +x) ;: ( nTx) 


=lim 


(njy^-^2 2 " 


(1 + 2#) (2 -f 2#) ... (2?i -f 2x) 


Also 

Thus 


IYg-r I 11—lim («») !(*»)» 

' + (1 + 2x)(2 + lx) ... (2« + 2*)‘ 

^ r(*+£)iy+i) ._ ,. (»!)* 2*- 

r(2^+i) 


Since this last expression does not contain x, we can find its value by 
putting x=0; this gives T(J) or ^7r, a result which can also be obtained 
by appealing directly to the definition. 


179. Stirling’s asymptotic formula for the Gamma-function 
when x is real, large and positive. 

In the integral 

r(l+s) = j e- l t x dt, 

the maximum of the integrand is e~ x x x and occurs for t=x, 
so if we write 

e-n x = (e~ x x x )e-y\ 

the range of values ( — oo, 0, + oo) for y will correspond precisely 
to the range (0, x, oo) for t. 

Thus T(\+x)=e~ x x x ^ e-^^dy. 

Now, taking logarithms, we have 

y i —(t—x)—x log (t/x) 
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But the properties of the logarithmic function shew that 
y 1 lies between* 

X(t — £C\ 2 , X/t — X\ 2 

i\—) “ d i\—)- 

Thus, since y has the same sign as t—x, we see that y lies 

between . , 

© *t—x j (xyt—x 

— and ®T 

Thus, (x/2)^(ljy) lies between 

x!(t—x) and tj(t — x). 

And therefore, since t/(t — x) = l+x/(t — x)> we see that t/(t—x) 
must lie between 


Id ) 4 - ^d)‘ 


Hence lies between 

dy t — x 

(: 2x )* and 2y + (2ic)^ 
Accordingly, we have 

r(l+a) = e- yJ [(2aj)*+£ldy, 

J - OO 

where | £|<2|y |. 

Nowt [ + e-y , dy = Tr i , f \y\e- v 'dy = l 

J - oo J - QO 

and accordingly 


r(i+«o x < 

e- x af(2irx) i 


Hence 


(2irxy 

Um _ixi±*) j, 

*•->» e~ x af(27rxy 
or, as we may write it, 

T(1 +x ) ro e _aj a? a; (27rir)^. 


,4* 


*W© have, if {t-x)lx=r, y*=xj^dd$/(l + $) f 

which obviously lies between Jarr 2 and bxr*l(l +r) a . 

+ C t~*dy=2 Ce~*dy= / , "«-*ar4cfc«r(i)=»*. (Art. 178 (3).) 
J-90 Jo Jo 
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Again, we see that 

|logr(l+a:)— \og{e~ x a?{'l’wx'fi}\ < 2/[(2xx)^ — 2], 
so that logr(l+a;)rv>(«+£)loga;—aj+|log(2x), 

using the symbol ~ in the extended sense explained in Art. 113. 
If we subtract log®, we obtain 

log r(») oj (x —£) log x—x +\log (27r). 

The foregoing method is due to Liouville, who gave it in 
his Journal de MathAmatiques (t. 11, 1846, p. 464). 

Ex. Consider the value of 

<K*)=^r(*)r(*+l)r(*+g... r(*+^)/r(n*), 

where n is a positive integer. 

If we change x to x +\, we see that 

<l)(x^l)/<l>(x)=n n ^x(^x+^.,.(^x + ^^yj/ n x(nx+l)...(7ix+n- 1)=1. 

Hence <£(#)=<£(#+l) = c£(.r + 2)=...==<£(.r-I-s). 

But when y is large, T(y + a) r <>r(y).y a (Art. 42), so that 
<l>(y)ron , "'y iln - 1) [r(y)] n /T(ny), 
or, using the asymptotic formula above, 

4>(y) co [e”»(ray)-”»(2x/«y) '*]. 

Hence, as y tends to infinity, <f>(y) tends to the limit (2ir)l ( " _1) »l, and 
we have already proved that <£(#)=<£(#+s), where s is an arbitrarily 
great positive integer, so that we must have <jf>(#)=(27r)* (n_1, w*. 

The special case n = 2 has been discussed in Art. 178 (4). 

180. Integrals for logr(l+a). 

We have proved (Ex. 1, Art. 173) that if the real parts of 
a, b are positive, 



Hence, if the real part of 1+x is positive f we have 

(--=1.2,3,...) 

Now logr(l +*)-lta log (I+x)(2 ;X >+a;) 

wlta^logn+^log^)]. 
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Thus we are led to consider the function 
8(x, n)=xlogn+jr i log 

Now ^ e~ rt = e~ l (l —e~ nL )/(l — e~*) = (l — e~ n *)/(e* — 1), 

so that 

= i^( t r) + 6r(«,^), say. 

It is to be observed that both in F{x) and in Q(x , n) the 
integrands are finite at t = 0. 

For if t < 27r, we can write (Art. 100) 

80 that *(x — ~pZY ) = |( x + x*) + X\t + X 2 t 2 +.■ •, 

and similarly for the other integrand. 

1 1 — e~ xt 

Thus, when £<1, — x - ; —— cannot exceed some fixed 

t e l — 1 

value, independent of t ; but if £>1, this expression is less 

pJL. 1 

than |x| + -—j, because |e“ x *|<V (since the real part of 1+aj 

is positive). Thus we can determine a value X , independent of 
t, such that 

If l- e - xt \' v 

poo 

Then |G(x,™)|< 

Jo 

or < X/n, 

so that lira G(x, n) = 0. 

n->oo 

log r(l +x) = lim S(x, 11 ) = /\x) 




Hence 
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This integral can be divided into two parts, and we find 
log T( 1 + x) = + \fr(x), 

where + 

the last expression following from the example of Art. 177. 
The advantage of this transformation is due to two facts, first 
that the value of <j>(x) can be found in terms of elementary 
functions; and secondly that \^(x) tends to zero if \x\ tends 
to oo in such a way that the real part of x also tends to oo. 
For, in the course of the example of Art. 177, we proved that 

|^)| < 1 / 12 £ 

where f is the real part of x. Thus when £ tends to oo , we have 

lim \/s(x) = 0. 

The limit is also 0, when rj tends to oo, £ being kept positive 
(see Ex. 56, p. 525). 

As regards </>(x ), we have 

*<*W(i)=.£[(*-i)«--+(i-|)(«-»-o]* 

= z (x+^)logx—(x — l) 

by Ex. 3, Art. 173. Thus we see that, if A = 1 + 0(1), 

0(a)=(»+£) log x-x+A. 

To determine A, we make use of (4), Art. 178, which gives 
log r(a>+ £)+log I\a+1) +2x log 2 - log T(2x+ 1) = \ log ir. 
Thus we have, since lim 0-(a) = 0, 

lim [0(® —l)+<p(x)+2x log 2-0(2a)]=£ log tt, 
which gives, on inserting the value of 0(a), 

lim [A +a log (l - i)+\-\log 2 ] = l log x 

or* A — \ log (27r) (compare Ex. 55, p. 525). 


*The value of A can also be found from Stirling’s asymptotic formula 
(Art. 179); or by a device due to Pringsheim (Math. Annalen , Bd. 31, p. 473). 
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Thus we can write 

log r( 1+ x)=(x + i) log X—X +£ log 2ir+^(x). 

where >d » 

and |^(®)|<l/12f. 

It is often convenient to have a formula for r(l+#), when x 
is real and varies in the neighbourhood of a fixed large value. 
Thus, if we write x = v + a, 

where v is large and a may be large, but is of the order Jv at 
most, we obtain the asymptotic expression* 

log r(l +x) e» a + £) log v — v + £ log 2x-f \ ci 2 /*, 

where the error is of order a/v. 

Hence r(l + „ + a) ~ (2™)V +a e“' +}ttV ‘' 


In Beveral books on analysis, the integrals for logF(l+.r) are found 
by a somewhat different method due to Dirichlet. 

In outline, this proof is as follows : 

(1) Differentiate the Gamma-integral, and we find 

r(l+*)= f 0 t? log tdt = e- t t x dtj’ o (e~ v - e-*)—. 

(2) Invert the order of integration, and we. obtain 


Also 


(3) We must next prove that 


f M dv r*> e~ xy 

— (1-f *»)-<!+*) = f ——- dy, 

Js v Jlog(l+S) e "I * 

p~*v 


if 1 + v — e v . 


and then we have 


lim f 

8—+o J iog(i+8) € 

r'(i +?)=r(£i_±z) dl ,. 

F(l+.r) jo \ >/ 0-lJ * 


(4) Finally, if we integrate the last equation, we arrive at the same 
integral as before for log T(1 -f-.r). 

The reader will find it a good exercise in the use of Arts. 166, 172, 
177, to shew that the steps (l)-(4) are legitimate. Proofs will be found 
in Jordan’s Cours cPAnalyse (t. 2, 2me 6d., pp. 176-182). 


*We have 

<p(p + a) = <f> {v) + a <j> {v) + Ja 2 0" {p + 0a), 
so that here we get 


(O<0<1), 


( 1 '+^) log K - V +1 log(2ir) + o(log v +1-) + 


_1 1 
+ 0a 2 [p + 0a) a J 


. 1 . 


B. I.S. 


2 K 
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EXAMPLES. 


Tests of Convergence. 


1, Determine the values of a, b for which the integrals 
(1) /V'cos xdx, (2) f“a?~ l ainxdx, (3) f’ (4) f“ £lz£l dx 
are convergent. 


2. Discuss the continuity of the integral 

sin ydx 


regarded as a function of 


/. 


1 -2x cosy +x? 
Sketch its graph. 


[Math. Trip . 1904.] 


3 . 


Discuss the convergence of the integrals 



' x+\ 
,x?+x+l 



sin ( xy)dx 
j{x 2 -x+\j 


[Math. Trip . 1893.] 


4. If 0 <k~£, both the series and the integral 

v sin nfl r° si n xdx 

^ n K +aainn6' J x*+aainx 

are divergent if a>0, although both converge if a~0. When *>£, the 
series and integral are both convergent. 

Eeconcile these results with Dirichlet’s tests (Arts. 22 and 171). [Hardy.] 


5. If f(x) tends steadily to zero as #-*oo, prove from Art. 166 that we 

/ « rco 

xf{x)dx from that of / f{x)dx , provided 

that f(x) is monotonic. 

Similarly, shew that if (a„) is a monotonic sequence, the convergence of 
2 n(a n -a n+l ) can be deduced from that of 2a„ 

6. Apply the method of Art. 166 to prove that, if a, (3 , y are positive, 
the integral 

r 


eF*dx 


eP* sin 2 # 4- e yx cos 2 # 


converges if /3+y>2a, and diverges if /?+y = 2a. 

Deduce that, if fi>l>y>0 and /J + y>2 ? the integral 

r _ dt _ 

J t sin*(l a <)+(!, ty cos*(V)] 

is convergent, where l^=log t, 1^=log (log t). 

Shew that in the last integral the integrand tends steadily to zero, but 
that no test of the logarithmic scale suffices to establish the convergence 
of the integral. 

State and prove corresponding results for series. 


[Hardy.] 
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7. Shew that the series 2-s- 

a+nr 8in 2 (?i7rA) 

diverges if a is positive and A is rational (in contrast to the corresponding 
integral in Art. 166). But if A is the root of an algebraic equation of 
degree m>l, the series converges if /J>a+2 m. However, irrational 
values of A can be constructed for which the series will diverge, whatever 
/? may be. 

[Compare a paper by Hardy, Proc. Lond. Math. Soc. (2), vol. 3, pp. 444-9.] 

8 . Shew that the integrals 

/ *> /*« 

cos{/(#)}cfo, J sin {f(x)}dx 

are convergent, provided that f(x) tends steadily to infinity with x. 

Prove also that J f'(x)am{e f{x) }dx is convergent no matter how rapidly 
f'(x) tends to infinity. 

[In the first case it is not sufficient that f(.v) tends steadily to infinity, 
as we may see by taking f(x)=x.] 

9. Although (see Ex. 8) J cos (x 2 )dx and j sin(.r 2 )c£r are convergent, 
prove that 2 cos (n 2 0) and 2sin(?a 2 0) cannot converge if O/tt is rational. 


Change of Variables. 

10. If g(£) is an odd function of £, prove by dividing the range into 
intervals (0, ^7r), (£7 r, 7 r), (7 r, h r), ... and introducing the new variables 
x y 7r “Xy x-iTy Zir-Xy ... respectively, that 

provided that both integrals converge. 

Deduce that f° sin 2 ”* 1 ..'- 1 -f•" (2n ' I) , 

Jo x - 2.4 ...2n 

[*> dr 

J o tan _1 (asin.r) -^ = ^7rsinh” 1 a, (Ex. 15.) 
f 00 sin v 

I (log COsV) — dx = - 7T log 2. [WoLSTENHOLME.] 

11. Apply the same method to prove that, if /(£) is an even function 
of £, a >0 and 0~k~2 

(1) 


sinh 2 'i + sin 2 .r 

2 [^/(sin .r)(l + 22 e ~ 2na cos 2nx)dx; 
Jo i 
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=///(sin m) [cosh (*a) <*»] d * 

=2 / /(sin #) [e”"® + 2 cosh (/ca) 2 e~ 2na cos 27 i#] cfo? ; 
( 4 ) ^ /(sin #) cos (kx) ^ = ^"/(sin #) (cosec 2 # - k)cLv. 


[It is understood that all the integrals converge; the series used are 
given in Ex. 14, p. 225, and Ex. 22, p. 314.] 

12. Illustrations of the last example are: 


(!) / (logcos%)^= -ir, / (logcosV) 2 ^f=47rlog2, 

( m dr 

Jo (i°g cos 2 #)(log sin 2 #) = 27r(2 log 2 - 1). 

(2) I coa ‘ >x ^^ = ^ i+e ~ 2a) ’ L ( io « cos ^)^?=i i °gi( i+e ' sa )- 

and a similar formula containing log sin 2 # and log^(l — e” 2 ®). 


( 3 ) / co8( K x)(log coa 2 ^r) [cosh (ko) log (1 -t-e- 2 ”) - e~ m log 2], 

and a similar formula containing log sin 2 # and log (1 - e” 2 ®). 

( 4 ) / cos(K#)(log cos%) =jt(k log 2 - 1 ) ; 

but in this case there is no corresponding formula with log sin 2 #. 

[De La Vallee Poussin and Hardy.] 


Differentiation and Integration. 

13. Calculate the integrals 

j log(# 2 +^ 2 )cf#, 'M-0= J log # 2 cf#, 


and prove that 


lim (u — u 0 )/y *= ± 7 r, 

V-^0 


the ambiguous sign being the same as the sign of y. Explain why this 
limit is not the same as the integral 

[Stolz.] 


f 1 lim [{log(# 2 +y 2 ) - log # 2 }/y] dx. 
Jo f-+0 


14. ‘Prove by differentiation, or by expanding in powers of a, that 

log (1 + a sech #) dx =£ [ir sin” 1 a - (sin” 1 a) 2 ]. 

Obtain two other integrals by writing a=i/?, where /? is real; and 
verify these results by differentiation and expansion. [Hardy.] 
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15. Prove simi.arly that 

log (1 + a sin x) ^=£0 sin" 1 a - (sin" 1 a) 2 ] 

and /o^ 108 ^ 1+a 8in ^ ^i =7r +«)-!]• 

Obtain four other integrals by writing a=i/3. [Wolstenholme.) 


16. 


By integrating the equation 


°°cos(.ry) 
• a 2 +x 2 


where a>0, y>0, 


with respect io y, prove that 

rjiUM. «-»} f — C08 ^) (e -ay + av _l) 

Jo x(a i +x i )™~2a^'~ >' Jo x s (a i +^) a ' 2a* { + y >’ 


/. 




and so on, the terms introduced on the left being those of the sine and 
cosine power-series and the terms on the right being those of the exponential 
series. [Math. Trip. 1902.] 


17. Justify differentiating the integral 


J^tan -1 (a 2 tan 2 #)cfo, (a>0) 

under the integral sign, and so prove that its value is rr tan -1 {a/(a + V 2 )}• 
Change the variable to 0, where a 2 tan 2 #=cot 0, and deduce that if 
we put N /* = 2a/(a 2 — 1), 


jo ^' 1 1 


1 


^/(S/O+v^I + k)}’ 


Examine the special cases k — 2 (Wolstenholme) and k— 8 (Oxford Senior 
Scholarship). 


18. By differentiation or otherwise, prove that if a, b are positive, 

jT>•.(>+£)*-«. 

j[ tan- l (flw.)tan- l (6x)^=£irlog(l4~) +6log(l+|)], 

1 log 0 + S) log (* rfr= 2,r [ alog ( 1 + l) +6 log ( X + l)} 

19. By differentiation or otherwise, prove that, if a is positive, 

tan _1 (sinh a sin x)dx=j a ^L^ 

=i ff »-2[(l+a)e-*+J f (l + 3a)«-3«+^(l+5a)«-*«+...]. 

[Math. Trip . 1892.] 
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[AP. 

0. Shew that if a, b, o are positive, a being the greatest of the three, 


L 


, sin ax cob bx cos cx — 

'0 X 


or £tt, 


if a>b+c, 
if a<b+c . 


dx 


if a>b+c 9 
if a<6+c, 
if a>b+c , 


Deduce by integration that 

J o sinoa;8in&rcosar^=£7r&, 

or £ w(a+b-c\ 

and sinax8inbxsincx-^=%7rbc 9 

or £ir(2bc+2ca+2ab-a, 2 -b 2 -c 2 ), 
if a <6+c. 

In particular, J Q sin tx sin 2 # — \irt{\ - £*)> ^ 0 < t < 2, 

or far, if t> 2. 

21. Prove that, if *>|a 1 | + |a 2 |+... + |a n |> 

sin tx . II sin OrX . II cos byX . = \ir{a x a ^... a n ). [Stormee.] 

22. The results of Exs. 20, 21 can also be found by integration by 
parts; this method gives at once 

[ (24 COS ax) = (- 1 ) n+1 24 (2^+1)!’ 


/; 


dx 


(24 cos ax) jsrn= (- l) w 24 log a 

where 24=0, 24a 2 =0, 24a 4 =0, ..., 24a 2 "=0. 

Establish similar formulae for integrals which contain sums of sines; 
and prove that 

the number of terms in the bracket being in or i(»+1). 

[WOLSTBNHOLMB.] 


Dirichlet’s Integrals. 


23. Apply the theorem of Art. 172 (4) to justify the equation 

lim f f{x+ct)e~*dt=*^ijirf(x), 
c-H)J0 

and deduce that 

lim I ( /(y)e-<»-* l *^«fy=iV’ rlim [/('*+^)+/(*~®)3- 

o~^s c ._» t-*o [Wbiebstbass.] 


24. Apply Abel’s test of uniform convergence to prove that if /(«) is 
monotonic (at least after a certain stage) and continuous, then 

lim f f(t) sin (»<) — =w/(0), iw/(°)> or °» 

♦I-*®*'® f 

according as a is negative, zero, or positive. 
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HI.] 

Deduce that if x is positive and j f(t)dt is convergent, then 

f 0 coa(xv)ctvf Q f(t)cQa(vt)dt=\f(x\ 

and the same result is true if the cosines are both replaced by sines. 

[Fourier.] 

25. By taking f{x)—e~ aX (a>0), deduce from the last example that 

f°°vam(xv) , it m f * a cos (xv) , 

Jo a 2 +r 2 Jo aP+v 2 

Consider similarly the integrals given by taking /(#)=1 from #=0 to 1, 
and f(i r)=0 from 1 to oo. [Fourier.] 

26. From the integrals 


sech 


*- s f 


cos 2xt 


dt , sech 2 # 


cosh 7r£ 

2 

"n/«• 

prove by the method of Ex. 4, Art. 174, that 

7T 


=4 

Jo Si 


t cos 2#* 
ainhir* 


oft, 


~ l2 =— J Q e _f2 cos 2xtdt, 


v , v « ^ cos (2?i7T.r/cj) 

2 sech(#+7i<o)-^ 2 cosh ( W7r 2 / / <l> )» 

£ 1,9/ , v 2tt 2 * 7icos(2w7r#/a>) 

2sech^+na,)=- 2 -2 

2 « - <*+ Ww )*=2 g - nVM cos (2w9T#/o>). [Schlomilch.] 

— 00 0) —00 


Integration of Series. 

27. Prove that (see Ex. 40, p. 195), if a, 6 are positive, 

J**log (a 2 cos 2 #+6*sin 2 #)d#=7r log 

log (a 2 cos 2 #-f ft 2 sin 2 #) cos %nxdx = - ~ > 


and verify that these results remain correct when 6=0 and when a=0. 
Deduce that, if r 2 < 1 and p> q are positive, 

(1 -#ejT lo g^^y ) dx=2ir log[*{«(! +r»)+6(l -r»)}]> 


f" log (a 2 cos 2 #+6 s sin 2 #) ,_2 tt 
lo p 2 coa 2 x+q i ain 2 x ~~pq 



28. Using the series of Ex. 1, Ch. IX., prove that 

for coa$<f>d<f> 2tanh“ 1 * f w coa $<f>d<j> _2tan _1 tf 

Jo l+2tf 2 coa<f>+t*~ tQTW)' Jo 1 -2t*coa<f>+t*~ t(l-*)' 
Deduce that Jptan -1 sin^ ^ 8 tan -1 *.tanlr 1 *, 

and verify this result by expanding in powers of t. 


[Hardy.] 
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[AP. 


29. From Art. 65, shew that (if r 2 <l) 
(1 - r a ) sin # 


(1-2 r cos#+r 2 ) 5r 
Shew also that 

C n sin 2 # cos xdx 


sin # •+• 2r sin 2# + 3r 2 sin 3# +. 


#sin xdx 


2=? ,0 8( 1+r )- 


f" sin 2 # cos xdx t t r C* # _ 

Jo (1-2rcos#+r 2 ) 2_ "l-r 2 * Jo 1 -2r cos#+r 2 ”r ' 

30. (1) Prov. Ibd | <E '- ’■ A' 1 - 175 > 

“ d ,Cs£S?r^i. <*«• «■ A '«- 175 > 

where i£ n is Euler’s number (Ex. 4, p. 299). 

(2) By expanding in powers of a, shew that 

/o e- I (l-e- < “)~=log(l+a). 

31. From the series for log (4 sin 2 #), log (4 cos 2 #) (see Art. 65), prove that 

I *"cos 2?i# log (4 sin 2 #)cf# = - j '^cos 2nx log (4 cos 2 #)*/#=( - l) w_1 

jj* log(cot 2 ^)<fa-=2^1-~4-~-^ + ...), 
J'J*’ r log(cot*x)dv=£(l -p+i-*„ + ...)• 

Deduce that 

J*"{ log ( 4 sin 2 #) } 2 *Z# asg7T 3 as log (4 COS 2 #)} 2 */#, 

Cvv 1 

J 7 log (4 sin 2 #). log (4 cos 2 x)dx = - -7T 3 . [ Wolstenholme.] 

[Compare Exs. 46, 47; and note that the only difficulties arise in 
extending the rule for term-by-term integration up to the limits.] 

32. Use Art. 175 to justify the following transformations ; 

v 1 — — f 1 log 
f n* 2 n Jo ® \#/ 2 — # 

= fo l °g (fT^) 0“*+*•“ -)d-v- 

= 1 ~i(i+i)+i(l+4+J)“ ... 

= ^7r 2 - i (log 2) 2 . [Legendre.] 

33. Shew that 

J o e- t% $\n(2tx) < Y= 1 s!'tr j Q e-*dv (Ex. 4, Art. 176), 
and verify the equation by making # tend to x. 

34. If sinh#.sinhy=l, prove that ydx=£ 7r 2 . 

[Write /as$-* and use Ex. 7, Art. 175.] 


[Math. Trip . 1902.] 
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Gamma Functions, etc. 

35. By writing #+?/=£, y = shew that if the real parts of r, s are 
positive, 

r(r)r(«)= f“e-*X'- 1 dvf“e-y- 1 (ly=j\~t Tf- 1 (l-T,y-'d n , 

and deduce that 

T(r)T(s)lT(r+s )=jT - V y-'dv 

36. If U= / where x=£+ir) and £> 0, shew that 

Jo 

d£__n TT 'dU_ in T r 
d£ ~ x * dr) ~ x * 

and hence prove that U=r(n)/x n , if n> 0. 

By using Ex. 2, Art. 172, deduce that if 0<tt<l, 

f cos t. t n ~ l dt =r(7&) cos f sin t . J 71-1 dt=T (n) sin (\nir\ 

Jo Jo 

and verify that the last result is correct if -l<7i<l. 

Obtain the corresponding formulae for 

roo fao 

cos (x p )dx and J^ sin (x p )dx i p>\. [Cauchy.] 


37. If the real part of x lies between —k and -(&+1), where k is a 
positive integer, prove that 

r (*)= J o + [Cauchy.] 

[Apply the process of integration by parts to the integral for P(#+£).] 


38. Shew that if a, ft are real, 

J r<«) y a r p i 

\|r(o + »)8)|/ o L i + (a + ») 2 J 


If x =i7/, shew that 


I r(l+*) |=V{(in))/8inh(inj)}. 


39. If 



dx 


D f 1 o&dx 


express A, B in terms of Gamma-functions, and prove that 


r(f)=(i*r)*A 


Assuming the value of F({) given in Ex. 41, deduce that 
A = 1*311029, B =0*599070. 

40. Similarly express the integrals 

f l dx f 1 xdx 

Jo va- tf 3 )’ J° VV-* 3 ) 

in terms of T(J), and so obtain numerical values for them. 


[Mellin.] 


[Gauss.] 


[Gauss.] 
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41. Deduce from the product formula for T(l+,a?) that if | a? | < 2, 

here C^l-C *0*422783, C 7 =} 2^ 7 =0*0011928, 

2 

<7 3 =J 2 w“ 3 = 673530, C 9 = £ 2 »"» = 2232, 

2 2 


73856, 449. 

2 2 

As a numerical exercise, prove that 

log 10 r({)=I*957321, log lo r(J)=1*950841. 

It will also be found from this series that if F(1 +t)=re**, then 
log l0 r=r71731 and 0=-*30163. 

These give T(1 +0=0*49802-(0*15495) i; 

a result calculated to 7 decimals by Gauss, from Stirling's series (Art. Ill), 
writing #=10+t. 

42. if +(x)~r(x)ir(x)=^{io g T(x)}, 

prove that f[log«-(i +r ^+...+^)] 

— c -l + 

where (7 is Euler's constant. 

Shew that 

Deduce from Arts. 178, 179 that 

if(l +x)~ ir(x)— 1 lx, i/r(l —x)~ \j/(x)=ir cot (irx\ 

\lr(2x)=$[\lr(x) + \lf(x + £)]+log 2, 

Vr (nr) =^f(x)+ir(x+^) + ...+ir(x +) J+log r, 

i/r(#)+(7= / --cfc (if the real part of x is positive). 

Jo l-1 

Obtain the particular results, 

^(2)=1-6 Y , *(3)=|-0, ..., 

^($) = -(7-2 log 2, ^(|)=s2- (7-2 log 2. 

Shew also that 

f-(l)= 2(1 /n*)=W, r(l)= 24/(2 W +l)?=^* 

1 0 

43. Shew that, if p, q are positive integers, 

i'{p!q)+0=\imf(t), 

so +p+nq 

where /(<)“ - log (1 -««) - q 2 

= -*'log{(l- ft)/(l-t)\+(\-P) log(l -<)+ *2 a)-*"log(l-a/<), 

r=l 

(*)=cos (2ir/g)+i sin (2 jt/$). 


if 
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Deduce from this and the corresponding formula with q-p in place of 
p 9 that 

yr (|) + (7=-log ? -^r cot (^) + *2 cos log { 2 sin (y)}. 

Obtain the particular results, 

*(i) + 0= -1 log 3 - Jtt V3, f (i)+- 3 log 2 - fcr, 

MS) + C= - ! log 3 + J7T v/3, ^(f) + 0= - 3 log 2 [Gauss.] 

» ( —i) w 

44. Similar results can be obtained for the function /}(#)= 2 ----- > 

0 ^ T W 

thus, shew that 

/3(x) + /3(1 +#) = 1/#, /3(x) -f /J(l - #)= 7r cosec (nx), 

lim [Vr(#) - log x] = 0, lim f3(x)— 0, 

X -►!» i-M0 

fl £*-l 

/?(#)= J o Y+i^t (if the real part of a; is positive). 

In particular, prove that 

0(l)=log 2, 0(i)-fcr, 

i 8(i)=log2 + J 1 r N /3 ) j 8(S)=-log2 + J ffN /3. 

46. K f{o.)=\\m^xdx^ 

prove from Art. 172 (3) that we may differentiate under the integral sign, 
provided that a is positive. 

Hence 

/(«) = 2 /^ sin2«-ir.logsin*.f(a + £)] 

rib¬ 
and /"( a )=4J o sin 2a - 1 #. (log sin #) 2 . dir 


■ ^ rfcSi) [ < ~ +4) l 2 + *'<«) -*'(« + i)]- 


46. Shew from Ex. 45 that 


r\* 

Jo sin x . log sin x . dir =log 2-1, 

Jo sin #. (log sin x ) 2 . = (log 2 - 1 ) 2 +1 - ^tt 2 , 

~&rm 

f* */(ain x ). log sin x.dx- sl^Tr\ir - 4)/ {r(£)} 2 , 
Jo 

r^ir 

Jo logzmx.dx = - far log2, 

J (log sin x ) 2 . dx [(log 2) 2 + tV 71 * 2 ]* 
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47. Justify the differentiation of the equation (Ex. 35) 


Deduce that 


ri* r 

/ log sin #. log cos x . dx =[(log 2) 2 - ^jtt 2 ], 

Jo 

flir 

/ sin#, logsin#. log cos#. e£#=2-log2 -Jtt 2 . 
Jo 


Miscellaneous. 

48. From the series 

sech x =2 (e~ x - e~ Sx +e _8x -...), 
prove that if the real part of c is greater than —1, 

[See Ex. 42 and use Art. 52 (3).] 

49. From the last exam^e deduce that, if the real part of a is positive 
and not greater than 1, 


5 sinh ax dx 
cosh x x 


= log cot £(1 — a)7r, 


and hence, if A is real, prove that 


cos A# tanh # — = log coth £A7r, [Math. Trip. 1889.] 


f smA x dx i \ \ 

/ —r-= 2 tan -1 (tanh i A7r). 

Jo cosh# x 


[Hardy.] 


50. From Ex. 8, Art. 175, prove that if the real part of a is positive 
and not greater than 

fo ~=i i°g sec air. \Math. Trip. 1895.] 

51. Deduce from Ex. 35 and Art. 175 B, that if # and a are positive 

r(#)r(a)_l a-1 (a-l)(a-2) (a-l)(a-2)(a-3) 
r(#+a)~# #+l + 2!(#+2) ' 3!(#+3) 

Shew also that 

r r(#> i 2 i i 2 i i 2 .3 2 i 
L r(#+i)J ~# + 4 # 7 “ ■ ° 


.r(#+i). 


(#+l) 4.8 #(#+!)(#+2) 


Qro obtain the latter series, expand r)~^{\-7}Y~ l in the form 
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52. Obtain the first integral of Ex. 49 from the series 
sech x =2 (er* - e” 8 * -f e~** -...) 

by applying Frullani’s integral to the separate terms. 

Obtain similarly the following integrals: 

L log f + 2 iog { r g)/ r (^f 2 ) }, 

/« ^( 1 - sech '^T = - l0 «3 +21 °8{ r (^)/ r ( 5 T 1 )}’ 

where the real part of a is positive. [Hardy.] 


53. Write down the form of Frullani’s integral when </>(#)=1/(1+e~*); 
and deduce that when p is positive, 


f/ sinhp^ sinhff# . / 

Jo \cosh px + cos qx cosh px + cos rxj x © \ 


Jo \cosh px + cos qx cosh px + cos rxj x 2 6 \p 2 -hr 2 ) 

[Math. Trip. 1890.] 

54. The following integrals are allied to Frullani’s integral 

Jo (sin nix - sin ?ix) 2 ^=^7r | m - n |, 

, wi, ^ — 0. 

I J =2m l °z r ^r +2nl0 « t, 

f [< j>(x-a ) —</>(.r-6)] = (6-«)[</>( oo )-</>(-oo)]. 

Evaluate the first of these integrals when m , n have opposite signs. 

55. By changing the variable from t to 2 1 in Art. 180, prove that 

Shew from Ex. 3, Art. 173, that of these integrals the first is equal to 
log2-l and the second to £log(£7r). (See Ex. 52.) 

56. Prove that if £ is positive, the function 

iCf/JL-1+1) 

t \c*-l t 2/ 

steadily decreases as t increases from 0 to oo (see p. 297). By applying 
Art. 168, deduce that, if #=£ + it] in the formulae of p. 512, 

57. Deduce from Ex. 56 that if .r=£+fr;, where £ is positive and fixed, 
but q tends to infinity, 

|r(l+*)|w s /(2ir)^ +l «-^, 

where r=\x\ % (Compare Ex. 38, p. 521.) 


[PlNCHERLE.] 



MISCELLANEOUS EXAMPLES. 

1. Shew that 2 log (|^j) -1J=i(l - log 2). 

[The series can be summed to n terms ; or we may express the general 
term in the form { z 2 / (4n 2 - x 2 )} dx.'] 

2. Discuss the convergence of the series 

2n*U(n + l)-2jn + J(n-l)]. [Math. Trip. 1890.] 

3. If C'„=l+|+...+^-log», 

fl fin 

prove that C n -C in -J Q 

and deduce that Euler’s constant is equal to 

1 - p + 1 8 + t w +... )• [Catalan.] 

JO It# 

4. Prove that, if p>v, the sum 

(n=v excluded), 

n=0 V “ n 

tends to the limit log{(l + £)/(l-&)}, when /x, v tend to infinity in such 
a way that v/p tends to h. [Math. Trip. 1894.] 

5. Apply Euler’s method (Art. 24) to shew that 

1_ i + p-^ + -~' 915968 -’ l -^+p-^+-=- 988944 -- 

[For other methods of transforming and evaluating these series see 
Glaisher, Messenger of Math vol. 33, 1903, pp. 1, 20.] 

6 . If s n denotes 2~ n +3" n + 4 -w + ... to oo, prove by conversion into 
double series that 

*8*b*3*h*4“h ... = 1, *24"fy + $0 + 

i*2 + i*3 + i*4+--- = l- *2 + K^+ ... = log 2. 

[See Woolsey Johnson, Bull. Am. Math. Soc ., vol. 12, 1906, p. 477.] 
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7. If 0 is positive, prove that 

2(3 coth 4 w0- 4 coth 2 n0 +1) = 4 2 w 3 (coth n$ -1). 

[Write #=e~ 2 * and convert into a double series.] [Math. Trip . 1894.] 

8 . Shew that the series 

^ x n (x?" +1 -l) 

^(o? 2n +l)(^ n+a +l) 

does not converge uniformly in any interval including #=1. 

[Math. Trip. 1901.] 

9. (1) If / n (#)= nx n ~ l - (w +1 )#”, prove that 

!/*(*)=1, 0^j#|<l, 

and deduce that jf 2/»(^)^=L while 2 (^fn(x)dx-O. 


(2) Prove that the series obtained by differentiating 

S-LicgOW) 

is uniformly convergent for all real values of #, including #=0. Is the 
same true of the given series? 


10. Prove that 

Vi + i JP+ L2^ + ) 

W 2a+2 + 2.4a + 4 + , ’7\ + 2* + 2.4* + 'J 

aL 1 + a+2 a?+ (a+2)(a+4; + 
log(l+A* 2 ).tan- 1 ^=2[J(H-i)^-4(lH-^-|-J + J)^+...], 


[F& 1, 2, x)J=F( 1, §, 3, x), [F( 1, §, 3, #)] 2 = ,F(2, 5, #). 

[All these can be obtained by direct multiplication ; but the law of 
the coefficients is more quickly determined by differentiation or some 
other special device.] 


11. Shew how to calculate log 2, log 3, log 5, log 7 from the five series 
a, by Cy dy e given by writing 

riT> dh - 

respectively in the series for log{(l +#)/(l -x )\; and prove that 

a — %b + c=d+2e. 

[For results to 260 decimals, see Adams, Math. Papers, vol. 1, p. 459.] 


12. Prove that as x tends to 1, 

+ + -£log(l-#). [Cesaro.] 

13. Sketch the graphs from 0 to 2tt of the functions 

sin5#+|sin 10#+|sin 15# + ..., 

cos 2#+p cos 6#+^ cos 10# +..., 
sin2#+|sin6#+|sin 10# + .... 
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14- If /(x)=a 0 + Sfancosru'+ftnsinw#), 

* 1=1 

prove that -[/(•*')+ f(x+a) + f{x + 2a) +... +/{,£+(a -1 )a}], 

s 

where a=27r/*, contains only those terms of the original series in which n 
is a multiple of 8. 

[This result is of some importance in the numerical applications of 
Fourier’s series; see Wedmore, Journal Instit. Elect. Engineers, vol. 25, 
1896, p. 224, and Lyle, Phil, Mag. (6), vol. 11, 1906, p. 25.] 


15. If v=4w 2 “l, so that v takes the values (1.3), (3.5), (5.7), ... for 
w = 1, 2, 3, ..., prove that 

2 H’ 2 i = re (7r2-8) ’ 2 i=p(»2- 3 n 4-75s(**+«)’ r2 - 384 )- 


[Take x=\ in the series of Ex. 14, p. 225.] 

16. Shew that 


i . I_1 4. 1 _1, _JL_ 

6^7 11T3 17 2^3’ 


5 2 + 72 + 172 + 192 + 292 + 3i2 + *" 36^ 

by giving x special values in the series of Ex. 14, p. 226. 

17. Prove that if n is even 


2 tan 

r=«l 




sec ■ ^ r - si nh ■■ 

\ 2/14-1 J 


= tan 


! j sinh nx \ 

\cosh (n + 1)^7J * 

[Math. Trip. 1907.] 


18. Shew that the remainder after n terms in the first series of 

Ex. 27, p. 315, is 

’ r r an +1 ri 

( ~ 1 ) n_1 • “ / COS (xt) <t>2n{t) dt , 

v ' (2n)\smxJ0 v 4WW * 
where <f> n (t) denotes the Bernoullian function defined in Art. 101. 

[Math. Trip. 1905.] 

19. Shew that 

[WOLSTENHOLME.] 

[Use Arts. 102, 49 and the series for l/(e*-l) in Art. 100.] 

20. Discuss the convergence of the series 

* cos (x+ na) 

^5 cos (y+nfi)' 

where a, y, a, /3 are complex. [Math. Trip. 1892.] 

Discuss the convergence of the products 

°( 1+ K> ?[ 1+ i!^i)]’ “nSSw 

for all values of the complex variable #. [Math. Trip. 1893.] 
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21. Prove that if 

£ 0 =l!-2! + 3!~4! + ..., (Arts. 106, 109) 

then 1(1!) —2(2 !)-f 3(3!)-4(4!)+... = 1 -2.%, 

1*(1!) - 2 2 (2!) + 3 2 (3!) - 4 2 (4 !)+...= bS 0 - 2, 
and generally 2(-l) w-1 w*(w!) is of the form a$ 0 +/2, where a, ft are 
integers (positive or negative). 


22. Shew that 



' 1 1.3 1.3.5 1.3.5.7 

2x 2 2 ,r- 2 3 .r 3 2 4 # 4 



[For an application to an important physical problem, see Love, Phil. 
Tram., A, vol. 207, 1907, pp. 195-197.] 


23. If 
prove that 



lim (lim X n )—0, lim (lim X„)— 1. 


24. From the power-series for £[log(l-f -r)] 2 , shew that if —7r <0 <ir, 
[log(4cos 2 £0)] 2 - 0 2 = 8[£cos20-J(1 -f£)cos30+J(l +J)cos4^- ...]. 

and obtain a corresponding formula for [log (4 sin 2 ^#)] 2 . 

Shew also that 

O 2 — J7T 2 — 4^cos 0 - p cos 20 + ^ cos 30 - ... j. 

Deduce the integrals of Ex. 31, p. 520. 

u n — — 2n J*”cos 2rw? l°g(2 cos £.r)dlr, 

Mn-^n + l = (-l)”/(2w + l), 

7T /_ 11 _1 \ 

“ n_ 4 V 1 3 + 5 " [Catalan.] 


25. If 
prove that 
and that 


Prove that if k is an integer and |r|<l, 

/•«• (i y8)cosyia? f£ x —Q if n i a no t divisible by k, 

Jo 1 -2r cos kx+r 2 J 

= 7t r v , if n—vk. 

Deduce that if k = a k and l=a\, where k, A are co-prime integers, 


i: 


(1 — r 2 )(l - s 2 )dv 


__ 1+rV 

Jo ( 1 - 2r cos kx + r2)(l - 2s cos lx -I- s 2 ) W l - r*s k 

27. Prove that if a is positive and y 2 =ax 2 + 2bx+c, 

* tanh-4 ( "' l ^^ a }. 
xq y s/a l y x +y 0 ) 

If also ac — b 2 is positive and equal to p 2 , prove that 


[Hardy.] 


/. 


X >dx_l P(-fi ~ x o) 


fa dx 
k F~P 




l ax v v 0 + b{x l +x () )+c) 

where the angle lies between 0 and tt. 

[For a discussion of these and other similar cases, see Bromwich, Messenger 
of Maths., vol. 35, 1906, p. 131.] 

B.I.S. 2 l 
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28. Prove that if A, p are real but notr necessarily positive, 
p n log (A. cos 2 0 +p si n 2 0) 2 d0 =2?r log {£ |(^A 4- s/p) | 


Deduce that if u=ax 2 + 2bx+c, u'=a'x 2 + 2b'x+c' y where u is positive for 
all real values of x (so that p — ac-b 2 >0) y 



dx __ 2tt 



2 dx _ 27r 

u ~JP 



where q — J (ac' + a'c) - bb\ p' — a'c f - b' 2 . Express the second result in a real 
form, when p' is negative. 


29. Prove that if the integral /^*/(sin 2 .r)d# is convergent and equal 
to £.l7r, then the integral 0 

f l A -.f(^nh-)]4 > (.r)dx 

converges, provided that <£(./;) tends steadily to zero. 

Deduce the convergence of 

/ log (4 cos 2 x)<j>(x)dx y j log(4 sin 2 x)<f>(x)dx. [Hardy.] 


30. Prove that in the sense defined by Pringsheim (Ch. V.), 
lim f X f* 1 sin (ax + by)x r ~ l y t “ l dx dy (r y s > 0) 

A, fx .—►(» Jo J 0 

= a _r 6“T(r)r(s) sin ^(r+s)7r. 

Prove also that if 0 < a < 7r, 

lim f [* e l(xl+2x!/cusa+!, ‘‘ ) drdi/ = „-^-. 

\ t Jo 2 sm a 

[See Hardy, Messenger of Maths. y vol. 32, 1903, pp. 92, 159.] 


31. Prove that if the real part of x is positive, 

m [*r~'dt_ n! 1 

' ' Jo l + t 2 o #(#+l)...(.r+?i) 2 n 


32. Prove that if in the interval (a, b) the function \f{x, n)\ is less 
than 1 for all values of n y and if the function ${x) is positive and has a 
convergent integral from a to b y then 

lim f f(x y n)<j>(x)dx=j {lim f(x y n)}<f*(x)dx y 

provided that f{x y n) tends to its limit uniformly in any interval which 
does not contain x=a. 

Deduce that 

lim [* e- n * lnx <f>(x)dx= 0, 

n—o Jo 

lim f iir [p+(l -5?)sin*^] in ^>(.r)c£r=0, (0<p<l). 

n—►x JO 



INDEX OF SPECIAL INTEGRALS, PRODUCTS 
AND SERIES. 


Asymptotic expressions 

£l/wi*, 236; Stokes's, 341; Gamma function, 508, 513, 525 
Asymptotic series 

Euler’s constant, 324; Stirling's series, 329, 340, 347; error function integral, 
332; logarithmic integral, 334; Fresnel’s integrals, 336; sine- and ccsine- 
integrals, 338; Bessel’s functions, 349-354 

Elliptic Function series 

Theta-functions, 101, 117, 118; various series of fractions, 102, 103, 126, 201, 
244, 245, 306-310, 387, 519, 527 

Integrals 
Beta, 521 

Dirifchlet’s, 371-375, 491-494, 518 
Elliptic, 23, 190, 521 
Error function, 332, 388, 389, 520, 529 
Euler’s constant, 507 

Exponential or Logarithmic, 334, 471, 487. 

Fear’s, 379, 489 
Fourier's, 519 
Fresnal's, 336 
Frullani's, 479, 525 
Gamma, 506, 510 
Jordan's, 494 
Poisson’s, 257, 381 

Sine and cosine, 338, 387, 493; complete sine integral, 465, 466, 488, 515, 518. 

Non-convergent series 

v ( _i)"iog w, 318; £(-*)”»!, 323, 336, 529 
See also under Trigonometrical series below 

Numerical series 

SI/*!, 26; £l/;i, 27, 34, 49, 100 324, 389, 459, 460; 21 /»*\ (/>>1), 34, 77, 
H>2, 219, 222, 298, 326, 388; 21/nn, (fx complex), 236; 2(log 35, 460; 

2( — l) n /n, 56, 69, 76, 77, 92, 135, 181, 325; 2(-l)»/»*, 55, 63, 76, 77, 92, 526; 

v,-x 2 ij n 2 t 12G 

Double series, 2m“«?r3, 2(m+n)“*, Xf(am 2 + 2bmn+cn 2 ), 86 
Series for n, 185, 196, 326 (Ex. 8) 

Numerical values 

21/»!, 26; 21/nand Euler’s constant, 325; E( — \) n /», 64, 183; 2( —l)"/(2n-r 1), 
185; £(-l ) n !(an+b) t 189, 190, 528; 2(- l)"/\/n, 63; 21/ti 2 , 66, 77, 102, 219, 
222, 326; Z(-l)»/(2n + l)*, 526; 21/*3, 65, 326; 21/* 2 ', 222, 298, 326, 528 

log 2, log 3. 183, 400, 527; y/2, \^2, 198; sin (j*), cos (}n), el", e* r \ 

173,175; r(S), r<5), r(H-i), 522 
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SPECIAL INDEX 


Power series 

Binomial, 96, 178, 287; sum of squares of coefficients in, 194 (Ex. 33), 312 
(Ex. 9) 

Exponential, 170, 278 
Geometric, 20, 261 

Hypergeometric, 41, 48, 57, 116 (Ex. 16), 190 (Ex. 5), 198 (Ex. 11), 200 (Ex. 
27), 241. 

Inverse sine and tangent, 183, 196, 197, 285 
Lagrange’s, 158, 200 (Exs. 23, 24), 265 
Logarithmic, 180, 190, 191, 194, 284 
Sine and cosine, 173, 281. 

Theta, 101, 117, 118 

SnP-i*" S*"‘, Z(-1)V’, 150, 430 

*/(«* —1), 297; (e«'-l)/(«»-l), 300 

Products 

n(l±<7 ), U{(l+q 2H - l x)V+q 2n - l lx)l US, 117 
Gamm-product, 112, 508, 510; sine and cosine 213, 215, 221, 294 
Wallis’s product, 213 

Symbols 
00, 2, 5 
lim, 2 

1x1,2 

-.3 

0,o, 4 
®, 6 

g, 8, 26-27, 440-441 
lim, lim. 18 
S, 19 

(Euler’s) C or y. 35 
II, 105 
T(x) t 113 

(Hypergeometric) F(a,{3,y, 1), 115-116 
E(x) or exp (*), 172 
:r, 176 

(Legendre’s) P n (n), 193 
t, 227 

(mean), 247 
cosh~ l (*), 287 
(Bernoullian) <?„, 300-303 
erf (*), 332 
li (*), 334 

(Bessel’s) I n (x), K n (x) t 353 

(-) J„(*), 353-354 

L{x) (logarithm), 436-440 

S nt s n (in Riemann integration), 453-456 

Tests of convergence 

of series, (Cauchy’s condensation), 28; (comparison), 29, 30; (d’Alembert’s 
root), 31; (Maclaurin’s integral), 33, 36; (ratio, including Rummer’s, Raabe's, 
Gauss’s), 36-43; (ErmakofTs), 43-44; 44, 45; (general notes), 45-48; 

(absolute convergence), 54, 55; (alternating series), 55; (Abel’s test), 58; 
(Dirichlet’s test), 59 

of double series, 85-87, 97 

of complex series, (absolute convergence), 233, 235, 237, 238, 239; (non¬ 
absolute convergence), 240, 242, 243; (double series), 244 
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of integrals, 467-471, 476, 477; (with uniformity), 480-483; (examples), 514, 
515 

of products, 105, 107, 109, 114 (Ex. 3); (complex), 234; (uniformity), 135 
for uniform convergence, of series, (Weierstrass M-), 124, 125; (trigonometrical 
series), 127; (of products), 135; (Bendixson’s), 144 


Trigonometrical functions and series 
Convergence of £t/„cos*0, 2t/„sin «0, 60 

Sr" ( C ° S ) (nO), Sr" ( C ?® ) ( nO ), 186, 187 
\ sin / \ sin / 


^.sinnO, ^cosnO } 356 35 _ 3 - 8 35 „ ( 365 370> 382 383 3 „ tf 537 

n n » 

v 8 - 1 ^- 0 , 127, 359, 360, 370, 390, 391 

Series of fractions for cot xx, cosec rr.v, cosec 2 xx, 216-222, 295-296 
225, 522, 523 

S(-l) n l sin no.. 126 

S cos n*/(n 2 +a 2 ), 2 n sin n*/(n 2 +a 2 ), 367, 368, 371, 393 
S cos nO/log if, Ssin 7f0/log w, 356 

Sin 0, cos 0, power series for, 173-177, 281; derived from addition formulae, 
176 

Sin nO, cos «0 as polynomials in sin 0, cos 0, 202-205; for non-integral n % 
206-208 


Sin n0, cos H0, formulae derived from de Moivre’s theorem, 208-210 
Sin w0, cos H0, factor formulae, 210-211 

Sin 0, cos 0 as infinite products, 213-214; (complex 0), 294-295 
Sin 0, cos 0 as “ elliptic functions with one period 0 , 219-222 
Sin 0, cos 0 satisfying functional relationship (addition formulae), 176 
Sine- and Cosine-Integrals, 338-339 

Fourier Series, 320, 355, 356; (Dirichlet’s summation of), 371-375; (Stokes’ 
transformation), 375-379; (Fejer’s theorem), 379-381; (Poisson’s integral), 381; 
(approximation curves near a singularity, Gibbs’ phenomenon), 382-387; (non- 
convergent), 392 



GENERAL INDEX. 

* by the reference to an author indicates that a specific work or passage by him 
s quoted. 

t indicates a reference to the exercises rather than the mam text. 

Names beginning with “ de ” e.g., de la Vallee Poussin , are listed under “ de” 


A 

Abel, 46, 47, 59, 129, 153, t200, 212, 
253, 289, 290, 291, 317, 320 
lemma (on partial summation), ix, 
57-58 

for complex series, 242 
extension, 418-420. 
integral analogue, 473-475 
summability, 381 
test, viii, 58-59 

for uniform convergence, 125- 
127, 246 

for complex series, 243, 246 
integral analogues, 476-477, 481- 
482, 490 

theorem, on continuity of power 
series, viii-ix, 138, 148-150, f200- 
201, 252-255, f276-277 
converse, 256-257 
theroem, on product of series, 91 
Absolute convergence, 54-55, Ch. IV 
of complex series, 233-231, 235-239 
of complex infinite products, 234- 
235 

of double series, 88-90 
of infinite integrals, 476 
of infinite products, 107-109 
of power series, 145-147 
implies convergence, 54 
Absolute value, of a complex number, 

228 

Adams, *297, *325, *f527 
Addition, see sum 

formula for the exponential func¬ 
tion, 173 

formula for the trigonometrical 
functions, 176 

Alteration of terms of a sequence or 
series, see rearrangements 
Alternating series, 55-57 
Ames, *62, 65 

Amplitude of a complex number, 228 
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Analytic continuation, 261 
Arc sin x, power series for, 183-185 
for complex x, 285-287 
Arc tan x, power series for, 183-185 
for complex x, 285-287 
Area under a curve, 453-456 
Argand’s diagram, 228-229 
Argument of a complex number, 228 
Arithmetico-geometric mean, t23 
series, |25 (Ex. 18), f39 (Ex. 1) 
Arndt, 82 
Arzela, 139 

Asymptotic expressions, see special 
index 

series, Ch. XII, in partic., 317-354, 
and see special index 
uniqueness of, 347 
“ Average ” of a function, t50-51 
“ Average sum/’ 319-320 

B 

Bagnera, *62 
Baire, 124 
Baker, *264 
Barnes, *348 
Bendixson, |144 
test, “t 144 

Bernoulli [J.], t^O 
Bernoulli [NJ, 322, 323 

numbers, 184, 297-299, *^315, 

f387 (Ex. 4) 

Bernoullian functions (or polynomials), 
300-303, 327 
Bernstein, *432 
Bertrand’s first test, 40 
Bessel functions, (Ex. 23), 353-354 
equation, 349-353 
inequality, 380 

Binomial series, 178-180, 240, 287- 
291, f311-312 
remainder in, 292-293 
theorem, 178-180 
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Bolzano, +272 

-Weierstrass theorem, +272 
Bonnet's form of the second mean 
value theorem, 474 
Borchardt, +23 

Borel, *+77, *320, *349, *+432 
Bortolotti, *427 

Brackets, insertion and removal of, 21, 
29, +66 (Ex. 5), f77 (Ex. 10) 
in uniformly convergent series, 
124, 139 
Bradshaw, *436 
Brenke, *368 
Briggs, *443 

Bromwich, *33, *82, *90, *+101, *134, 
*235, *340, *481, *497, *+529 
Burgi, +458 

Byerly, *355, *383, *387 


C 

Cahen, t!42, t274 
Cajori, 95 
Callet, 319 

Cantor, 404, -f431, +434 
Carslaw, *ix, *355, *383, *387 
Catalan, +526, +329 
Cauchy, 33, 129, 317, 320, 321, 337- 
338, f387, 414, +521 
condensation test, 28 
double series theorem, 72-74, 95-96 
inequalities, 157, 248, 249 
extensions, 263-265, 275 
integral test, see integral test 
root test, 31-32 
theorems on limits, 420-422 
Cesaro, +50, *61-62, 89, 91, + 150, 
t-01, *427, f430, f460, +527 
mean, +434 
sum, 319 

of trigonometrical series, 379-381 
theorem on comparison of diver¬ 
gent power series, 149-150, +201 
(Ex. 29) 

on limits, 422-423 
on non-absolutely convergent 
series, 61 

Change of variable in an infinite 
integral, f515-516 
Chaundy, *127 

Chrystal, *182, *282, *t297, *+326 
Cipolla, *426 

Circle of convergence, 248-250 
behaviour on, 250-252 
of reciprocal series, 264 
Circular functions, see trigonometric 
functions in special index j 

Clausen, +190 I 


Comparison test for convergence. 29- 
31, 54 

for infinite integrals, 468 
for divergence, 30-31 
for infinite integrals, 468-469 
theorem of, for divergent pouer 
series (Cesaro’s), 149-150 
(Pnngsheim’s), 255 
Complex numbers, algebra of, 227-228 
geometrical applications, +267-268 
series and products, Ch. X 
functions, Ch. XI 
Compound interest, +194-195 
Condensation test (of Cauchy), 28 
Continuation, analytic, 261 
Continued bisection, method of, +272, 
411-412, +434-435 
fractions, +22, 399-400 
Continuity of functions, 410-411, +435 
of integrals, 483 
of power series, 151 
of infinite products, 135 
of quasi-uniformly convergent series 
140 

of uniformlv convergent series, 129- 
130 

Convergence, circle of, see circle 
general principle of, see general 
of infinite integrals, 461-463 
tests for, 467-473, 476-479 
interval of, for a power series, 145- 
147 

of sequences, 2 
complex, +272-274 
monotonic, 409-411 
of series, 19 

complex, 232-233 
more rapid, 47 

Cosec 6, as an infinite sum, 295-296 
Cosec 2 0, as an infinite sum, 216-219, 
219-222 

Cosine and sine power series, 173-177 
Cot 0, as an infinite sum, 216-219, 219- 
222, 295-296 

Cut, in the complex plane, 283 
D 

D’Alembert’s ratio test, 39, 41 
compared with root test, 32-33 
Darboux, 139, 294, 295 
Davis, +391 

Decimals, infinite, 394-401, 406 
recurring (or periodic), 394 
Decreasing, see monotonic 
Dedekind, vii, +402 

definition of irrational numbers, 
403-407 

section (or cut or Schnitt), 403-404, 
+434-435, 440 

Definite integral, see integral 
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De la Vall6e Poussin, t 4 #, 380, 381, 
•426, t516 

theorem on infinite integrals, 504 

De Moivre’s theorem, 208-210, 230- 
231 

De Morgan, f24 
test, 40 

Denumeration, see enumeration 

Derangement of series, see rearrange¬ 
ment 

Difference equations, f22 (Ex. 7) 
of limits, 12 

of oscillating sequences, 24 
of series, 20 

Differential equations, second order, 
solution by power series, 161-170 
“ confluent singularities'’, 170 
existence theorem for an ordinary 
point, 162-163 

for a regular singular point 163-165 
index equation, 164-168 

roots equal or differing by an 
integer, 165-168 
infinity a regular singularly, 165 
non-regular singularities, 168-169 
regular singularities, 161, f168-170 
solution by asymptotic series 347-354 

Differentiation, term-by-term, of 
asymptotic series, 345-346 
of infinite products, 136 
of power series, 151 
of series, 133-135 
of trigonometrical series, 366- 
369, 369-371 

under the integral sign, 484-485, 
486-487, f516-518 

Dini, 37, 139, 140, 502 
theorems on quasi-uniform con¬ 
vergence, 140-141 

Diophantine approximation, t 4 32 (Ex. 

8 ) 

Dirichlet, viii, t*9, f50, +126, +142, 
•194, *t270, 355, t387, f483, 
f493, 513 

conditions for convergence of a 
Fourier series, 372-375 
integrals, 372, 374, 491, 492-495, 
f518-519 

potential problem, 258 
series, f274 (Ex. 30) 
summation of trigonometric series, 
371-375 

test, for infinite integrals, 477-479 
with uniformity, 482-483 
for series, 59-61 
of complex terms, 243-244 
extended to double series, 97 
with uniformity, 125-127 
for complex terms, 246-247* 
used, 250-251 


Discontinuities in trigonmetrical sums, 
364-366 

Divergence, of complex series, 232- 
233 

of double series, 79 
of harmonic series, f27 (Ex. -2), 34 
of infinite integrals, 462 
of infinite products, to zero, 105- 
106 

of sequences, 2 
rapidity of, 12 
of series, 20 

comparison test for, 149-150, 
255 

rapidity of, 47 

“ Divergent ” (i.e., summable) series, 
see Asymptotic series 
historical remarks on, 317-324 
Division of asymptotic series, 344- 
345 

of power series, 154-155 
Dixon, *290 
Dodgson, +196 
Double limit problems, 85 

integrals, 456-457, see repeated in¬ 
tegrals 

sequences, |98 
series, Ch. V 

of complex terms, 244-245 
of positive terms, 82-87 

summed by squares or 
diagonals, 82-85 
tests for convergence, 85-87 
Doubly periodic functions, see elliptic 
functions 
Drude, *65 

Du Bois Reymond, 4, 47, f470 
mean value theorem, 474-475 


E 

e, 8, 26-27, 440-441 
Edwards, *158 

Eisenstein, *24, f272, t359, t*32 
Elliptic function formulae (and series), 
see special index 
integrals, fl®6 
Enumeration of rationals, 1 
of reals, impossibility of, t 4 34 
c, used in definition of limit, 2 
Equations, solution by iterative 
methods, 12-15 

with trigonometrical functions as 
roots, 212-213 
Ermakoff, *43 
tests, 43-44 

Error function (“ erf "), 332-334 
Euclid, 212, *405 
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Euler, 65, 1114, 1117, 1196, 

+ 197, +198, 1224, t 225 » 2 95, 318, 
319, 320, *322, *323, *324, 325, 
*326, 336, f459 

constant (C or y)» 34-35, 325, 334, 
336, f433, 507, 1526 
equation («**-+■ 1=0), 281 
formula for products of gamma- 
functions, 216 

integral, as a gamma-function, 113 
numbers (2? n ), 299-300 
summation formula, 304-305, 
324-331 

remainder in, 327-329 
transformation, 62-66, 1196-198, 


318-319 

Evaluation, numerical, see numerical 
series, numerical values, in special 
index 

Expansion in power series, see power 
series 

Exponential and circular functions 
(e‘0), 279-282 

function, 172-173, Appendix II, in 
partic., 448-453 
limit, 170-172 

(power-) series, 126 (Ex. 1), 170-173, 
278-279, 1312 


F 

Fabry, 263 

Fej6r, 379, *380, 1489 

lemma on 2(sin nx)ln , 383-387 
integral, 379 

theorem on Fourier series, 379- 
381 

Fermat’s (little) theorem, 394 
Finite number of terms altered, 5 
Forsyth, *168 
Fourier, *320, 368, 1519 
integrals, 1494 (Ex. 4), 1518-519 
(Exx. 24, 25) 
series, see special index 
Fresnel’s integrals, 336-338 
Frobenius, 1150, 168, *319, 379 
theorem on power series, 150, 
f200-201, 1276, 429 
Frullani’s integrals, 471-473, 479-480, 
487-488, f525 

Functional equations, 278-279 
Functions, see under properties, e.g. 
continuity, series of functions; for 
named functions see under the 
name 

G 

Gamma-function, 112-114, 1115-116, 
216, 347, Appendix III, in partic., 
5C6-513, t521-524, 1525 
defined as a product, 112-114 
defined as an integral, 506-507 


Gaps in the rational number system 
396-404 

Gauss, 23, 1116, 1117, 1*189, +198, 
1*200, 212, *1*270,1*271, 325, *394, 
1*521, 1*523 

hypergeometric series, 169 
mean value theorem, 263 
test for convergence, 40, 241 
General principle of convergence, for 
complex sequences, 231-232 
for complex series, 233 
for double series, 79 
for infinite integrals, 478 
for sequences, 10-12, 412-413 
for series, 53 

with uniformity, 122, 123 
Geometric sequence, 19 {Ex. 3) 
series, 20 

Geometrical representation of real 
numbers on a line, 403-405 
Gibbs, *383 
phenomenon, 382-383 
Gibson, *ix, *503 

Glaisher, *297, *1313, *339, *432, 
*493, *1*526 
Gmeiner, *254 
Golden section, 400 
Goursat (translation by Hedrick), *89, 
*266, *290, *291 
Gram, 1313 

Graphical representation, 3 (and see 
figures throughout book) 

Gray, *351 

Gregory’s series for arc tan x 185 
Gutzmer, 1275 


H 

Hadamard, *46, *263 
Hardy, ix, *4, *19, *33, 151, 1*68, *88, 
*90, *93, *95, *97, 1100, *+101, 
+ 103, 1*126, *138, *139, *140, 
1142, *1*143, +103, 1*195, *235, 
*256, f276,1277,1313, *341, 348, 
1392, *426, *427, 1430, *1432, 
*1434, *1435, *453, *461, *1*470, 
*474, *477, *1479, *480, *497, 
1514, *1515, 1516, 1519, 1524, 
1525, 1529, *1530 

Hardy-Landau (Tauberian) converse 
of Cauchy’s theorem, '423-427 
Harkness, *231, 261, 1267 
Hartogs, *152 
Harmonic sequence, 1, 3 
series, 127 (Ex. 2), 34 
Hayashi, *1143 
Hedrick, see Goursat 
Heine, 1435 
-Borel theorem, 139 
Hilbert, 1100 
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Historical remarks on non-convergent 
series, 317-321 
Hobson, *139, *|434 
Holder’s mean, t433-434 
Holmboe, 320 
Horn, *348 

Hurwitz, *87, J272, *380 
Hutton's Series for n, fl96 
Huygens' zones, in optics, 65 
Hypergeometnc series, f41, t*>7 (Ex. 2), 
tl 15-116, tl ( J0 (Ex. 5), tl^. 
1198 (Ex. 11), t*)0 (Ex. 27), 
241-242 

I 

Identity theorem for power series 
coefficients, 152 

I mproper integrals, see infinite integrals 
Increasing, see monotonic 
Inequalities, exponential and loga¬ 
rithmic, 451 

Infinite integrals, Appendix III, and 
see special index 
as limits of sums, 465-467 
l f conv. =£> /(x)-*0, 469-470 
Products, Ch. VI, and see special 
index 

complex, 233, 234-235, f313-315 
continuity of, 135 
differentiation of, 136 
uniformity of convergence of, 
135, 137-138 

E a n related to (TTlihan)» 105-107 
related toTT(l+u„), 109-111 
Infinity, notes on, 5 
Integrals, see special index 
calculated from asymptotic series, 
331-336 

error-function (“ erf ”), 332-334 
Fresnel’s, 336-338 
infinite, see infinite integrals 
involving sines and cosines, 336-339 
as limits of sums, 453-457, 464-467 
logarithmic, 334-336 
Integral test (of Maclaurin and 
Cauchy), 33-36 
for complex series, 235-237 
for double series, 86-87 
Integration, of asymptotic series, 345- 
346 

calculated from asymptotic series, 
331-336 

to obtain area, 453-456 
of power series, 151 
of series, f!44, 495-502, 19-520 

over an infinite interval, 499-502 
term-by-term of a uniformly 
convergent series, 130-132 
failure of, f 143-144 
under the integral sign, 484-485, 
to16-518 


Interval of convergence of a power- 
series, 145-147 

of uniform convergence, always 
closed, 122-123, 147 
Inverse trigonometric functions, see 
arc sin, arc tan; and trigonometric 
formulae in special index 
Inversion of repeated integrals, see 
repeated integrals 
Irrationality of V2, 396, 400, 401 
of e, 398-399 
of log 10 2, 400 

considered geometrically, 400-401 
Irrational numbers, as indices, 409 
sum, product, etc., 407-409 
theory of, Appendix I 
Iterative solution of equations, 12-16 

J 

Jackson, Dunham, *383 
Jacobi, *|103, tl 17, tH8, *160 
Jamet, 45 
Jensen, t420 

Jolliffe, 41, 95, tl02, *127, 426 
Jordan, *59, *89, *340, *503, *513 
extension of Dirichlet's integral, 
494-495 

K 

Kelvin, *13, *90 
Kluyver, t273 
Knopp, *t434 
Kronecker, t®6, 463 
Kummer, 65 

test for convergence, 37-38 
L 

Lacroix, *336 
Lagrange, 319 
formula, 160 

series, 156, 158-161, t!99-200, 

265-266, t312 
Laguerre, 1103, *323 
Lamb, *337, *338 
Landau, 4, *256, t27o, *426 
Landen’s transformation, t23 
Laplace’s equation, 258 
theory of tides, 13 
Lasker, 150 
Leathern, *3 
Lebesgue, *380 
Legendre, J520 
polynomial P n (ix), 

Lerch, *368, *480 
L’Hospital’s theorems, 414, 415 
Lim (na n )=0 necessary for conver¬ 
gence of £a n if a n 10, 31, 41 
integral analogue, 470-471 
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Lim fl n = 0^> convergence, 53 
Lim | a n | 1 /w , in connection with power 
series, 145-147 
Lim (1-f-!/«)", 172 
Lim log */**, e x lx n , etc., 451-453 
Limits, Ch. I 

arithmetic theory, Appendix I 
elementary operations, 11 
finite and infinite, defined, 2 
of function = function of limit, 11, 
|22 (Ex. 6) 

maximum, minimum (or extreme), 
17-19, 411-412, t434-435 
miscellaneous, 420-430 
of quotients, 413-417 
upper, lower, 15-17, 1*434 

when limits of subsequences, 
17-19 

Limiting operations on inequalities, 7 
-point (limit-point), 1*272 

of zeros of a power series, 1*275 
Liouville, 1*432, *510 
numbers, 1*432 (Ex. 8) 

Littlewood, *256, *432 
Lodge, 1*460 

Logarithm, disguised definition, 1*25 
(Ex. 21) 

Logarithmic function, complex, 283- 
284 

real, Appendix II, in partic , 436- 
448 

integral, 334-336 
power series, 284-285 
remainder in, 293 
scale of infinity, 451-453 
tests of, 35-36 
series, 180-183 
Love, *1*529 
Lower limit, see limit 
Lumsden, *f68 
Lyle, *f528 

M 

Macdonald, *266 
Maclaunn, *33 

series, 260-263, 1*315-316, 348 
test, see integral test 
MacRobert, *351 
Markoff, 65 
Mascherom, 336 

constant ( = Euler’s constant), 34- 
35, 325, 334, 336, f433, 507 
Mathews, *1*270, *351 
Maximum limit, see limit 
modulus principle, 263 
Mean value, of a complex function, 247 
theorem, second, 474 
Melfin, fH5, fo2I 
M6ray, 404 
Mercer, 1*433 


Merten’s theorem on double series 
92-93 

Michelson, *383, *387 
Minimum limit, see limit 
Modulus of a complex number, 228 
Monotonic functions and infinite 
integrals, 464-467 
sequences, 7-9, 409-411, f433-434 
existence of limit, finite or 
infinite, 7 

Morley, *231, 261, f267, 1*268 
Morton, *12 

Multiple angles, sine and cosine ot, 
202-211 

Multiplication of absolutely conver¬ 
gent series, 72-74 
of asymptotic series, 342-343 
of positive series by a bounded 
factor, 54 

of power series, 154 
of senes (Abel’s theorem, Merten’s 
theorem), 90-95 

N 

Napier, vm, 436, *442 
logarithms, 442-448 
Newton, 155, *455 
Nielson, *1*273 
Non-convergent, 2 

“ Non-convergent ” (i.e., summabie) 
series, 317-324, and see asymp¬ 
totic series and special index 
Non-enumerability of points of an 
interval, 1*24 

Non-uniform convergence, point of, 
121 

Normally convergent power series, 
146 

series, 124 

differentiation of, 134 
Numbers, complex, algebra of, 227- 
228 

irrational, see irrational numbers 
special (as Euler’s, etc.), see under 
appropriate name 

Numerical evaluation, see numerical 
series, numerical values, in special 
index 

O 

Omission of factors of an infinite 
product, 109 

of terms of sequences, 5-6, 17-19 
of series, 21, 29 

Ordering, of real numbers, 396-397, 
405 

Orders of infinity, 451-453 
Oscillation, of double series, 79 
of infinite integrals, 462 
of sequences, 2, 18, 1*24 
of series, 20-21 
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Osgood, •121, 139, + 144, *436 
graphical method, 121 


P 

Papperitz, + 169 
Pappus, +268 

Paradoxes due to non-absolute con¬ 
vergence, +76-77 

Partial sum of Fourier Series, 382-387 
summation, see Abel’s lemma 
Periodic functions, see trigonometric 
functions or elliptic functions in 
special index 

n, see numerical series or symbols in 
special index 
Picard, *253, 255 
Pierpont, *ix 
Pincherle, *+200, +525 
Poincar6, *317, *321, *348 

theory of asymptotic series, 342- 
347 

applications of, 347-348 
Poisson, 337-338 
integral, 257-259, 381 
Polygons (regular), of 7, 17, and 267, 
sides, construction of, 212-213, 
+224, +271 
Poncelet, 65 

Positive, series of positive terms, see 
series 

Power series, Ch. VIII, and see special 
index 

for arc sin x, arc tan x, 183-185 
cannot have 0 as limit point of 
roots, 151 

complex, 248-263, +275-276 
equating coefficients of, 152 
exponential, 170-173 
general properties of, 151-154 
logarithmic, 180-183 
multiplication and division of, 154- 
155 

reversion, of, 156-158 
sine and cosine, 173-177 
special, 170-201 

substitution of one in another, 95- 
96 

trigonometrical, various, 185-189 
for */(e*—1), 297-299 
Prime numbers, infinite in number, 
395 

not in arithmetic progression, 395 
Principal value (or branch) of a' 
logarithm, 283-284, 289 
of an integral, 462 

Principle of convergence, see general 
principle of convergence 


Pringsheim, *vii, 38, *46, *47, *48, 
•+50, *59, *65, *75, *76, *78, *79, 
81, *86, 91, 93, *95, +98, +141, 
•150, 152-153, *238, 239, 252, 
255, *256, 262, *322, *413, 471, 
*474, 475, *512 

sum of a double series, 78, +98- 
101 

tests, 238-239 

theorem on multiplication of 
series, 93-95 

theory of double series, viii 
Product of asymptotic series, 343 

infinite, see infinite products, and 
in special index 

of limit equals limit of product, 11-12 

of series, 90-95 


Q 

Quadratic residues, +270 
Quasi-uniform convergence, 139-141 
at a point, 140-141 
in the neighbourhood of a point, 140 
throughout an interval, 139-141 
Quotient of limit equals limit of 
quotient, 11-12 

limits of, 2 theorems on, 413-417 
Quotient of power-series, 154-155 


R 

Raabe, 371 

test, 39-40, 42-43 

Radius of convergence, see circle of 
convergence 

Rapidity of convergence, 47 
Ratio-test (d’Alembert’s) compared 
with root test, 32-33 
36-43 

for complex series, 237-239, 240- 
242 

Rayleigh, *361, *+387, *+390, *+391 
Real numbers, 394-413 
Rearrangement of double series, 90 
of positive terms, 84 
of expansions, +192-194 
of factors in infinite products, 107- 
109, 111-112 
of complex terms, 235 
of power series, 73-74 
of series, absolutely or conditionally 
convergent (Riemann’s theorem) 
69-76, +77 (Ex. 11) 
of complex terms, 234, 244 
Reciprocal of a power series, circle 
of convergence of, 264-265 
Rectangular hyperbola, area under, 
453-456 

Remainder, of series, 21 
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Repeated integrals, definition and 
inversion, 450-457, 484, 503-506 
limits, 85, 172 

series (or repeated summation), 80- 
82 

Representation of real numbers on a 
line, 403-405 

Reversion of power series, 150-158 
Riemann, *87 

theorem on rearrangements, 74- 
76 

Riesz, +433 

Riesz-Fischer theorem, 380 
summability, f433 
Roots of equations, see equations 
of power series, 250 
Root test (Cauchy’s), 31-32 
Rotating fluid, 378 

Ruler and compass construction of 
polygons, 212-213, f224, t271 

S 

Scale of infinity, logarithmic, 451-453 
logarithmic, tests of, 35-36 
Schlomilch, *266, 371, *+387, *+389, 
+519 

Schur, *+434 
Schuster, *65 

Second mean value theorem, 473-474 
Seidel, *+23, 138, 139 
Sequences, Ch. I 
special, a n+1 = k an , +23 
Series, see special index under appro¬ 
priate headings 

of functions (or of variable terms), 
Ch. VII 

of positive terms, Ch. II 
sum of, 19-20 

Simply uniform, see quasi-uniform 
Sine and cosine, see trigonometric 
series in special index 
Singular point of a power series 
(“ singularity ”), 261-263, 264 
Solution of equations by iterative 
methods, 12-15 
Sonine, +389 
Stern, +194 

Stieltjes, 47, *321, 323, *326, *336, 
*+388 

Stirling, +102, +114 

formula (for n\) and series, 321, 
329-331, 340, 347, +422, 508-510 
test for convergence of products, 
+114 

Stokes, *124, 138, *140, *321, *341, 
*347, *352, 355, *364, *375, *376, 
*378, *381, *+390, *462, *476, 
*477, *480, *482, *483 
asymptotic formula, 341 
transformation, 375-379 


Stolz, +201, *228, *254, 414, +510 
Stormer, +518 
Stratton, *383, *387 
Sub-multiple angles, sine and cosine of 
212-213 

Sub-sequences, 17-19 
Substitution of one series in another, 
95-96, 343-344 

Subtracting oscillating sequences, +24 
Sum, of a double series, 78 
by rows or columns, 80 
of a Fourier series to n terms, 373- 
375 

of an infinite series, 19-20 
of limits = limit of sum, 11-12 
of oscillating sequences, +24 
of 2 asymptotic series, 342 
of 2 series, 20 

“ Sum ” of divergent series, 322 
Summability (Abel), 381 
(Cesaro), 379-381 
(Riesz), +433 

Summation formula of Euler, 304-305, 
324-329 

Symbols, see special index 
Szasz, *+432 

T 

Tan 0, as an infinite series of fractions, 
295-296 

Tannery, +273, *294 

theorem, for infinite products, 
137- l 38 

for infinite series, viii, 136-137 
integral analogue, 485-486 
extension, 490 
Tauber, *256 
theorem, 256-257 

variants (Tauberian theorems), 
423-426 

Taylor’s theorem on power series 
(Ta vlor series), 260-263, +315-316, 
348 

Term-by-term differentation, see dif¬ 
ferentiation 

integration, see integration 
Tests for convergence, see under 
names of tests, and special index 
Toeplitz, +275 

Transcendental numbers, +432 
Transformation of slowly convergent 
series (Euler’s), 62-66, +196-198, 
318-319 

Triangle inequality for complex num¬ 
bers, 229 

Trigonometrical Formulae, Ch. IX, 
and see in special index 
Series, Ch. XII, in partic., 354-387, 
and see in special index 
Trisection of an angle, +268-269 
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U 

Undetermined coefficient, method of, 
for division of power series, 155 
Uniformity of convergence, of a 
complex series, 245-248 
of infinite integrals, 480-489 
of infinite products, 135-136 
of power series, 146-147 
of sequences, 119-123 
of series, 59, 123-132 
Abel’s test for, 123-127 
Dinchlet’s test for, 125-127 
fundamental properties of, 
129-132, 

historical note on, 138-141 
interval of, closed, 122, 139, 147 
in the neighbourhood of a 
point, 138-139 
at a point, 139 

throughout an interval, 138- 
139 

Weierstrass’s M-test for, 124 
of trigonometric series, 127-129 
of divergence, 235 
Upper limit, see limit 

V 

Van Vleck, *263, 321 
Velocity-potential, +378 
Vivanti, 262 
Voss, 95 

W 

Wallis’s Theorem (or Product), 213, 
216, 329 


Waves, deep-water, 337 
plucked string, 361, t390 
Weber, *f270 
Wedmore, *+328 

Weierstrass, 138, 139, 238, *241, *251 
261, *266, +272, 404, +518 
double series theorem, 266-267 
elliptic functions, 306-310 
formula for sine and cosine 
products, 215-216 
inequalities (11(1 -fa)> 1 -f £a, etc.), 
104-107 
M-test, 124 

for complex series, 246 
for infinite integrals, 481 
for infinite products, 135-136 
test for complex series, 241 
Weyl, *+100 
Wiener, *+100 
Williamson, *158 

Wolstenholme, +197, +199, +515, 

+517, +318, +320, +528 
Woolsey Johnson, *+526 


Y 

Young, 134, 139, +144 

test for term-by-term integration, 
+ 144 

theorem on uniform convergence, 
139 


Z 

Zeta function, +526 (Ex. 6) 
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